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ABSTRACT. Let (e;) be a fundamental system of a Banach space.
We consider the problem of approximating linear combinations of
elements of this system by linear combinations using quantized
coefficients. We will concentrate on systems which are possibly
redundant. Our model for this situation will be frames in Banach
spaces.
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Hilbert space frames provide a crucial theoretical underpinning for

compression, storage and transmission of signals because they provide

robust and stable representation of vectors. They also have applications

in mathematics and engineering in a wide variety of areas including
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sampling theory [AG], operator theory [HL|, harmonic analysis , non-
linear sparse approximation [DE], pseudo-differential operators [GH],
and quantum computing [EF].

In many situations it is useful to think of a signal as being a vector x
of a Hilbert space and being represented as a (finite or infinite) sequence
(< @i, x >)5°,, where (x;) is a frame, i.e. asequence in H which satisfies
for some 0 < a < b,

(1) alz)|* <Y | < zx > [ < bz, whenever € H.

Since the sequence (z;) does not have to be (and usually is not) a
basis for H, the representation of the element x as the sequence (<
x;, & >)2, includes some redundancy, which, for example, can be used
to correct errors in transmissions [GKK]. Using a Hilbert space as
the underlying space has, inter alia, the advantage of an easy recon-
struction formula. Nevertheless, there are circumstances which make it
necessary to leave the confines of a Hilbert space, and generalize frames
to the category of Banach spaces. One such instance occurs when we
wish to replace the frame coefficients by quantized coefficients, i.e. by
integer multiples of a given § > 0.

An example of such a situation is described by Daubechies and De-
Vore in [DD]: Let f € Lo(—00,00) be a band-limited function, to wit,
the support of the Fourier Transform f is contained in [—£2, €] for some
2 > 0. For simplicity we assume that {2 = 7. Now we can think of f as
an element of Ls[—, 7], write f on [—7, 7] as a series in e " n € Z,
and apply the inversion formula for the Fourier transform. This leads
to the sampling formula

Zf sm 7T—7L7T)’ T eR

T —nm
nez

This series converges ‘badly’. In particular it is not absolutely con-
vergent in general. Therefore we consider some A > 1 and think
of the space Lo[—m,m| as being embedded (in the natural way) into
Ly[—Am, Ax]. The family of functions (e~"*/*), cz forms an orthogonal
basis for Ly[—Am, A7], and it can be viewed as a frame for the ‘smaller’
space Lo[—, ] (see section 2). We write f(€) = v21p(€) - f(€), where
p: R — [0, 1/\/%] is Coo, p|[—7r7r] = 1/\/% and p| (oo Am|Um,o0) = 0.

Now we can express f on [—Am, A\7] as a series in (e7™*/%) and apply
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the inverse transform once again. This leads to the expansion
1 n n
= - - - =, € R,
/@) A;f<x>p(x A) v

which not only converges faster, but is also absolutely unconditionally
convergent, since p is C,, and, thus, p and all its derivatives are in
Li(R).

Now assume that ||f]|z., < 1 (note that bandlimited functions are
bounded in Ls). It was shown in [DD] that the ¥ — A-quantization
algorithm can be used to find a sequence (¢,)nez C {—1,1} for which

1 n 1
HOE I D) < 3y, forz e R

This means that our approximation does not hold in Ly (and it need
not for the applications at hand) but it does hold in the Banach space
Ly (in fact in C(R)).

We consider therefore a signal to be an arbitrary vector x in a Banach
space X and ask if there is a dictionary (e;), e.g. some sequence (e;)
whose span is dense in X, so that x can be approximated, up to some
€ > 0, by a linear combination of the e;’s using only coefficients from a
discrete alphabet, i.e. the integer multiples of some given §. The case
that (e;) is a non-redundant system, for example a basis, or, more gen-
erally, a total fundamental minimal system, was treated in [DOSZ]. It
was shown there, for example, that if (e;) is a semi-normalized funda-
mental and total minimal system which has the property that for some
g,6 > 0 every vector of the form x = ) ,_ a;e;, with £ C N finite, can
be e-approximated by a vector Z = >, _j 0k;e;, with (k;) C Z, then (e;)
must have a subsequence which is either equivalent to unit-vector basis
of ¢g, or to the summing basis for ¢q. Conversely, every separable Ba-
nach space X containing ¢y admits such a total fundamental minimal
system.

In this work we will concentrate on redundant dictionaries. Our
model for redundant dictionaries will be frames in Banach spaces. In
section 2 we shall recall their definition and make some elementary
observations. Before we tackle the problem of coefficient quantization
with respect to frames, we first have to ask ourselves what exactly we
mean by a meaningful coefficient quantization. In section 3 we recall
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the notion Net Quantization Property (NQP) as introduced for fun-
damental systems in [DOSZ]. We shall then present several examples
of systems which formally satisfy NQP, but on the other hand clearly
do not accomplish the goals of quantization, namely data compression
and easy reconstruction. These examples will lead us to a notion of
quantization which is more restrictive, and more meaningful, in the
case of redundant systems.

In section 4 we ask under which circumstances one can approximate
a vector in a Banach space X by a vector with quantized coefficients
which are bounded in some associated sequence space Z with a basis
(z;) (see Definition 4.1). If Z has non trivial lower estimates this is
only possible if one reconciles with the fact that the length of the
frame increases exponentially with the dimension of the underlying
space. We shall show this type of quantization cannot happen if (z;)
satisfies nontrivial lower and upper estimates. The proof of these facts
utilizes volume arguments and must therefore be formulated first in
the finite-dimensional case. An infinite-dimensional argument proves
directly that the associated space Z with a semi-normalized basis (z;)
cannot be reflexive. In particular, there is no semi-normalized frame
(x;) for an infinite-dimensional Hilbert space so that for some choice of
0<e,d<land C >1,every z € H, ||z|| =1, can be e-approximated
by a vector & =Y 0k;z;, with (k;) C Z and Y 6%k < C.

In section 5 we consider conditions under which an n-dimensional
space admits, for given ¢, > 0 and C' > 1, a finite frame (x;)Y,, so
that every element in the zonotope {3 N, a;z; : |a;| < 1} can be e-
approximated by some element from {3 6k;z; : k; € Z, |k;| < C/6}.
Using results from convex geometry we shall show that this is only
possible for spaces X with trivial cotype. Among others, we provide
an answer to a question raised in [DOSZ| and prove that ¢; does not
have a semi-normalized basis with the NQP.

In the final section we will state some open problems.

All Banach spaces are considered to be spaces over the real field
R. Sx and By, denote the unit sphere and the unit ball of a Banach
space X, respectively. For a set S we denote by cgo(5), or simply
coo, if S = N, the set of all families * = (&)ses with finite support
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supp(z) = {s € S : & # 0}. The unit vector basis of ¢y, as well as the
unit vector basis of £,, 1 < p < 0o, and ¢y is denoted by (e;).

A Schauder basis, or simply a basis, of a Banach space X is a se-
quence (x,), which has the property that every x can be uniquely writ-
ten as a norm converging series x = »_ a;z;. It follows then from the
Uniform Boundedness Principle that the coordinate functionals (),

*.
z,: X =R, g a;T; F ap,

are bounded (cf.[FHHMPZ]) and the projections P,, with

P, X—-X  x= Zaixi — Zaixi, forn e N
i=1
are continuous and uniformly bounded in the operator norm. We call
C = sup,ey || Pal| the basis constant of (x;) and K = supg<,,<, [|Pn —
P,.|| (Po = 0) the projection constant of (x;). Note that C < K < 2C.
We call (z,) monotone if C' = 1 and bimonotone if also K = 1. A
basis (z,,) is called unconditional if for any x € X the unique represen-

tation x = > a,x, converges unconditionally. This is equivalent (cf.
[FHHMPZ]) to the property that for all (a;) € coo

K, = sup{H Ziaﬁci : H Zaixi

If X is a finite dimensional space we can represent it isometrically as

:1}<oo.

(R™,||-|I) where |- || is a norm function on R”. With this representation
we consider the Lebesgue measure of a measurable set A C R™ and
denote it by Vol(A). Of course Vol(A) depends on the representation of
X. Nevertheless, if we only consider certain ratios of volumes this is not
the case. Therefore, the quotient Vol(A)/Vol(B) is well defined even in
abstract finite dimensional spaces without any specific representation.

