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1 Introduction

A sequence {f;} is a Hilbert space H is a frame for
H if there are constants A, B > 0 satisfying:

AFIP < DTS F)1P < BIIfIP, forall fe H.

A (respectively B) is called the lower (respectively
upper) frame bound of the frame. For 0 < a,b €
R and g € L?(R) we define translation by a and
modulation by b as:

T.g(t) = g(t —a) and Eyg(t) = e*™g(t).

If {EmpThag}mnez is a frame for L2(R), we call it
a Gabor frame (or a Weyl-Heisenberg frame).
If (m,ym) € R xR and {E,;, Ty, g}tmen is a frame
for L?(R), we call this an irregular Gabor frame.
We refer the reader to [2] and [14] for an overview of
Gabor frames.

The motivation for this research was a fundamental
result of Feichtinger and Grochenig [12]:

Theorem 1.1 (Feichtinger and Grochenig).
Let 0 # g € L*(R) satisfy

/ / (E.T,g.g)ldz dy < oo.
RJR

Then there is a box Q = [0,a] x [0,b] so that if
{QmYmez is a tiling of R? by Q, then for every
(xmvym) € Qm, the family {Emeymg}m,nEZ s an
irreqular Gabor frame for L?(R).

We refer the reader to [9] for a unified treatment
of the Feichtinger/Grochenig theory and a proof of
Theorem 1.1. Unfortunately, Theorem 1.1 does not
give any information about how to choose the box
Q. Also, the condition as stated is extremely diffi-
cult to check - even for characteristic functions. The

*The first author was supported by NSF DMS 970618

motivation for our research, then, was to find an eas-
ily verifyable condition which will still guarantee the
conclusion of Theorem 1.1 and to classify the func-
tions satisfying the theorem. Although this particular
result will appear in a later paper, in this paper [4]
we give complete classifications and simply verifiable
conditions for the lattice forms of Theorem 1.1.

We say that (g,a,b) generates a Gabor frame for
L2R) if (EmpTnag)m.nez is a frame for L*(R). In
general, even in very special cases it is difficult to
identify those functions g and a, b > 0 so that (g, a, b)
generates a Gabor frame. It is known that (E,,pTha9)
is not complete for any g € L?(R) if ab > 1. If ab = 1,
then (g,a,b) generates a frame if and only if it gen-
erates a Riesz basis for L?(R). And if ab < 1, then if
(g, a,b) generates a Gabor frame, then this frame has
infinite excess. It is still an open problem to find all
a,b,c > 0sothat (x,c, a, b) generates a Gabor frame
(see [8],[13]). For a = b = 1, there are classifications
of those functions g for which (g,1,1) generates a
tight Gabor frame (see [5]). Also, (x[o,],1,1) gener-
ates an orthonormal basis for L2(R) if ¢ = 1; it is a
normalized tight frame sequence which is not a frame
if ¢ < 1; and it is not a frame sequence if 1 < ¢ (see
[8],[13]). The general case of when (xr,1,1) gener-
ates a Gabor frame for a measurable subset F' of R is
a deep question. Casazza and Kalton [6] have shown
that this question is equivalent to a classical problem
of Littlewood concerning certain complex polynomi-
als and when they have roots on the unit circle.

In light of the above, one can not expect to find
good classification theorems in general for functions
generating Gabor frames. The reason we are able
to get some exact classifications in [4] is that we are
requiring (g, a,b) to generate a Gabor frame for a
whole range of values of a,b. It turns out that this
is a strong assumption and puts easily identifiable
restrictions on the functions g. The underlying tool
in this paper is a construction of Daubechies [11] and



more exactly, a slightly more general form of this con-
struction due to Walnut (see [14],[15]).

Theorem 1.2. Let g € L%(R) and a > 0 be such
that:
(1) There exist constants A, B such that

A< Z lg(t —na)|> < B < 0o a.e.
neL

(2) We have
lim > 3(k/b) =0,

k0

where

B(s) = ess sup,cp| Z g(x —na)g(x — s — na)|
nez

= || Z Tnag : Tna—i—sy”oo-
nez
Then there exists by > 0 such that (g,a,b) generates
a Gabor frame for L*(R) for each 0 < b < by.

To put this result into practice, Walnut [15],[14]
switches to working with g € W (L, ¢1). This allows
us to easily get non-compactly supported functions g

generating Gabor frames for a whole range of values
of b.

Theorem 1.3. Let g € W(L*>, (') be such that g
satisfies condition (1) of Theorem 1.2 for some a.
Then there is a by > 0 such that (g,a,b) generates a
Gabor frame for L2(R) for all 0 < b < by.

