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Abstract

When constructing finite frames for a given application, the most important consideration is the spectrum of the frame
operator. Indeed, the minimum and maximum eigenvalues of the frame operator are the optimal frame bounds, and
the frame is tight precisely when this spectrum is constant. Often, the second-most important design consideration
is the lengths of frame vectors: Gabor, wavelet, equiangular and Grassmannian frames are all special cases of equal
norm frames, and unit norm tight frame-based encoding is known to be optimally robust against additive noise and
erasures. We consider the problem of constructing frames whose frame operator has a given spectrum and whose
vectors have prescribed lengths. For a given spectrum and set of lengths, the existence of such frames is characterized
by the Schur-Horn Theorem—they exist if and only if the spectrum majorizes the squared lengths—the classical proof
of which is nonconstructive. Certain construction methods, such as harmonic frames and spectral tetris, are known
in the special case of unit norm tight frames, but even these provide but a few examples from the manifold of all
such frames, the dimension of which is known and nontrivial. In this paper, we provide a new method for explicitly
constructing any and all frames whose frame operator has a prescribed spectrum and whose vectors have prescribed
lengths. The method itself has two parts. In the first part, one chooses eigensteps—a sequence of interlacing spectra—
that transform the trivial spectrum into the desired one. The second part is to explicitly compute the frame vectors in
terms of these eigensteps; though nontrivial, this process is nevertheless straightforward enough to be implemented
by hand, involving only arithmetic, square roots and matrix multiplication.
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1. Introduction

Letting K be either the real or complex field, the synthesis operator of a sequence of vectors F = { f,l},’:’= , in an

M-dimensional Hilbert space H,, over Kis F : K¥ — Hy,, Fg := ZnN=1 gn)f,. Viewing H,, as KM, F is the M X N
matrix whose columns are the f;,’s. Note that here and throughout, we make no notational distinction between the
vectors themselves and the synthesis operator they induce. The vectors F are said to be a frame for H,, if there exists
frame bounds 0 < A < B < oo such that A|f|* < ||[F*f||*> < BI|f|]* for all f € Hy,. In this finite-dimensional setting,
the optimal frame bounds A and B of an arbitrary F' are the least and greatest eigenvalues of the frame operator:

N

FF* =) fufy, (M

n=1

respectively. Here, f; is the linear functional f; : Hy — K, ff := (f, f,). In particular, we have that F is a frame if
and only if the f,’s span H,,, which necessitates M < N.
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Frames provide numerically stable methods for finding overcomplete decompositions of vectors, and as such are
useful tools in various signal processing applications [18, 19]. Indeed, if F is a frame, then any f € Hj, can be
decomposed as

N
F=FFf =YX Frk )
n=1

where F = { fn}nN:l is a dual frame of F, meaning it satisfies FF* = I. The most often-used dual frame is the canonical
dual, namely the pseudoinverse F' = (FF*)~'F. Note that computing a canonical dual involves the inversion of the
frame operator. As such, when designing a frame for a given application, it is important to retain control over the
spectrum {/l,,,}n]‘f:1 of FF*. Here and throughout, such spectra are arranged in nonincreasing order, with the optimal
frame bounds A and B being 1), and A, respectively.

Of particular interest are tight frames, namely frames for which A = B. Note this occurs precisely when 4,, = A
for all m, meaning FF* = Al In this case, the canonical dual is given by f, = /14 J»» and (2) becomes an overcomplete
generalization of an orthonormal basis decomposition. Tight frames are not hard to construct: we simply need the
rows of F to be orthogonal and have constant squared norm A. However, this problem becomes significantly more
difficult if we further require the f,,’s—the columns of F—to have prescribed lengths.