2. FRAMES IN HILBERT SPACES AND BANACH SPACES

In this section we give a short review of the concept of frames in
Banach spaces, and make some preparatory observations. Let us start
with the well known notion of Hilbert space frames.

Definition 2.1. Let H be a (finite or infinite dimensional) Hilbert
space. A sequence (z;)jeyin H, J =Nor J={1,2,..., N}, for some
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N € N, is called a frame of H or Hilbert frame for H if there are
0 <a<b< oo so that

(2) allz)* < {w,2)* < bllx|)? for all 2 € H.
jEN
For a frame (z;);jey of H we consider the operator
©:H— EQ(J)v T <<I7'rj>)j€q]]7
its adjoint
0" : l(J) — H, (&)jes — ijxj
jel
and their product
I=0"00:H— H, x|—>z<x,xj>xj.
jel
Since
allz* < 37 )P = (2, 3w 202 ) = (o, 1) < blje],
jeN jEN

I is a positive and invertible operator with aldg < I < bldy and thus,

r=1I1"1ol(r)= Z(w,xjﬂ_l(xj), or

jEN
w=Tol a)=> (I""(x),z;)x; = > (x,1 " (x;))w;.
jEN JjEN

For an introduction to the theory of Hilbert space frames we refer
the reader to [Cal] and [Ch]. We follow [HL| and [CHL] for the gener-
alization of frames to Banach spaces.

Definition 2.2. (Schauder Frame) Let X be a (finite or infinite dimen-
sional) separable Banach space. A sequence (z;, f;)jer, With (x;);e5 C
X, (fj)jes € X*,and J = Nor J = {1,2... N}, for some N € N, is
called a (Schauder) frame of X if for every x € X
jel

In case that J = N, we mean that the series in (3) converges in norm,
ie. that » = lim, .o Y7, fj(7)z;.

An unconditional frame of X is a frame (z;, f;)ien for X for which
the convergence in (3) is unconditional.
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We call a frame (x;, f;) bounded if

sup [|z;|| < oo and sup || f;|| < oo,
K3 K3

and semi-normalized if (z;) and (f;) are semi-normalized, i.e. if 0 <
inf; ||z;|| < sup; ||;]] < oo and 0 < inf; || fi]] < sup, || fil| < oc.

In the following Remark we make some easy observations.

Remark 2.3. Let (x;, fi)ien be a frame of X.

a) If inf;en ||2:]] > 0, then £250 as i — oo.
b) Using the Uniform Boundedness Principle we deduce that

Zf,

This implies that if inf;ey [|z;]] > 0 then (f;) is bounded and if
infien || fi]| > 0 then (z;) is bounded.
We call K the projection constant of (x;, f;). The projection

K = sup sup

x€Bx m<n

< OQ.

constant for finite frames is defined accordingly.
c) For all f € X* and x € X it follows that

(Zfz 7i) = Zfz xz—hm(fozfz))

and, thus,

f=w = f(a:)f

Moreover, for m < n in N it follows that

Zf ;) fi(w ‘ < HfoseuBi Hiﬁ(m)x

= sup
- veBy | =
and
(5) HZf(xz)fz = sup Zf i) filx ’
- (2 o)

< SUDzespan(z;:i>m), | z|<K f(Z) :K“f|span(x¢:i2m)H
2 flpr sty Il
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d) If (x;, f;) is an unconditional frame it follows from the Uniform
Boundedness Principle that

K, = sup sup HZUJ}

z€Bx (0;)C{£1}

We call K, the unconditional constant of (x;, f;).

The following Proposition is a slight variation of [CHL, Theorem
2.6].

Proposition 2.4. Let X be a separable Banach space and let (x;);ey C
X and (f;)iey C X*, withJ =N or J ={1,2,... N} for some N € N.

a) (x4, fi)iey is a Schauder frame of X if and only if there is a
Banach space Z with a Schauder basis (z;)iey and corresponding
coordinate functionals (z}), an isomorphic embedding T : X —
Z and a bounded linear surjective map S : Z — X, so that
SoT = Idx (i.e. X is isomorphic to a complemented subspace
of Z), and S(z;) = x;, fori € J, and T*(z}) = f;, fori € ],
with x; # 0.

Moreover S and T can be chosen so that ||S|| =1 and ||T|| <
K, where K is the projection constant of (x;, f;), and (z;) can
be chosen to be a bimonotone basis with ||z;|| = ||z;|| if i € T,
with x; # 0.

b) (4, fi)iey is an unconditional frame of X if and only if there is
a Banach space Z with an unconditional basis (z;) and corre-
sponding coordinate functionals (z}), an isomorphic embedding
T:X — Z and a surjection S : Z — X, so that SoT = Idyx,
S(z;) = xy, fori € l, and T*(zf) = f; fori € J, with x; # 0.

Proof. (a) part “=" Assume that (x;, f;)iey is a frame of X and let K
be the projection constant of (z;, fi)icy. We put J = {i € J : x; # 0},
denote the unit vector basis of co(J) by (2;) and define on co(J) the

following norm || - || z.
S\ 1/2
HZM = max S X—i—(Zai) for (a;) C R.
el ieln{m,m+1,...n} iel\J

It follows easily that (z;) is a bimonotone basic sequence and, thus, a
basis of the completion of ¢oo(J) with respect to || - ||z, which we denote
by Z.
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The map
S:7Z— X, Zajzj — Zajxj,
is linear and bounded with ||.S|| = 1. Secondly, define
T:X—Z x= Zfz(w)% = Zfl(x)xz — Zfz(x)z
i€] i€J i€]
Remark 2.3 (b) yields for z € X
= sup

HZfz(m)Zz , = sw Z fi(x)z;

ie] - iejﬂ{m,m+1 ..... n}
N ST
msn ieJn{m,m+1,....,n}

and, thus, that 7 is linear and bounded with ||7|| < K. Clearly it
follows that S o T = Idx, which implies that T" is an isomorphic em-

X

< K],

bedding and that S is a surjection. Finally, if (2]) are the coordinate
functionals of (z;) we deduce for z € X and i € J

(2 )(2) = 2 (T(x)) = {0 if 2, =0

which finishes the proof of “ =

In order to show the converse in (a), assume that Z is a space with
a basis (z;);ey and that S : Z — X is a bounded linear surjection,
and T': X — Z an isomorphic embedding, with S oT" = [dx. Put
x; = S(z) and f; = T*(zF), for i € J. Then for x € X,

r=S0T(x) = S(Z zf(T(x))zz) = ZT*(ZZ)(x)S(zz) = Z fi(x)x;,

which implies that (z;, f;):ey is a frame of X.
For the proof of (b) we replace (6) by

(7) H Z ;2 ‘ Z OiQ;T;
€]

and note that arguments similar to those in the proof of (a) show our
claim (b). O

= max
Z (o)c{t1}

e

1€\J

Definition 2.5. Let (z;, f;) be a frame of a Banach space X and let Z
be a space with a basis (z;) and corresponding coordinate functionals
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(27). We call (Z,(z;)) an associated space to (x;, f;) or a sequence space
associated to (x;, f;) and (z;) an associated basis, if

S:7Z—X, Zaizi — Zaixi and T:X — 7, x= Z:ﬁ(:c)altZ — Z fi(x)z
are bounded operators. We call S the associated reconstruction opera-
tor and T the associated decomposition operator or analysis operator.

In this case, following [Gr] we call the triple ((z;), (f), Z) an atomic
decomposition of X.

Remark 2.6. By Proposition 2.4 the property of Banach space X to
admit a frame is equivalent to the property of being isomorphic to a
complemented subspace of a space Z with basis. It was shown inde-
pendently by Pelczyriski [Pe] and Johnson, Rosenthal and Zippin [JRZ]
(see also [Ca2][Theorem 3.13]) that the later property is equivalent to
X having the Bounded Approximation Property, where X is said to
have the Bounded Approzimation Property if there is a A > 1, so that
for every € > 0 and every compact set K C X there is a finite rank
operator 7' : X — X with ||T||leX so that | T(x) — x| < & whenever
r e K.

Remark 2.7. Let (z;);ey be a Hilbert frame of a Hilbert space H and
let © and I be defined as in the paragraph following Definition 2.1. We
choose Z to be (5(J), S = ©* and

T=0o0l ' "H—1{l, zw— Z([‘l(:r),a:j>ej = Z(m, I (z))e;
jEl jEl
and observe that S o T = Idy, and for j € J it follows that S(e;) =
©*(e;) = xz;, and

T*(ej)(x) = (x, I *(x;)), (z € H) and, thus T*(e;) = I *(x;).