It is these constructions which provide the tools
necessary for our work. But to put them into prac-
tice, we rely on, what is essentially the Poisson
summation formula, to transfer the calculations to
L?[0,1/b] and then use perturbation theory for expo-
nential frames to allow a and b to vary.

2 Results

One quickly realizes that there are several intermedi-
ate versions of Theorem 1.1 which are also important.
In particular, when can we find a box @ = [0, ¢] x [0, d]
so that whenever b € (0, c] and y,, € [nd, (n+1)d] then
{EwT,, g} is a frame for L2(R)? We call these half-
irregular Gabor frames. Or, when is there a box
Q = [0,¢] %[0, d] so that whenever x.,,, € [mc, (m+1)c]
and y,, € [nd, (n+1)d] then {E,, T, 4} is a frame for
L2(R)? It is these questions we answer in this paper.

We were surprised to discover during this investi-
gation that the WH-Frame Identity of Daubechies
holds for half-irregular Gabor frames. Also, the CC-
Condition [3] holds for this case.

Theorem 2.1. Given g € L?*(R), b > 0 and a se-
quence {Yntnez, assume that

sup > > |g(t —ya)| - lg(t = yn — k/b)| < oo,

k mezZ

Then the following holds:
(i) For all bounded and compactly supported func-
tions f we have:

Z |<fa EmbT ,,Lg>|2 =

n,mez

S| =

S | FO5 - 1/8) S glt~ gl — o — 170 de
kez /R

neE”Z

s / FOR S ot - ya)? di+

nez
S [ Tk S -l o K7D
k0 7 nez

(i1) Assume that

— _ 2_
A= inf lz l9(t = )|

mEZ

z
D1 gt =ya)glt =y = 3)I| >0

k#0 meZ

and let

B:= supZ| Z gt —yn)g(t — yn — %N

t€R 120 mez

Then {EmbTy,gYmnez s a frame for L*(R) with

frame bounds %, %,

Casazza and Lammers [7] showed (in a form dis-
guised by the notation) that there is a pointwise form
of the WH-frame Identity which characterizes when
a family {EnpTheg}m nez is a Gabor frame. In this
paper we show that this result holds for half-irregular
Gabor frames.

Theorem 2.2. Let g € L3(R), b > 0 and (yn)nez be
a relatively separated sequence of real numbers. The
following are equivalent:

(1) {EmpTy, 9 mnez is a Gabor frame with frame
bounds A, B.

(2) For all bounded, compactly supported [ €
L?(R) we have:

AN fE =i/ <

JEZL



%Z|Zf(t — k/b)g(t —k/b— yn)|?

n€”Z keZ
=3 S TS by
Jez tez
D gt —yn —£/b)g(t =y — (€4 )/D)
neZ

<BY |f(t—j/b)] ae
JEZ
A fundamental result for Gabor {rames
(EmpTnag)m,nez with frame bounds A, B is that

A< Z lg(t —na)|®> < B, a.e.
neZ

It was shown by Casazza and Christensen [3] that this
condition is not a necessary condition for a Gabor
family to form a frame for its closed linear span. We
show in this paper that this condition is necessary for
irregular Gabor frames.

Proposition 2.3. Assume that {E;, Ty, g}nez is a
frame for L?(R) with frame bounds A, B. There is
an a > 0 so that {E,, }nez is a frame for L?[0,a]
with frame bounds say Ay, By. Furthermore

A/B1 <) gt —yn)l* < B/A; ace.
meZ

(2.1)

In the results that follow we will assume that our g
is in the Wiener space W (L, (') where for 1 < p <
oo we define

W(L® ) ={f : > [IXpnns1glZ < o0}

We do not know if this assumption is necessary but
we suspect that it is. In the paper we show that
g € W(L>,(?) is necessary.

Proposition 2.4. Let g € L*(R) and assume that
there exist a,b > 0 such that for ally, € [na,(n+1)al,
{EwibTy, 9} mmez is a frame for L*(R) with bounds
A,B. Then

bA < Z €ss inﬁfe[an,a(n+1)] |X[an,a(n+1)]g(t)|2
meZ

<Y I Xfana(menglli < BB
mEZ

In particular, g € W(L>, (?).

The first main classification for Gabor frames in
the paper concerns the question of which functions g
have the property that for a whole range of a,b the
family (EmpThag)mnez is a Gabor frame for L?(R).