In particular, much attention has been paid to the problem of constructing unit norm tight frames (UNTFs): tight
frames for which ||f,|| = 1 for all n. Here, since MA = Tr(FF*) = Tr(F*F) = N, we see that A is necessarily %
UNTFs are known to be optimally robust with respect to additive noise [14] and erasures [7, 15]. Moreover, all unit
norm sequences F satisfy the zeroth-order Welch bound Tr[(FF*)*] > NMZ, which is achieved precisely when F is a
UNTEF [25, 26]; a physics-inspired interpretation of this fact leading to an optimization-based proof of existence of
UNTFs is given in [2]. We further know that such frames are commonplace: when N > M + 1, the manifold of
all M x N real UNTFs, modulo rotations, is known to have dimension (M — 1)(N — M — 1) [12]. Essentially, when
N = M + 1, this manifold is zero-dimensional since the only UNTFs are regular simplices [13]; each additional unit
norm vector injects M — 1 additional degrees of freedom into this manifold, in accordance with the dimension of the
unit sphere in R, Local parametrizations of this manifold are given in [22]. The Paulsen problem involves projecting
a given frame onto this manifold, and differential calculus-based methods for doing so are given in [3, 5].

In light of these facts, it is surprising to note how few explicit constructions of UNTFs are known. Indeed, a
constructive characterization of all UNTFs is only known for M = 2 [13]. For arbitrary M and N, there are only
two known general construction techniques: truncations of discrete Fourier transform matrices known as harmonic
frames [13] and a sparse construction method dubbed spectral tetris [6]. To emphasize this point, we note that there
are only a small finite number of known constructions of 3 X 5 UNTFs, despite the fact that an infinite number of
such frames exist even modulo rotations, their manifold being of dimension (M — 1)(N — M — 1) = 2. The reason for
this is that in order to construct a UNTF, one must solve a large system of quadratic equations in many variables: the
columns of F must have unit norm, and the rows of F must be orthogonal with constant norm (%)%.

In this paper, we show how to explicitly construct all UNTFs, and moreover, how to explicitly construct every
frame whose frame operator has a given arbitrary spectrum and whose vectors are of given arbitrary lengths. To do so,
we build on the existing theory of majorization and the Schur-Horn Theorem. To be precise, given two nonnegative

nonincreasing sequences {1,}"_, and {u,}_,, we say that {4,}"_ majorizes {u,}Y_,, denoted {1,}"_| > {u, )Y, if

DAYy Vn=1..,N-1,
n'=1 n'=1
N N
> o= S
n’=1 n'=1
Viewed as discrete functions over the axis {1,..., N}, having {/l,,}fyzl majorize {un}g:1 means that the total area under

both curves is equal, and that the area under {/l,,}nN:1 is distributed more to the left than that of {ﬂn},,Nzl- A classical
result of Schur [21] states that the spectrum of a self-adjoint positive semidefinite matrix necessarily majorizes its
diagonal entries. A few decades later, Horn gave a nonconstructive proof of a converse result [16], showing that if
{4, = {u,}Y., then there exists a self-adjoint matrix that has {,}"_, as its spectrum and {u,}\ | as its diagonal.
These two results are collectively known as the Schur-Horn Theorem:
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Schur-Horn Theorem. There exists a positive semidefinite self-adjoint matrix with spectrum {/ln}r])’: , and diagonal
entries /1,, _, ifand only if {1,},_ 1 > {,un}n -

Over the years, several methods for explicitly constructing Horn’s matrices have been found; see [10] for a nice
overview. Many current methods rely on Givens rotations [8, 10, 24], while others involve optimization [9]. With
regards to frame theory, the significance of the Schur-Horn Theorem is that it completely characterizes whether or not
there exists a frame whose frame operator has a given spectrum and whose vectors have given lengths; this follows
from applying it to the Gram matrix F*F, whose diagonal entries are the values {|| FAIR N Y-, and whose spectrum {/l,,};"=1
is a zero-padded version of the spectrum {4, }m:1 of the frame operator FF*. Indeed, majorization inequalities arose
during the search for tight frames with given lengths [4, 11], and the explicit connection between frames and the
Schur-Horn Theorem is noted in [1, 23]. This connection was then exploited to solve various frame theory problems,
such as frame completion [20].

