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ABSTRACT whereSy = SV (-, ¢i)¢; is the so-calledrame operatoms-
Although redundancy is at the heart of frame theory, jusy ver sociated with®. Redundancy o® now allows erasures of some
recently an intuitively accessible, quantitative notidmeun-  coefficients, while the remaining frame coefficients stilep
dancy for finite frames was established in [3]. This notion isserve the complete information of a transmitted vegtdFrom
based on a redundancy function for points on the sphere which computational point of view, particularly convenientrfras
measures the concentration of frame vectors around thig.poi are so-calledd-tight frames which satisfyA = B, or Parseval
The upper and lower redundancy are then defined as the maftames which allowA = B = 1. In these caseSs just equals
imum and the minimum of this function, respectively. In this 4. Id or evenld, respectively, thereby reducing the complexity
paper, after presenting this novel quantitative notioneafun-  of a reconstruction algorithm significantly.

dancy and its main properties, we analyze its contributara- A different viewpoint is taken when asking for an expansion
sure suppression as well as to sparse approximation ansespapf a signalz € R” into a frame® = (p;)Y,. In this case,
recovery. frame theory provides the formula
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1. INTRODUCTION _ . .
If the frame is not a basis, there exist uncountably manyrothe

Over the last decades, frame theory has matured into a suboefficient sequences;)Y , also satisfyingr = Y"1, ci;.

ject with applications to a wide variety of areas in matheéesat  The sequencé&(z, S3 ' ;)Y is distinguished by the fact that
computer science and engineering. Frames are the key notidis is the smallest id; norm. However, in order to enable us-
when redundant, yet stable expansions are required; eeamplage of Compressed Sensing or, in general, sparse recoubry te
include resilience against noise, quantization errorg, ema-  higues, one might want to search for the coefficient sequence
sures in signal transmissions [8], or provision of spargeee  With the least number of non-vanishing coefficients; andired

sentations and approximations [4]. dancy gives the freedom to do so.

Let us be more precise: famefor R” is a sequence of Itis therefore quite surprising to notice that, althougtiune-
vectors® = (p;)X,, such that there exist constafitsc A < dancy is the key concept behind frame theory, there did rist ex
B < oo satisfying an appropriate quantitative measure on the ‘degree’ ofrredu

dancy of a given frame. The widely spread answer of scientist
if asked about their view of redundancy, is to use the qubtien
of the number of frame vectors divided by the dimension of the

) space as a measure for such. From a scholarly point of view,
with A and B called thelower andupper frame boundespec-  tyjs s a very unsatisfactory definition. It does not distiisi

tively. Indeed, in the finite-dimensional situation, a f@ms  petween the two toy framey, e1, e1, 2} and{ey, e1, €2, €2}
equivalent to being a complete system. When using frameg, 2 as it intuitively should ¢;, e being the unit vectors), nor
for transmission of some signale R", theframe coefficients  yoes it provide any insight into properties of the frame. ¢ten
({z,i));=, are transmitted with reconstruction performed by athough the idea of redundancy is the crucial property i va

N
Allz|)? < Z |z, 0:)* < B||z||* forallz € R"

i=1

N ious applications and thus the foundation of frame theory, a
z = Z(:c, ©:)Sg i, mathematicz_allly precis_e, r_neanin_gful definition was missing _
i=1 In [3], a first quantitative notion of redundancy for a finite
frame®, in fact, an upper redundandy;, and a lower redun-
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IDFG Grant SPP-1324, KU 1446/13, DFG Grant SPP-1324, KU 1446/  the maximally achievable local redundancy, and it was iddee



proven thatb can be partitioned intpR ¢ | linearly independent Moreover,® has auniform redundancyif

sets. The lower redundancy measures the degree of leady loca R- — RT

achievable redundancy in the sense that any s¢Rgf| — 1 ® ®

vectors can be deleted yet leave a frame. It was a surprise tha The reader might already have noticed that this is indeed the

the correct definition for those redundancies were the uppeér upper and lower frame bound of the normalized frame. The dif-

the lower frame bound of the normalized frame. ferent viewpoint taken gives though an intuition why the mai
Let us briefly mention that for infinite-dimensional Hilbert theorem of [3] stated in the next subsection holds true.