Theorem 2.5. Let g € W(L*>® ('). Then the fol-
lowing are equivalent:

(a) There exists a bor Q := [a1,b1] X [az,bs] C R?
and an A > 0 such that

P(a,y) =3 ga—ny)P > A for a.c. (2,y) € Q.

mEZ

(b) There exists ag > 0 so that for all 0 < ¢ <
ag, there are by, A > 0 such that for all a €
[CO;GO]vb € (OvbO]; {Emanag}m,nEZ is a fmme
for L?(R) with lower frame bound A.

In some sense it is a surprise that we can give such
exact conditions on a function g for it to generate
Gabor frames since the general question of classify-
ing functions g € L?(R) giving Gabor frames is open.
What is different here is that we are requiring that we
get a frame for this fixed g for a whole range of choices
of a,b and not just one choice. It turns out that in
this case, the function g has to satisfy quite exact
conditions. Note that we get the conclusion of Theo-
rem 2.5 if ¢ is continuous and non-zero at one point
or if |g| is bounded below an an interval in R. An
important part of this work is to give exact estimates
for the bounds on (z,), (yn) so that (Eg, Ty, 9)mnez
is a Gabor frame for L?(R). For example, the proof
of Theorem 2.5 gives the bounds,

Corollary 2.6. Let ¢ € W(L>®,¢) and assume
there is a box Q = [a1,b1] X [az, ba] so that

A< Z lg(x —ny))? ae (2,9) € Q.

meZ

Let ag = min(by — a1,ba — a2) and 0 < ¢o < ag.
Choose € > 0 such that 8¢||g|lw.c, + 4€* < 4, and
choose a natural number N so that

Z\nIZN llg - X[con,co(n+1)]||oo < €. Choose by so that
1/bg > 2a9N. Then for all 0 < ¢y < a < ag and all
0 <b<bo, {EmbTnag}mnez is a Gabor frame with
frame bounds A/2, B = A2+ ||g|lw.c,-

The next main result in the paper concerns half-
irregular Gabor frames and is also a complete classi-
fication.

Theorem 2.7. Let g € W(L*>®,¢'). The following
are equivalent:

(a) g is bounded below on an interval in R.

(b) There are numbers a,by, A > 0 so that for
all 0 < b < by and all y, € Jan,a(n + 1)],
{Ew Ty, 9 m.nez is a Gabor frame with lower frame
bound A.



Note that “g bounded below on an interval” means
that there is an interval I in R so that

ess infier|g(t)| > A > 0.

Again, it is important to see exactly how to pick the
parameters which work in Theorem 2.7.

Corollary 2.8. Let |g|? be bounded below by A > 0
on some interval I. Let a = |I|/2 and choose € > 0
so that

A
8llgllw.ae + 4e* < 3.

Next, choose a natural number N so that

Z ||g * X[an,a(n+1)] ||oo < €.
[n|>N

Finally, let by = (2aN)~!.
Theorem 2.7.

Then this a,bgA work in

The final main theorem in the paper is the classi-
fication theorem for irregular lattices. The proof of
this theorem introduces a new approach for comput-
ing Gabor frame bounds which should have broader
applications in the field.

Theorem 2.9. Let g € W(L>, 1).
lowing are equivalent:

Then the fol-

(1) g is bounded below on an interval.

(2) There exist a,bg, A > 0 such that for all b €
10,b0], and all z,, € [mb, (m + 1)b], and y, €
[na, (n + 1)al, {Es,, Ty, 9} mmnez is a frame for
L?(R) with lower frame bound A.

Again, it is important to know how to pick the
parameters in Theorem 2.9.

Corollary 2.10. Assume ess sup,cglg(t)] < 1 and
that |g| is bounded below by C > 0 on an interval I.
Let a = |I|/2 and

L (40)(32)

gl,a-

Choose € > 0 so that

Q?

461+ 2l gllwa) <

W

Choose a natural number L so that for all % <bh<1
we have

Y Xt gl < e
2ln|>L

Finally, choose M € N so that

MC? _ (80)(32),
>
> 2 e,
and
> IXismrnymdlleo < -,
oA — 2L
2In|>M

Now let by = M~1. Then this a, by, A satisfy Theo-
rem 2.9.

The proof of Theorem 2.9 relies on an exact
calculation of certain constants which arise in the
Balan/Christensen generalization of the Kadec 1/4-
Theorem (see [1] and [10]). Recall that for a Bessel
sequence {fn}nez in a Hilbert space H the pre-
frame operator associated with { f,,} is the operator
L :¢*(Z) — H given by

L{an}nez = Z anfn-

nez

It is well-known that the adjoint L* : H — (?(Z) is
given by
L*f = {{f, fn)}nez.