Thus, if (x;) is a Hilbert frame, then ((z;), (I~'(x;)) is a Schauder frame
for which Z = (5(J) together with its unit vector basis is an associated
space.

Conversely, let (x;, f;) be a Schauder frame of a Hilbert space H
and assume that Z = (5(J) with its unit vector basis is an associated
space. Denote by T': H — (5(J) and S : (2(J) — H the associated
decomposition, respectively reconstruction operator. Then it follows
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forallz € H
D wia)? = (Slen),x)” =) e, S*(x))* = |57 (@)]*

Thus, since S* is an isomorphic embedding of H into /s, it follows that
(x;) is a Hilbert frame.

In the following observation we show, that we can always expand a
frame by a bounded linear operator.

Proposition 2.8. Let (x;, f;) be a frame of a Banach space X and let Z
be a space with a basis (z;) which is associated to (x;, f;). Furthermore
assume that Y is another space with a basis (y;) and let V 1Y — X be
linear and bounded.

We put Z = Z ®o Y and define (%) C Z, (&) C X and (f;) € X*

. (2i/2, Nij2Yi/2) i Tis2 + Nij2V (Yis2) if i even
(Z(i41)/2) —A(i+1)/2Y(i+1)/2) T(iy1)/2 — Mitrr)2V Warny2)  if i odd,

f‘ B %fi/g if 1 even

' %f(i+1)/2 if i odd,

where \; = ||zi|/|lysll, for i € N. Then (&;, f;) is a frame of X, (%) is
a basis for Z and (Z,(Z;)) is an associated space for (&;, f;).

Proof. Let T': X — Z and S : Z — X be the associated decomposition
and reconstruction operator, respectively. Note that the operators

S:Z0Y =X, (2,9)—=82)+V(y) andT: X - Z®Y, z— (T(z),0)

are bounded and linear and that SoT = Idy and 5’(22) = I;, fori € N.
It is easy to verify that (%) is a basis of Z for which its coordinate
functionals (Z}) are given by (denote the coordinate functionals of (y;)

by (y;))
o %(z:/w A%.Z/:/g) if ¢ even
? 1/ % 1 % .
§<Z(i+1)/27 _)\_ZZ/(Z_H)/Q) if 4 odd.
it follows for x € X that

() = 20 = { PP ot = f),

which yields T*(3*) = f;, for i € N. Thus, the claim follows from
Proposition 2.4.
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O

3. THREE EXAMPLES

In [DOSZ] the following notion of quantization was introduced and
studied for non redundant systems.

Definition 3.1. Let (x;);ey be a fundamental system, with J = N or
J={1,2,...N}, for some N € N, and let £ > 0 and > 0 be given.
We say that (z;);c; has the (e,d)-Net Quantization Property (abbr.
(,0)-NQP) if for any x = ), pa;x; € X, I C J finite, there exists a
sequence (k;) C Z, supp(k;) = {i € N : k; # 0} is finite, such that

(8) Ha: - Z kidx;

We say that (z;) has the NQP if (z;) has the (¢, )-NQP for some ¢ > 0
and 0 > 0.

<e.

When we ask whether or not in a certain representation of vectors
the coefficients can be replaced by quantized coefficients, we are often
interested in memorizing data as economically as possible, and recon-
structing them with as little error as possible. With this in mind, we
will exhibit in this section several examples, which show that it is not
always meaningful to apply the notion of NQP word for word to re-
dundant systems like frames. These examples will then also guide us
to more appropriate quantization concepts for frames.

The first example is a tight Hilbert frame (f;) in S, (i.e. a = b)
consisting of normalized vectors so that for every x € /¢y there is a
sequence (k;) C Z so that ||z — >, ki fi|| < 1. The second example is
a semi-normalized Hilbert frame (f;) in ¢5 which has the property that
for every = € £, there is a sequence (k;) C Zso that ||z =), (ki fi]| <1
and (k;) has the additional property that max;ey |k;| < 1, if © € By,.
The third example is a Schauder frame (f;) of £ which has the property
that for every x € {5 there is a sequence (k;) C Z, so that not only
max;ey |k;| < ||| and ||z =), ki fill < 1, but so that also the support
of (k;), i.e. the set {i € N : k; # 0} is uniformly bounded.

Example 3.2. Let 0 < ¢; < 1/2. For i € N define the following vectors
fai—1 and fo; in S, .

_ 2 _ / 2
faic1 = A/ 1 —€jeai1 +gieg and fo; = —gie9i-1 + 4/ 1 — 7€y,
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Clearly (f;) is an orthonormal basis for /o and we let F = {e; : i €
N} U{f; : i € N}. Then F is a tight frame (as is any finite union of
orthonormal bases) and the sequence (z;) with

Z9i-1 = €21 — faic1 = (1 — /1 — €} )eaimy — i€
29 — €9; — fgi = £;€9;—1 + (1 — \/ 1-— 6?)621, fOl" Z € N

is an orthogonal basis and |z9;-1]| = ||22| = O(e;). Thus, if (&)
converges fast enough to 0 it follows that for any = € /5 there is a
family (k;) C Z, with |supp(k;)| < oo, so that

Hx - ZkzZzH = Hx - Zlﬁ;(ei — fi)
Example 3.3. Our second example is a semi-normalized Hilbert frame
(x;) in £y so that

< 1.

D= {Zk‘,xl t ki € {—1,0,1} and {i : k; # 0} is finite}
i=1
is dense in By,.

Put (¢;)2, = (1/2%) and partition the unit vector basis (e;) of 5 into
infinitely many subsequences of infinite length, say (e(i,j) : 4,5 € N).
Then our frame (f;) is defined to be the sequence:
fi=caerte(l 1), f2=e(1,1),
fs=crea+e(1,2), fa=e(1,2), f5 = cae1 +€(2,1), fo = e(2,1),
fr=cies +e(1,3), fs=e(1,3), fo=caez + €(2,2),

fio=e(2,2), fii=cse1 +¢e(3,1), fis=e(3,1),
fia=creqs +e(1,4), fis = e(1,4), ..., fao = caer + e(4,1), fo1 = e(4,1),

Note that the set of vectors x € By, of the form
=Y eli,jae; =Y eli,j)(cie; +e(i, 5)) — (i, j)eli, §)
i,jEN ijEN
where (g(7,7)) C {—1,0,1} so that the set {i,j € N : £(4,j) # 0} is
finite, are dense in B,,. This implies that every x € By, is the limit of
vectors (x,) with

(za) C{ D _eifi: () ©{=1,0,1},{i € N:¢&; # 0} is finite}.
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The sequence (f,) is a frame. Indeed for any = = > x;e; € {5 we
have

Z<fi7‘r>2 = Z <fi7x>2 + Z<fl7‘7;>2 - Zl’? + Z (Cixj + <€(i7j)7x>)2

i even i odd 1,JEN

> |||
< ng + Zi,jEN QC%x? + 2<e(i,j),x>2 < (3 + 22@?)”;3”2

Example 3.4. We construct a Schauder frame (z;, f;) of ¢y so that
(x,,) is dense in By,.
Let (z,) be dense in By, and choose for each n € N

Ton—1 = Zn + €n, Ton = Zp, f2n—1 = €n and f2n = —€n.

Clearly, for every x € (5

x = Z<€i, r)e; = Z<f2n—1a T)Ton—1 + (fon, T)T2n

(the above sum is conditionally converging). It follows that ((zy), (f,))
is a Schauder frame of f5. It is clear that (x,) is not a Hilbert frame.

Remark 3.5. All three examples satisfy the conditions (NQP) if we ex-
tend this notion word for word to frames. Nevertheless these examples
do not satisfy our understanding of what quantization of coefficients
should mean.

In Example 3.2 every x € ¢5 can be approximated by an expansion
with respect to a frame using only integer coefficients, but these coefhi-
cients might get arbitrarily large for elements in By,. This means that
we would need an infinite alphabet to approximate vectors which are
in By,. Therefore it is not enough (as in the non redundant case) to
assume that our frame is semi-normalized.