spaces, notions of redundancy have already been introduced Before we state this theorem, let us briefly consider the spe-

three years ago in [2] (see also [1]), which are however net apcial case of arequal-norm framei.e., a frame® = (¢;)X,

plicable to the finite-dimensional case. We would also li&ke t for which there exists some > 0 such that|e;|| = ¢ for all

draw the reader’s attention to [5], in which the notion fra3h [ ¢ = 1,...,N. Let us at this point also recall the notion of a

was recently generalized to infinite dimensions with howeve unit-norm framefor whichc = 1. In the case of an equal-norm

less satisfactory results. frame, the upper and lower redundancy is immediately com-

. _— - puted from the frame bounds as the follow simple result shows

In this paper, we will first recall the definition of lower and

upper redundancy and state their main properties. Then e wiLemma 2.3. Let® = (;)Y ; be an equal-norm frame fd&",

analyze how these notions enable precise estimates fontecohaving frame boundst and B. Setc = ||o;||* for all i =
struction error under erasures and for the error of sparse ap,..., N. Then
proximations. A B
Ry =— and R{=—
c C

2. UPPER AND LOWER REDUNDANCY
2.2. Main Properties

2.1. Definitions , i i
The main result from [3] now states various properties tiwse

We now take a viewpoint as in [3] and first introduce a notionredundancy measures have. We would like to draw the attentio
of local redundancy, which encodes the concentration ofiéra of the reader to [D6] and [D7], which show that the viewpoint
vectors around one point. This local viewpoint will provide  of upper and lower redundancy measuring the maximally and
with the correct intuition about the meaning of upper anddow minimally achievable local redundancy, respectivelynigeied
redundancy. valid.

Since the norms of the frame vectors do not matter for con-,

_ AN n
centration, the given frame is first normalized and also onIyTheorem 2.4([3)). Let® = (p:);Z, be aframe foR™.

points on the unit spher® = {z € R" : ||z|| = 1} in R®  [D1] Generalization.If & is an equal-norm Parseval frame,
are considered. We then define a so-called redundancydmcti then N
which might be also viewed as some sort of density function on Ry =Rb=—.

n

the sphere or as a redundancy pattern on the sphere, which mea

sures redundancy at each single point. For this and thratigho[D2] Nyquist Property. The following conditions are equiva-
the paper, we lety) denote the span of somec R" and P, lent:

the orthogonal projection ontg). (i) We haver; — Ry,

Definition 2.1. Let® = ((Pi)i]\;l be a frame foilR™. For each (i) The normalized version df is tight.

x € S, theredundancy functio®4 : S — RT is defined by
Also the following conditions are equivalent.

N
Ra(@) =D [Py @)= leill > Y Kz,en)l* () We haveRg = Rg = 1.
i=1 {i:p: 70} (i) @ is orthogonal.
We wish to notice that this notion is reminiscent of the fasio [D3] Upper and Lower Redundandye have
frame condition [6], here for rank-one projections.
Since the sphere is compact, we can now define the maximal 0 <Ry <R§ < 0.
and minimal value the redundancy function attains as upper a
lower redundancy.

£ £
Definition 2.2. Let® = (p;)Y, be a frame forR™. Then the R@U(ei)?zl =Ry + L
upper redundancy ab is defined by

[D4] Additivity. For each orthonormal basig; )7 4,

Moreover, for each framé’ in R”,

+
Rg = maxRe(z) Rye >Ry + Ry and RE, <RE+RL.
and thelower redundancy ob by In particular, if ® and®’ have uniform redundancy, then
Ry = min Ra(z). Rove = Ro +Rar = Raae -

€S



[D5] Invariance.Redundancy is invariant under application of Example 2.7. We add a third example in which the frame is not

a unitary operator/ onRR", i.e.,

+
RU(@)

+
= R(I)7
under scaling of the frame vectors, i.e.,

Ri

+
(cip)y — Rg, ciscalars
and under permutations, i.e.,
+ +
R(wn(i)){il =Rg, T™ESH,.. N}

[D6] Spanning Sets® containsat least| R, | disjoint span-
ning sets. In particular, any set ¢R, | — 1 vectors can
be deleted yet leave a frame.

[D7] Linearly Independent Set#. & does not contain any zero
vectors, then itan be partitioned intd R | linearly in-

dependent sets.