Theorem 2.11. Let 0 < b < 1/4, K € N with
K > 4n, and let x,, € [52, EUV - pop gl k € 7,
{\/ETk/bE;cm}meZ and {\/BTk/bEmT,b}mEZ are frames
for L2[0,1/b]. Denote the pre-frame operators by Ry
and Ly, respectively. We have

(1) LyL, = KI if k —{ = nK for somen € Z, and
LiLj =0, otherwise.

(2) |IKI — RiR;|| < 20, if k — ¢ = nK, for some
nez.

(3) Fork —( ¢ KZ, | R, R;| < 20.

Finally, a set of frame bounds for {\/ETk/bEmm}meZ
isA:% and B = 4K.

We also give a general approach to doing frame
bound computations with irregular Gabor frames.
Since these two results are relatively straightforward
and should have applications outside of this paper,
we will state them with proofs below.

Theorem 2.12. Let g € L2(R), b > 0 and @y, yn €
R with {z,} relatively separated. For each k € Z, let
Ry : (*(Z) — L*[0,%] be the pre-frame operator for
{\/EX[O,I/b]Tk/bExm}m&‘Z- Then for all f € L*(R) we

have
> Uf e, Ty ) =

n,mez



1 * T d VT, E So K = 1in Th 2.8 and
- (Ri. (xj0.1/6)Tk/pf Ty, g), { k/bEmbtmez.  So = 1 in Theorem 2.8 an
b n,kz,e:ez * ( AR R/ ) hence L L; = I for all k, ¢ € Z. Now we just compute

. starting with Theorem 2.11.
R; (Xpo,1/0Te/0f Ty +0/09)) 2

2
Proof. We compute: Z I(fs EmpTy, 9)|" =
m,neEZ
> N B Ty 9))* = )
monel 7 (L (x0.1/0Tk/o Ty 11/69) »
. n,kLEL
Z |/ f yn —27rmmt dtl
monel L (X170 Te/pS Ty t0/69) )2
(k+1)/ , 1
— 2T t 2 _—
Z Z/ )Ty, 9(t)e dt =3 Z X10,1/6) ko S Ty 4169
m,n€Z kEZ n,kLEL
(k+1)/b | . _
= Z Z/ f®)T,, g(t)e 2™=mt gy L L (X018 Te/o S Ty t0/69) ) 12001 /8]
m,n€”Z \kEZ k/b
1 _
/b =3 Z x10,1/8) T /6 f Ty 41 /09,
x (Z [ T ge et de e
ez /b
(k+1)/b A X10,1/8 Te/of Ty, +0/69) L2(0,1/b)
- Z ( / fOT,, g(t)e2miwmt dt)
nm,k,ez \” */ Z / Thouf () Ty 1769 (t)
X f(t)Ty, g(t)e—2mizmt dt) -
/b XTy, +0/09)Teypf(t) dt
1 1/b
=3 Z Z / (Teyu £ (£)) =b! Z / Topof )Ty, +e/59(t)
k€2 Lmez \’0 el
X(Ty, +1/p9(t )\/_Tk/bExm( ) dt) X Z f(t—k/b)g(t — yn — k/b) dt
kEZ
(e+10/b___
X </0 (Topof (0)(Tys0/09()) (VT oy B, () dtﬂ D> / FD9(t — yn)
n, €L £/b
17 fT N g, VbTy 1 E . , _—
nkzm[ ( XI01/6] Lk /] Lynth/b k/be >)meZ XY f(t—k/b)g(t — y, — k/b) dt
kEZ
(<X[O,1/b] TosufTy,+e/59, \/ETZ/bExm,>€EZ) >e2} -
| - — o7 [ F@ott — )
=3 > (Ri (x0T f Ty sv9)
ok ten XY f(t—k/b)g(t —yn — k/b) dt
R} (X010 Te/0f Ty, 10/69)) ez kez
O -1
Theorem 2.12 leads to an alternative proof of the =b Z/ F@O)f(t = k/b)
half-irregular WH-Frame Identity. It is this new proof kez
which forms the basis for our approach to the general _
irregular lattice cases. x Z 9(t = yn)g(t = yn — k/b) dt
Alternative Proof of Theorem 2.1 (i) ner

We will use Theorems 2.10 and 2.11. To this end, This completes the proof of the Gabor frame identity
for each k € Z, let Ly be the preframe operator for for irregular frames. O
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