In the Examples 3.3 and 3.4 we achieve the approximation of any
vector in /5 by a quantized expansion whose coefficients are bounded by
a fixed multiple of the norm of the vector, but in order to approximate
even the vectors of a given finite dimensional subspace (for example
the space generated by two elements of the unit vector basis elements
of {5) we need an infinite dictionary.
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4. QQUANTIZATION WITH Z-BOUNDED COEFFICIENTS

One way to avoid examples like the ones mentioned in Section 3 is
to impose boundedness conditions on the quantized coefficients within
an associated space Z.

Definition 4.1. Assume (z;, fi)iey, J = Nor J = {1,2... N}, for some
N € N, is a frame of a Banach space X. Let Z be a space with basis
(z;) which is associated to (x;, f;)iey. Let £, >0, C > 1.

We say that (x;, f;) satisfies the (¢,6,C)-Net Quantization Property
with respect to (Z,(z;)) or (g,9,C)-Z-NQP, if for all x € X there exists
a sequence (k;);ey C Z with finite support so that

<e.

(9) | S wibs|| < Cllall and [lz =37 b

We say that (x;, f;) satisfies the NQP with respect to (Z,(z;)) if it
satisfies the (e, d, C)-Z-NQP for some choice of €,§ > 0 and C' > 1.

It is easy to see that the property (eg,0,C)-NQP with respect to
some associated space is homogenous in (g,0), meaning that a frame
(xi, f;) is (,0,C)-NQP if and only if for some A > 0 (or for all \)
(x;, f;) satisfies the (e, Ad, C')-NQP. The following result, analogous to
[DOSZ, Theorem 2.4], shows that it is enough to verify that one can

quantize the coefficients of elments x which are in By to deduce the
NQP.

Proposition 4.2. Assume that (x;) and (2;) are some sequences in
Banach spaces X and Z, respectively, and assume that there are Cy <
00, 0g > 0 and 0 < g9 < 1, so that for all x € Bx there is a sequence
(ki) C Z, (ki) € coo with

(10) | > dokiz

Then there are 61 > 0, and C7 < oo only depending on oy, qo and Cy
so that for all v € X there is a sequence (k;) C Z, (k;) € coo, with

(11) H Z(Slk:izi < Cy||z]| and Hx — Zélk‘iazi

Proof. Choose n; € N and ¢; so that
1

ni
and put §; = dg/n1.

< Cy and H.CE - Z Ookix;

< qo.

<1

Qo =q <1
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We first claim that for any 0 < § < 0; and any x € By there is a
sequence (k;) € ZN N cgp so that

(13) H Z kidz|| < 2C, and Hx — Z5kixi

Indeed, let 0 < é; and x € Bx and choose n > n; in N so that
Lo < § <% and (k;) C Z so that

<q.

n+1
HZkzdozl < (Cy and Hén—l—lx_zk%xl < qo
and, thus, since n > nyq,
| S itn + )0z = || > kit ”+ Dot 1o <o,
and
n+1)

)
< QO(S_O("L‘H) < q.

k(S n+1 (L’ k50$z
-3 >

By induction on n € N we show that for any 6 < ¢ '8, and any
x € By there is a (k;) C Z, (k;) € coo, so that

n—1
1=0

For n = 1 this is just (13). Assume our claim to be true for n and

<qf.

let 6 < 6147 and x € Byx. By our induction hypothesis, we can find
(kl) C Z, (k,L) € Cpo, SO that

n—1
|3 k| <2603 h and [|o = 3 ko
1=0

Since ¢; " (x — Y kidx;) € By and since dg; ™ < 61, we can use our first
claim and choose (k;) € ZN N cyg so that

<4q,

HZk(sql % @—Zk&) =S S ki < ai,
and, thus

H > (ki + ki)oz|| < 2Co ni ¢t + 2Coq?,
and ~

< qn+1

Hx—Z(%xz Zékxz ,

which finishes the induction step.
Now define Cy = 2Cy Y2, ¢f and let = € X be arbitrary.
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If ||z]] > 1 (this is the only case left to consider) we choose n € N
with ¢ < ﬁ < ¢! and, by (14) we can choose (k;) € ZN N ¢y so
that

k 61
ki —— q; < C1 and H
H 2 |93|| Z ' EDS
which yields
H > kidizi|| < Ciqa|z and H:L“ =Y k| < qbfl=l| < 1.

O

In the following result we consider a finite frame (x;, f;)¥, of a finite
dimensional Banach space X, and exploit the fact that, if (x;, f;), has
the (g,0 C')-NQP with respect to some space Z having a basis (2;)Y;,
then the value

= Vol(Bx)/Vol(¢Bx)

must be smaller then the cardinality of the set

(x;) = {an&cj : H andzj

Proposition 4.3. Assume f,g: (0,00) — (0,00) are strictly increas-

gc}.

ing functions so that

(15) lim f(n) = o0 and lim g(n)Inn

n—oo n—oo n

=0,

and C,B,R>1, and 0 < d,e < 1.

Assume that (z;, f;)Y., is a frame of a Banach space X with dim(X) =
n < oo and that Z is an N-dimensional space, N € N, with ba-
sis (2)N,, which is associated to (x;, fi))N,. Let T : X — Z and
S 1 Z — X be the associated decomposition and reconstruction opera-
tor, denote by Ky the projection constant of (z;).

Assume

(16)
Fis,0)(xi) is e-dense in Bx, and
(17)

f(#A) < H anzj , whenever A C {1,2...N} and (n;)jea CZ \ {0}.
jeA
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Then

(18) In N > % “In (4K5ZC + 1).

In addition there is an ny € N (depending on C, B, R, €, 6, f and
g) so that if, moreover, Kz < B, ||S|| < R and

(19) g(#A) > sup H Z:I:zj , whenever A C {1,2... N},
jeA

then n < ny.

Proof. First note that, if A C {1,2,.., N} and (n;);ea CZ \ {0} with
C > || X eanioz, = 0f(#A), then #A < f71(C/d) and |n;| <
K;C/) for j € A. Thus, (16) and the volume argument, mentioned
before the statement of our proposition, yields

. N 90K,C A\ LF(C/) 9K ,C
< #Fue) < (| oy (o +1) T < [V

which, after taking In(-) on both sides, implies (18).

Now assume that also (19) is satisfied. Let (e;, e})"_; be an Auerbach
basis of X, i.e. [le;]| = [lef|| = 1 and €] (e;) = d(; 7). Such a basis always
exists (c.f [FHHMPZ, Theorem 5.6]). Choose 0 < n < oo so that
e(1+1/n) <1 and define fori =1,2...n

A= {j € {1,2...N}: |ei(z))| > e/nKZCf‘l(C/cS)n}

Then it follows for the right choice of o; = %1, j € A, that

9(#A;) > H Z +z;

JEA;

1
S Tkl DI
STl 2

1, #Aie
> 157 (2 o) 2 St er e

jeAe
and thus
#A;_ 0l SIK,CHHC/m

(20) oA = :

71 (e/s)
i 1)} ,
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Put A =J;.,, 4i- If (n;)j<y C Z is such that Zj\[zl dnjx; € Fey(z;),
then

H E (571]'1’]‘
JEAC

where the second inequality follows from the definition of the A;’s and

< X0 (D ler)]) madingl < # s £ 0} s S

jEACM;£0  i=1

9
T]’

the observation at the beginning of the proof, and the last inequality
follows from the fact that

1) F@#HG ing 01 < || D msz
This implies together with (16) that the set

N
f(é,C) = {an(SIj . (nj) C Z, H andzj
jeEA j=1

is 5(1+%)—dense in By. Hence, our usual argument comparing volumes
and (21) yields
_ 2K,C f=1(C/9) #A 2K,C LF=H(C/9)] 1
AfTHC) (222 g > ity | > -
# ( 0 +> = \Lfr1(C/9)] < 5 +> = en(1+1/n)™’
Taking In(-) on both sides and letting (¢) = In(¢)g(¢) /¢ for ¢ € N, we
conclude by (20) and since £(1 4+ 1/n) < 1 that

<c/s.

<c}

1
nln (m>

< 1) (@A) +m (225 40))

<5700 (mnt maxinGeA) +n (F5) )

— £71(C/8)(mn + max 7 (#4;) (g@ﬁiﬂ i (UisZC))

< f_1(0/5)(1nn—}—nr(#AiO)nHSHKZC;f1(0/5) I (4](520))

where ig < n is chosen so that #A4;, is maximal. By our assumption
on g we can find an ¢y € N so that

1 1 1
If Aio S éo then

1
" (i

>, whenever ¢ > /.