2.3. Examples

Let us now illustrate the introduced notions and, in patéicu
Theorem 2.4 [D6] and [D7] by analyzing three different frame
For this, let{e;}"_; denote the unit basis 6",

Example 2.5. Let @; ; be defined by

Oy o ={e1,...,e1,69,¢3,...,6,}, Wheree; occurss times

It is easy to see that

Ry, =1 and Rf =s.
By Theorem 2.4 [D6]®; , can be split intol spanning set,
which is indeed the maximal number, since, for instance,
occurs one time and is orthogonal to all other elements fram t
frame. Concluding from Theorem 2.4 [D&, s can be parti-

merely composed of vectors froffe, . .
e < 1, we chooseb; = (p;)Y; as

o el i = 1,

wi= V1 —¢e2e; + ce; i# 1.

This frame is strongly concentrated around the veetorWe
can prove that

.,ent. Letting0 <

0<Rg, < &2

The frame®3 shows that Theorem 2.4 [D6] and [D7] in this
case only provide an estimate near the extreme cédesw 0
andR* ~ N, which however can be shown to become in-
creasingly more accurate & andR* become closer to one
another. Forb3, Theorem 2.4 [D6] give$R . | = 0, although
there does exist a partition into one spanning set. Also Theo
rem 2.4 [D7] implies that this frame can be partitioned info
linearly independent sets. Again, we see that we can dorbette
than this by merely taking the whole frame which happens to be
linearly independent.

3. APPLICATIONS

We mentioned before that redundancy of a frame enables, in
particular, resilience with respect to noise and erasuseged

as the possibility to derive sparse expansions. Using ttiemo

of redundancy certainly does not improve the various ddrive
results, but phrasing results in terms of the redundanagtifom

and upper and lower redundancy provides insight in how and
where redundancy plays a role for these applications. For il
lustrative purposes, we focus on resilience against ezasurd
sparse expansions.

3.1. Erasures

Here we study the resilience of a franke= {;}, against
deletion of one single vector. For the statement of the tesel
denote the worst-case (blind) reconstruction error uneés-d

tioned intos linearly independent sets, which can be chosen agon of the vectorp;, by

{e1} s — 1times and{ey, ..., e, }. Itis also evident that this is
the minimal possible number, since theectorse; need to be
placed into separate linearly independent sets.

Example 2.6. Let &, be defined by
Oy = {e1,e1,€2,€2,€3,€3,...,€n,€n}.
Then®, possesses a uniform redundancy. More precisely,
Ry, =2 and Rf =2.

By Theorem 2.4 [D6] and [D7]®- can be partitioned into 2

spanning sets and also into 2 linearly independent setsse€Tho o there exists a frame vector
’ 0

2

N
E(®,¢i,) = max |z — > (@, 0:)S 2 5
i=1,i#io

zeS™

The following result now states estimates for the worsecas
(blind) reconstruction error using redundancy notions.

Proposition 3.1. Let ® = (p;)¥, be a unit-norm frame for
R™. Then, setting’ = max;—1, .~ ||¢:]/?,

partitions can here in fact be chosen to be the same, more pre-

cisely, can be chosen to be the two orthonormal bases of which

d, is composed.

_max E(®,p;) < O||S”%[*Ry. (3.1)
such that
1 1 _



Proof. To prove the first claim, observe that, fap € Proof. For a givenz € S", ip € {1,...,N} can be chosen
{1,..., N}, such that
_1 2 N
E((I);Sﬁm) - gé%)rf <x’5020>s 2 Pig |<$ (Pto2 Z Z x (PLQ — %R@(.ﬁ) (37)
< CISTHPmax|e f)P (33) ful =id
By definition,
By definition of R,
1 o(x, (iy)) = nf ||z — cpi, 13-
e B@p) < OIS max (e, fl o
< O||S‘% PR, (3.4) But this infimum is attained foty;, being the orthogonal pro-

which proves (3.1).
Now, letz, € S™ be such thaRs(z0) = Ry, and choose
vi, to satisfy

|(wo, sﬁio>|

5 forall x € S™.
Nl

1
< NR&b(xO)

By (3.3),
E(®, ¢i,) < C|S™ 2||2maX|<x fi)? < 02||5"H2 Re-

This proves (3.2). O

jection ofx onto(y;, ), hence: = ||, ||
3.7,

~2(x,¢i,). Now, using

|<xa50io>|2

i I

’R,<1> (a:) .

<1-
N

(@, {pi)) = ll=]* -

The ‘in particular’-part follows immediately by taking the
supremum over: € S™.

O
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