) < f1(C/9) [lnn +1Infy +1In (2[(520 + 1)],
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which implies that n is bounded by a number which only depends on
g, 0,C, f,gand Kz. If #A;, > {y, then it follows that

n 1 _ n||S|K,Cf=1(C/6) 4K ,C
— — ) < 1 .
21n (5(1+1/77)> = J (C/é)(lnn+ 5 —|—1n< J ))
which implies our claim also in that case. U

We shall formulate a corollary of Proposition 4.3 for the infinite
dimensional situation. We need first to introduce some notation and
make some observations.

Let (x;, fi)ien be a frame of X. Furthermore assume that X has
the my-property, which means that there is a sequence P = (P,) of
finite rank projections, whose norms are uniformly bounded, and which
approzimate the identity, i.e.

(22) z = lim P,(x), in norm for all x € X.

n—oo
For example, if X has a basis (e;) we could choose for n € N the
projection onto the first n coordinates, i.e.

n
P, X — X, E a;e; — g a;€;.
i=1

It is easy to see that (Pn(a:i), fi|pn(X)) is a frame of the space X, =
P,(X). Moreover, condition (22) and a straightforward compactness

argument shows that for any n € N and any % < r < 1 there is an
M,, = M(r,n) so that it follows that
(23)
N
o= Paa)

i=1
It follows that the operators (Q),,), with

< (1 —r)||z||, whenever z € X,, and N > M,

Mr
Qn: X, — X, T Z(P;(fl),@}jn(x,),
i=1

are uniformly bounded (||@Q,| < 2, for n € N), invertible and their
inverses are uniformly bounded (||@,'|| < %, for n € N). For z € X,
we write

My

T = Q' Qu(w) =Y (Pr(fi), @)@y o P)(w)

=1
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and deduce therefore that

(57 97) 5 1= (@ o Palan) PR

is a finite frame of X,,.
Let Z be a space with basis (z;) which is associated to the frame
(i, fi). It follows easily that the operators (S,,) and (7},)

are uniformly bounded, and thus Z,, is an associated space for the frame
(yi(n), gi("))ig wm, while T}, and S,, are the associated decomposition and
reconstruction operators, respectively.

Finally assume that the frame (z;, f;) satisfies the (¢, 0, C')-NQP with
respect to Z. Again by compactness and using Proposition 4.2 we can

choose M,, = M(r,n) large enough so that it also satisfies

(24)
For all n € N and all # € X, there is a sequence (k;)M7 C Z so that

My,
=1

<e.

My
< C|z|| and Hx — 257%%'
i=1

After changing ¢ > 0 and 0 proportionally, if necessary, and since
r > 3, we can assume that ¢ = =" 4 sup,, || P,[|2 < 1. For n in N and
x € By, we can therefore choose (k;)M7 C Z so that || 3207 6k;z| < C
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and

Hm—Z(Sk; P,)(x;)

M,
< ||Q 1|| HQn Z(”%Pn(%‘)
i=1

My,
< 1Q 1 Q) =l + 1@ - [ = 3 okiPu(a)
=1

Mn
< 1QM - 1Qu(@) = 2l + Q5 1 - 1Pl - [ = > ok
i=1
1—r €
< ——+4sup ||P)|-=¢ < 1.
r n T

Thus, for every n € N the frame (P;(f;),(Q," o Pn)(xz))j‘g satisfies
condition (16) of Proposition 4.3 (for € = ¢). Therefore we deduce the

following Corollary.

Corollary 4.4. Let (z;, fi)ien be a frame of an infinite dimensional
Banach space X for which there is a uniformly bounded sequence (P,)
of finite rank projections which approximate the identity. Assume that
(x;, fi)ien satisfies the (e,d,C)-NQP with respect to a space Z with
basis (z;) for some choice of € > 0, 6 > 0 and C' so that q = % +
sup,, || Po||% < 1 with 5 <r < 1. Let (M,) be any sequence in N which
satisfies (23) and (24).
Finally assume that (z;) satisfies the following lower estimate

Jim i | 3

Then

- (n);eaCZ\ {0}, A C N, #A—n} 0.

a) (M,) increases exponentially with the dimension of X,, i.e.
there is a ¢ > 1, so that M, > ¢™Xn) eyentually,

b) llmsupln( sup{HE:izZ ACN#A—n}:oo.

n—oo

Let us simplify the conditions in Corollary 4.4 and observe that it
implies the following.

Corollary 4.5. Assume that X is an infinite dimensional Banach
space with the my-property and that Z 1s a Banach space with a ba-
sis (z;) satisfying for some choice of 1 < ¢ < p < oo lower ¢, and
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upper {, estimates, which means that for some C

%(Z |ai|p>1/” < H Zaizi < C(Z |ai|q>1/q.

Then no frame of X has the NQP with respect to (Z, (zz))

The following example shows how to construct a frame with respect
to a space Z which contains /;.

Proposition 4.6. Let (x;, f;)ien be any frame of a Banach space X and
let Z be a space with semi-normalized basis (z;), which is associated to
(x;, f;). Then there is a frame (T;, fi)ieN and a basis (Z;) of Z = Z®ols
so that (%;, fi)ieN has Z as an associated space and has the NQP with
respect to Z. Moreover, (Z;, ﬁ-)ieN is semi-normalized if (x;, f;)ien has
this property (for example if (x;) is a normalized basis of X ).

Proof. Assume, without loss of generality that ||z;|] = 1 for i € N.
Choose a quotient map @ : ¢; — X so that (Q(e;) : ¢ € N) is a 3-
net in Bx and so that HQ(ei) + %H > 1 for i € N (which is easy to
accomplish). Finally we apply Proposition 2.8 to Y = ¢; with its unit
vector basis (¢;) and V = @, and observe that the frame (i;, f;) and
basis () of Z, as constructed there, has the property that for any
x € By there is an ¢ € N so that
T — Toi1
2

which implies by Proposition 4.2 that (x;, fi)ien has the NQP with
respect to (z;).

By construction of (Z;, f;) in Proposition 2.8 it follows that (f;) is

1 1, . ~
= lle = Qe < 5 and |5 (20 — Zaica)

-

semi-normalized if (f;) has this property and since HQ(Q’) + a:ZH > 1,
for i € N, it follows that

1 -
7 S 1]l = sup [l ]| + 1,
jeN
which implies that (Z;, fZ) is semi-normalized if (x;, f;) has this prop-
erty. 0

Finally let us present an infinite dimensional argument implying that
if Z is a reflexive space with basis it cannot be the associated space of
a frame (z;, fi)ien, with ||z;|| = 1, for i € N, which satisfies the NQP.
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Proposition 4.7. Assume that Z is a reflexive space with a semi-
normalized basis (z;), and assume that (z;, (f;)) is a frame of an infinite

dimensional Banach space X with associated space Z .
Then ((z;), (fi)) cannot have the NQP with respect to Z.

The following result follows from Proposition 4.7 as well as from
Corollary 4.5.

Corollary 4.8. A semi-normalized frame of an infinite dimensional
Hilbert space H cannot have the NQP with respect to the associated
Hilbert space (5(N).

Proof of Proposition 4.7. We assume w.l.o.g. that (z;) is bimonotone
and let T': X — Z and S : Z — X be the associated decomposition
and reconstruction operator, respectively.

For C' < oo and § > 0 define

=1 =1

Assume that (x;, f;) has the NQP with respect to Z. Then we can
choose § > 0 small enough and C' > 1 large enough so that S(Bc.s))
is e-dense in Bx for some 0 < ¢ < 1.

Since (z;) is semi-normalized and Z is reflexive, B¢, is weakly com-
pact. Indeed, assume that for n € N,

Yn = Z&ﬂgn)zi c B(Q(;).

i=1
After passing to subsequence we can assume that for all i € N there is
a k; € N so that kgn) = k; whenever n > ¢. Thus, by bimonotonicity,
it follows that || 1 0k;z|| < C, for all n € N, and, thus, since (z;)
is boundedly complete Y >°, dk;z; € Z and || Y .o, 0k;z;|| < C. Thus,
> ooy 0kiz; in Bc,s), and since k:i(n) converges point-wise to (k;) and (z;)
is shrinking it is the weak limit of y™. The support of each element
in B(c,) is finite since (z;) is a semi-normalized basis, and thus Bc,s)
is countable. Since S(Bc,) is e-dense in X, it follows that the map

E: X" — C(Bs), with E(x*)( Z(skm) = kS (2" (24),

is an isomorphic embedding. Indeed for 2* € BY there is an z € Bx so
that |z*(z)| = 1 and a sequence (k;) € ZNcyg so that ||z—>" 0k;x;|| < e,
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and thus

|E(x")| > ’E(az*)(Zék’lzz) = x*(Zé/@xl) = 1+x*<25kixi—x> > 1—e.

But this would means that X* is isomorphic to a subspace of the space

of continuous functions on a countable compact space, and, thus, hered-
itarily ¢y, which is impossible since X is a quotient of a reflexive space
and thus also reflexive. O

5. QUANTIZATION AND COTYPE

In this section we consider a quantization concept for Schauder frames,
which is independent of an associated space.

Definition 5.1. Let (x;, f;)icy be a frame of a (finite or infinite di-
mensional) Banach space X, J = N or J = {1,2,... N}, for some
N eN andlet 0 < e, 0 <d <land1l < (C < oo. We say that
(x;, fi)iey satisfies the (g,6,C)-Bounded Coefficient Net Quantization
Property or (g,06,C)-BCNQP if for all (a;)ic; € [—1,1)° N coo(J) there
is a (k;)ies € Z' N co(J) so that

€] €]

Remark 5.2. Let (x;, fi)icy be a frame of X and let 0 < e, 0 < § <1
and 1 < (C < oo.
a) Since for any (a;)iey € coo(J) and any i € J we can write a; =
m;0 + a; with m; € N; |my;|d < |a;| and |a;| < 6, for i € J,
(x;, fi) satisfies the (e, 0, C')-BCNQP implies that

¢
=

< e and max |k;| <
i€J

(25)
for all (a;)iey € coo(J) there is a (k;)iey € Z* N coo(J) so that

H Z a;T; — Z Ok;x;
i€l i€l

(a) immediately implies
b) If (z;, f;) satisfies (¢,d,C)-BCNQP and 0 < A <1 then (z;, f;)
satisfies (Ag, Ad, 1 + A\C')-BCNQP.

c¢) If (z;) is a semi-normalized basis of X and (f;) are the coordi-

C
< e and max |k;| < max |a;| + —.
i€l i€l )

nate functionals with respect to (x;) and (z;) satisfies the (g, d)-
NQP (Definition 3.1), then (z;, f;) satisfies the (g, 0, C')-BCNQP
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with C = 1+ esup,; || fil|. Indeed, for z € X, 2 = )., a;x;,
with |a;| < 1, there is a sequence (k;) € Z with finite support
so that Ha: — ZékleH < e and

fi ($ - Z 5ki$i)

We will connect the property BCNQP with properties of the cotype

d max |k;| < max (|fz($>’ +

) <1+eswllil
€]

of the Banach space.

Definition 5.3. Let p < 2. We say that a Banach space X has type p if
there is a ¢ < oo so that for all n € N and all vectors x1,z9,...2, € X

n 2 1/2 n 2 1/2 n 1/p
(aVeH Z +z; ) = <2—n Z H Z oix; ) < C(Z ||x1||p> ‘
=1 (o), e{£1}n =1 Py

In that case the smallest such ¢ will be denoted by T,,(X).
Let ¢ > 2. We say that a Banach space X has cotype q if there is a
¢ < oo so that for all n € N and all xq, xs,...2, € X:

u 1/q n 2\ 1/2 n
(Z ||xZHq> < c(ave” Z +x; ) = c<2_” Z H 0T
i=1 i=1 1

()i e{£1} 1=
The smallest of all these constants will be denoted by C,(X).
We say that X has only trivial type, or only trivial cotype if Tp(X) =
oo for all p > 1, or Cy(X) = oo, for all ¢ < oco.

2>1/2

Basic properties of spaces with type and cotype can be found for
example in [DJT] or [Pi2]. We are mainly interested in estimates of
the volume ratio of the unit ball Bx of a finite dimensional space X
using C,(X) and the connection between finite cotype and the lack of
containing (7 ’s uniformly.

Assume X is an n-dimensional space which we identify with (R", || -
II). Let E be the John ellipsoid of the unit ball Bx of X, i.e. the
ellipsoid contained in Bx having maximal volume. It was show in
[Jo] (see also [Pi2, Chapter 3|) that E is unique. We call the ratio
Vol'/"(Bx)/Vol"/"(E) the volume ratio of Bx. Combining [Ro, Theo-
rem 6], which establishes an upper estimate for the volume ratio using
T,(X*), with a result of Maurey and Pisier [MP1, MP2] (see also [DJT,
Proposition 13.17]) estimating 7,(X*) and a result of Pisier ([Pil] (see
also [Pi2, Theorem 2.5]) estimating the K -convexity constant K (X) of
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X, we obtain the connection between the volume ratio of Bx and the
cotype constant of X.

Theorem 5.4. There is a universal constant d so that for all finite
dimensional Banach spaces X, with n = dim(X) > 2, and all 2 < ¢ <
00.

o < 1/n
(26) (%) < dCy(X)n*DInn,

where E C X s the John ellipsoid of Bx and a(q) := % —

Q=

We will also need a second upper estimate for the volume ratio due
to Milman and Pisier [MiP].

Theorem 5.5. [MiP](see also [Pi2, Theorem 10.4]) There is a univer-
sal constant A so that for any finite dimensional Banach space X,

o - 1/n
o () S He00) = AGEO A+ Gx)

where £ C X s the John ellipsoid of Bx.

The next result describes the connection between the property of
having a finite cotype for ¢ < oo and the lack of of containing ¢7 s
uniformly.

Theorem 5.6. [MP1, MP2] For N € N there is a q(N) € (2,00) and
a C(N) < oo so that:

(28)
For any (finite or infinite dimensional) Banach space X which does not

contain a 2-isomorphic copy of €5 we have that Cyny(X) < C(N).

Finally we will need the following result from [Os]. It is implicitly
already contained in [GMP, pp.95-97], and it has probably been known
for much longer.

In order to state it we will need the following notation. Let m <n €
N and let L C R™ be an m-dimensional subspace. Let (),, be the unit
cube in R™ . By a simple compactness argument there is a projection
P :R" — L for which Vol(P(Q,,)) is minimal. In that case we call the
image P(Q,) a minimal-volume projection of Q,, onto L.
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Theorem 5.7. [Os, Theorem 1| Let L be a linear subspace of R™, and
let M be the set of all minimal volume projections of Q,, onto L.
Then M contains a parallelepiped.

We are now in the position to state and to prove the connection
between cotype and BCNQP in the finite dimensional case.

Theorem 5.8. There is a map ng : [1,00)*> — [0,00) so that for all
finite dimensional Banach spaces X the following holds.

If (zi, f)X, is a frame of X, with ||z;|| = 1, for i < N, and which
satisfies (1,0,C)-BCNQP for some 0 < 6 < 1 and C > 1, then for all
2<g< o0

1
2qIn (1 +2%)

, whenever dim(X) > ng <€, ch(X)>7

N > dim(X) In(dim(X)) 5

where K is the projection constant of (x;, f;)Y,.

Proof. Let Z be the space with a basis (z;) and let T': X — Z and
S 1 Z — X be the associated decomposition and the reconstruction
operator as constructed in the proof of Proposition 2.4 (a) “=". Since
the z;’s are normalized the z;’s are also of norm 1. After a linear
transformation we can assume that Z = RY and (z;)Y, is the unit
vector basis of RY. Since (2;) is a bimonotone basis it follows that
|zF]] = 1, for i < N . Hence Bz C @, where Qy denotes the unit
cube in RY. Define L = T(X) and put n = dim(X) = dim(L). Since
SoT = Idy it follows that P = T o S is a projection from Z onto L
and if we denote the John ellipsoid of T'(Bx) by E and we deduce that
(recall that by Proposition 2.4 (a) ||T|| < K)

(29) ECT(Bx)=PoT(Bx)C P(K-By)CP(K-Qy).

By Theorem 5.7 there is a minimal -volume projection M of ()n onto L
which is a parallelepiped. Let B, denote the n dimensional Euclidean
ball in R™. Since there is a universal constant ¢ so that

Vol(B,) < (%)

n

and since

1 1
—FC—FECLNB;CLNQNCM,
K 1]
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we deduce from the fact that B,, is the John ellipsoid of the unit cube
in R™ [Jo] (see also [Pi2, Chapter 3]), that

1/n 1/n 1/n
(o (var@w\" L (velan \_ va
Vol(E) Vol(+E) ~ \ Vol(%E) -
The last inequality follows from applying a linear transformation A to L
so that A(M) is a the unit cube in L (with respect to some orthonormal

C

basis of L) and, thus A(% E) is an ellipsoid whose volume cannot exceed
that of the Euclidean unit ball in L. Since T": (X, ||-||) = (L, || [|7(Bx))
where || - || 7(py) is the Minkowski functional for T'(Bx), is an isometry
it follows from Theorem 5.4 that

(30)  Vol/™(T'(Bx)) < dCy(X)n*@ In(n)Vol"/™(E)
< deKCy(X)n s In(n)Vol /" (P(Qu))

(the universal constant d was introduced in Theorem 5.4).
Since the zonotope

P(Qn) = TOS<{§:aizi sai] < 1}) = {ﬁ:aiT(xi) sag] < 1},

contains at most (1 + 2£)" points from the set D = {3 én,T(z;) :
(n;) C Z,maxd|n;] <C} and since from our assumption that (z;f;)N,
satisfies the (1,6, C')-BCNQP it follows that
P@Qn) C |J z+T(Bx),
zeD
we deduce that

N o N nl/a "
(%) 2 e = (raciomen)

4] ~ Vol(T(By)) KdeCy(X
and, thus,
nln(n) nin(In(n)) nln(deKCy (X))
“qn(1+9) W+ m(+%)
which easily implies our claim. 0

In the next result we will show that, up to a constant factor, the
result in Theorem 5.8 is sharp. We are using the simple fact that for
any number 0 < r < 1 and any m € N, r can be approximated by
a finite sum of dyadic numbers, say 7 = 2211 0;279, 0; € {0,1}, for
j=1,...m,so that |[r — 7| <27™.
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Proposition 5.9. Let X be an n-dimensional space with an Auerbach
basis (e;,ef),. Let m € N and let K be the projection constant of
(ei)izy. Then there is a frame (T(ijs), fijs) * 1 <@ < n,1 < j <
m,s = 0,1) (ordered lezicographically) so that

(31)
1
B <z 9l <2 and || fu )0l =1, whenever 1<i<n,1<j<m and s=0, 1,
(32)
V(agjs i1 <i<n, 1 <j<m,s=0,1)C[-1,1]
(ks it <n,j<m,s=0,1)C{-3,-2,...,3}
m 1 n o m 1 m
H Z Z Z a’(i,j,s)m(iJ,s) - Z Z k(l,j,s)x(l,],s) < 1 + nl — 27m
i=1 j=1 s=0 i=1 j=1 s=0
(i-e (T(ijs) flags) 1 L S i<m, 1 < j<m, s=0,1) satisfies the
(1+n1=5=.1.3)-BONQP).
(33)

The projection constant of (T j.s), fijs) 1 1<i<n,1<j<m,s=0,1) does not
exceed 4K .

Proof. For 1 <4 < nand 1 < j < m define x; ;0 = e1, T4 1) =

e1 + l_g%mei, faj0) = —e;j and f ;1) = e;. Since for every x € X
r=Y e(@e=) > € (@)eiT—mm = DX fain@aasn + foi0(@)a0),
i=1 i=1 j=1 i=1 j=1

(@js)s fugs) 1 1<i <n1 <j<m,s =0,1) is a frame of X and
it satisfies (31). In order to verify (32) let (a¢, s : 1 <1 <n,1<
j<m,s =0,1) C [-1,1] be given. For ¢ = 1,2,...,n it follows that
‘Z;’;l a(i,j,l)lfg;fm’ < 1, and, thus, we can choose (k1) : 7 < m) C
{0, %1} so that for each i <n

= 277 < 277 2-m
34 ‘ i) T — ke < .
( ) Z CL( J1) 1 —92-m Z (4.4,1) 1—92-m| — 1—=92-m
7j=1 7j=1
Since the absolute value of M = 1" | > ™" | a(i, j, 1) +a(i, 4,0) — ki j1)

is at most 3nm we can choose for 1 <i <nand 1 < j <m, kj;o) €
{=3,-2,...,2,3} so that a = M — 37, > 7" k(i j0), has absolute




COEFFICIENT QUANTIZATION FOR FRAMES IN BANACH SPACES 31

value at most 1. We compute

n

m 1
HZZZ 5P~ D D D Ko Piisio

=1 7= 1 s=0 i=1 ]:1 's—=0
Z_j " 9—j
<sza(”’ RS — szulez mH
=1 j5=1 i=1 =1
+ ) Z Z agjn + a0 — ka0 — ki
=1 j=1
n m 27] .
=1+ Z ’ Z(a(i,j,l) - k(i,j,l))m’ <1+ nm
=1 j=1

which proves (32).

To estimate the projection constant of (z(; ), frijs) 1 150 <n, 1 <
j<m,s=0,1) we denote by <. the lexicographic order on {(i, j, s) :
i<n,j<m,s=0,1}, and let

xr = Z a;e; = Z Z azel+az€1+azez —9m - Z Z Z f(ZJ s) (Z:J s
=1

i=1 j=1 i=1 j=1 s=0,1

and (4o, Jo, S0) <iex (11, J1, 51). Then, if 45 < i1,

H Z f(i,j,s) (I>x(i,j,s)

(iO7j0150)§1ex(ivjvs)glex(il7j1151)

9—jo m -7
Hl{so 1} [aloel—i—aml = m] + Z —a,Oel—i—aZOel—i-aZOl 5 Cio
Jj=jo+1
i1—1 m 9- j
+ Z Z<—a€1+a€1+azl o-m z)
1=10+1 j=1
2-J
- Z ( —a; e +aj e+ a;, m%) — 1{31:0}%‘161“
i1—1
< 2ai| + || D @] + o] < 4K]jal.
1=19+1

If i = i1 similar estimates give the to the same result for the remaining
cases and (33) follows. O

Remark 5.10. If we choose in Proposition 5.9 m = [2logn| and thus
27 ~ 1/n? we obtain a frame for X of approximate size 4nlog,(n)
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having the (3,1,3)-BCNQP. Thus as we mentioned earlier, up to a
constant Theorem 5.8 is best possible.

Remark 5.11. In Theorem 5.8 we assumed for simplicity that the z;’s
of our frame are normalized. It is easy to see that the same proof works
for a general frame, in that case ng depends also on a = min{||z;|| : i <
N,z; # 0} and b = max{||z;]| : ¢ < N}.

With a similar proof to that of Theorem 5.8 we derive an upper
estimate for min;<y ||z;]|, i < N, assuming that (z;, f;)~, is a frame
of an n dimensional space X which satisfies the (1,0, C')-BCNQP for
some choice of § > 0 and C' < oo assuming that N is proportional to
n.

Theorem 5.12. For any choice of 6 € (0,1], and C, K, q,c3 > 1 there
is a value h = h(0,C, K, q, c2) so that the following holds for alln € N.
If X is an n-dimensional space, N < qn and (x;, f;)~X., is a frame of
X with projection constant K which has the (1,6,C)-BCNQP, then if
Ca(X) < ¢y,
h(6,C, K, q,c3)
NG :
Sketch of proof. Let (x;, f;)Y, be a frame of X, N < gn, which has
the (1,0, C)-BCNQP and projection constant K. As in the proof of
Theorem 5.8 we let Z be the associated space with basis (z;) which

o
min ||z, <

was constructed in Proposition 2.4, T : X — Z the associated decom-
position operator, and S the associated reconstruction operator. Let
L=T(X),and P =To S5, and let us also assume that Z = RY and
z; = e; for i < N. Note that now ||| = [|z;]| and 2} = ||z;]| " and we
can therefore follow the proof of Theorem 5.8 replacing Q)5 by the box

A 11

=11~ o )
As in the proof of Theorem 5.8 it follows that =T(Bx) C P(Bz) C
P(Qn). For the John ellipsoid E of T'(Bx) it follows therefore that
%E C M, where a M is a minimal volume projection of Q) which is
also a parallelepiped in L, and as before we deduce that K 'Vol'/ "(P(Qn)) >
Vol'/"(E)\/n/c. Instead of applying Theorem 5.4 we now use Theorem
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5.5 and letting o = min; < ||z;|| we deduce that
Vol'/*(T(Bx)) < g(Ca(X))Vol/"(E)
9(Co(X))eK Vol ™ (P(Qn)) _ 9(Ca(X))eK Vol ™ (P(Qw))

< n < Jna
We can again compare the volume of the zonotope P(Qy) with the
volume of the union J,., 2 + T(Bx), where D is defined as in the
proof of Theorem 5.4, and deduce that
(1 n E) > (1 N E)N S Yol(P(Qn)) < Vina )“
0 0 Vol(T'(Bx)) 9(Co(X))eK
Taking the nth root on both sides yields our claim. U

Remark 5.13. In section 6 we will recall a result of Lyubarski and
Vershinin [LV] which shows that for ¢ > 1 there are ¢ < 1, 0 < 1,
C < oo so that for any n € N and there is a Hilbert frame (z;)Y; of
(3, with N < gn, so that (z;)Y, satifies (¢, d, C)-BCNQP.

As in the previous section we formulate a corollary of Theorem 5.8
for the infinite dimensional situation.

Corollary 5.14. Assume that X has the mx-property and that P =
(P,) is a sequence of uniformly bounded projections approximating point-
wise the identity on X. Let (x;, f;) be a frame of X, with (z;) being
bounded, and assume for an increasing sequence (L,) C N, 0 < r d,e <
1 and C < oo that the following conditions are satisfied:

a) Forn € N and z € X,, = P,(X)

o =Stk aypa@)| < (@ =)l

i=1
b) [|Pu(z)|| > 7, for alln € N and i < L, and
¢) For alln € N and all z € {1 ax; = |a;| < 1 fori =
1,2,...L,} there is a sequence (k;)i<r, so that

Ly
=1

(in particular (x;, f;) satisfies the BCNQP).
Then there is either a constant ¢ > 0 so that L,, > c¢dim P,(X) In(dim P, (X))
or the spaces {{% :n € [N} are uniformly contained in X.

< e and max |k;|0 < C
i<Ln
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Proof. From assumption (a) it follows that the operators (Q,,), with

Ly
Qn: Xp— Xp, x> (Pr(fi),2) Pa(wy),
=1

are uniformly bounded (||@Q,| < 2, for n € N), invertible and their
inverses are uniformly bounded (||@,}]| < 2, for n € N). For z € X,

we write
Ly

T = Q. Qu(x) = > (fine)(@," 0 Pu)(wy),

i=1
and deduce therefore that

(™, 07) 0 = (@ o Po)(@a), filx,) )

is a frame of X,,. We now verify that for n € N (yfn), gz.(”))f:"l satisfies
the (£, 9, C')-BCNQP for some & > 0, which is independent of n. Indeed
by assumption (c) one can choose for n € N and (a;)Z7, € [~1, 1] some
(k)Em, € 7 so that

L7L LTL
i=1 i=1

¢
5

< ¢, and max |k;| <
i<Ln

and, thus,

Ly Ly
[ S el = > al”
i=1 =1

Lp Ly,
= [ > @t o Pa@) =D ok (@71 o P)(w)
=1 i=1
£
< —1 < = =:E.
< emax|(|@Q, o Bl < sup | Pl =: €
Then for n € N and i < L,, it follows from assumption (b) that
r n B sup; || 7| sup; [|2;]]
< Ny 1 < NPl 1@ - flzll < =222 < o0

1Qul - r
Thus Theorem 5.8, Remark 5.11 and Theorem 5.6 yield our claim. [J]

<

N =3

By Remark 5.2, for semi-normalized bases (x;) (together with their
coordinate functionals) the properties BCNQP and NQP are equiva-
lent. We therefore deduce from Theorem 5.8 the following

Corollary 5.15. An infinite dimensional Banach space X with non
trivial cotype cannot have a semi-normalized basis having the NQP.

In particular (see Problem 5.18 in [DOSZ]) ¢, does not have a semi-
normalized basis with the NQP.
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Proof. Suppose (z;) is a semi-normalized basis with the (g,)-CQP.
Then we can we can (P,) take to be the basis projections and L,, = n.
By Corollary 5.14 does not have finite cotype. O

6. CONCLUDING REMARKS AND OPEN PROBLEMS

Kashin’s [Ka] celebrated result states that for any A > 1 there is a
K = K, so that for any n € N and any N > An, N € N, there is an
orthogonal projection U from RY onto R" (i.e. U is an N by n matrix
whose rows are orthonormal) so that

K
(35) B, C \/_NU(QN) C KB,

(as before B, is the euclidean unit ball in R™ while )y is the unit cube
in RY).

Lyubarskii and Vershinin observed in [LV] that the column vectors
(u;)Y, form a tight frame (with A = B = 1), that the first inclusion in
(35) yields that every « € B,, can be written as

r = Z it with |[(a;)]le, <1,

and that the second inclusion implies that the operator \/LNU AN —
is of norm not greater than 1, and that therefore for given € > 0 there
is a sequence (k;)Y, C ZU[—K /e, K/e], so that max;<y |a; K —kie| < €
and, thus,

N
(36) H Zek—” < ¢ and max |ek;| < K.

Thus, Kashin’s orthogonal projections (which are actually chosen
randomly), lead to a frame (z\)i<y = (W™ /V/N)i<y for €2, whose
length is not larger than a fixed multiple of n, and, for which we can
represent any element x in B,, as a quantized linear combination with
bounded coefficients. Since the zonotope {3, a;xla;] < 1 fori =
1,2... N} liesin B, it follows that the Hilbert frame (xgn))ig N satisfies
for any € > 0 the (e,e, K)-BCNQP.

In view of the results presented in sections 4 and 5 this is the best
one could do in the finite dimensional case. We are therefore interested
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in extensions of this result by Lyubarskii and Vershinin to other spaces
as well as the infinite dimensional space,

Problem 6.1. Does the above cited result hold for other finite dimen-
sional spaces? More precisely, assume that 0 < d,e < 1, C' > 1 are
fixed. For which n € N and which n-dimensional spaces X can we find
a frame (zy, f;)¥,, with, say N = 2n, so that for any x € By there is
a (k;)Y, C Z so that

N
i=1

Remark 6.2. The above presented argument from [LV] shows that if
there is a quotient @ : /¥ — X, and a frame (x;, f;)¥, of X, so that
Q(e;)) = z;, for i = 1,... N, and so that for some K < oo Bx C
Q(By,. ) C KBy, then there is for all z € By and all 6 > 0 a sequence
(ki)i<n C Z, so that

N
i=1

Conversely, assume that for some 0 < §,e < 1, C' > 1 we can find for
all x € Bx a sequence (k;) C Z so that

N
=1

Then we can choose by induction for z € Bx a z; with

< ¢ and max |[0k;| < C.

SN

< [QII6/2 < K6/2 and max |k;| <

¢
=

< e and max |k;| <
i<N

N
2= kVow, (ki) C ZN[-C/5,C/6),

i=1
so that

<e".

n
Haz— E etz
i=1

Indeed assuming z1, . .. z,_1 have been chosen we apply our assumption
toy =¢el™" [Jc — 2?2—11 sl_izi] € By to find z,.
Thus, it follows that

o) N 0o
— i1, _ i1 57.(8)
xfgg zifnggeékj,
i1 j=1  i=1
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which means that there is a C; < oo only depending on ¢,6 and C' so

that
N
BX C {Zazx, . |CL1| S Cl}
j=1

If we define now

N
Q: févo — Bx, z+ chzil'u
i=1
we deduce that @ is a quotient map and that Bx C Q(By, ) but we
cannot deduce (at least not obviously) a bound for ||Q]|.

Problem 6.3. Is there an infinite dimensional version of the result of
Lyubarskii and Vershinin? I.e. for which infinite dimensional Banach
spaces X with a basis (e;) does there exist 0 < d,¢ < 1, C' > 1 and a
frame (x;, fi)ien so that for any € Bx, n = maxsupp(z) < oo, there
is a (k;)N,, with, say, N < 2n, so that

N
i=1

< ¢ and max |[0k;| < C?
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