In this paper, we follow the approach of [17] in which majorization is viewed as the end result of the repeated
application of a more basic idea: ei genvalue interlacing. To be precise, a nonnegative nonincreasing sequence {ym}f‘rle
interlaces on another such sequence {8,,}" ‘n_1» denoted {8, }f‘nil c {7,,1},11;’:1, provided

By <vm <Bu-1 Sym-1 <SPy <1 <1 3

Under the convention 41 := 0, we have that {,Bm me1 {ym}m , if and only if ¥;41 < By <y forallm = 1,.
Interlacing arises in the context of frame theory by considering partial sums of the frame operator (1). To be premse
given any sequence of vectors F = { fn}f:’:1 in Hy,, then for every n = 1,..., N, we consider the partial sequence of
vectors F, := {f, }",_,. Note that F',, = F and the frame operator of F, is

ﬂﬂ—Zfﬂ )

Let {/l,,m}m , denote the spectrum of (4). Foranyn =1,...,N-1,(4) givesthat F, \F" = F F,+f . f" andsoa
classical result [17] involving the addition of rank-one posmve operators gives that {/ln,m}nA;[:  C {/ln+1;m}%:1. Moreover,
if ||f,,||2 =u, foralln =1,...,N, then for any such n,

M
Eym=mnm=MﬁM—ZMw Zm )

m=1 n'=

Note that as n increases, the Gram matrix grows in dimension but the frame operator does not since F,F, : K" — K"
but F,F, : H) — H). We call a sequence of interlacing spectra that satisfy (5) a sequence of eigensteps:

Definition 1. Given nonnegative nonincreasing sequences {4, }M , and (Y

indexed sequence of sequences {{d;,}*"_ }  for which:

1> & sequence of eigensteps is a doubly-

(i) The initial sequence is trivial:
Aozm =0 VYm=1,...,M

M .

(i)) The final sequence is {A,},_;:

Avw = A ¥m=1,.... M.

(iii) The sequences interlace:

(iv) The trace condition is satisfied:



As we have just discussed, every sequence of vectors whose frame operator has the spectrum {/l,,,}’rx _, and whose
vectors have squared lengths {/1,,}2’=l generates a sequence of eigensteps. In the next section, we adapt a proof tech-
nique of [17] to show the converse is true. Specifically, Theorem 2 characterizes and proves the existence of sequences
of vectors that generate a given sequence of eigensteps. In Section 3, we then use this characterization to provide an
algorithm for explicitly constructing all such sequences of vectors; see Theorem 7. Though nontrivial, this algorithm
is nevertheless straightforward enough to be implemented by hand in small-dimensional examples, involving only
arithmetic, square roots and matrix multiplication. We will see that once the eigensteps have been chosen, the algo-
rithm gives little freedom in picking the frame vectors themselves. That is, modulo rotations, the eigensteps are the
free parameters when designing a frame whose frame operator has a given spectrum and whose vectors have given
lengths.

The significance of these methods is that they explicitly construct every possible finite frame of a given spectrum
and set of lengths. Computing the Gram matrices of such frames produces every possible matrix that satisfies the
Schur-Horn Theorem; previous methods have only constructed a subset of such matrices. Moreover, in the special
case where the spectrums and lengths are constant, these methods construct every equal norm tight frame. This helps
narrow the search for frames we want for applications: tight Gabor, wavelet, equiangular and Grassmannian frames.

2. The necessity and sufficiency of eigensteps

The purpose of this section is to prove the following result:

Theorem 2. For any nonnegative nonincreasing sequences {/l,,,}f‘nl=l and {ﬂn},,N:p

in Hy; whose frame operator FF* has spectrum {/lm}n}‘f:1 and which satisfies || f,
by the following process:

every sequence of vectors F' = { f,,}Q’:1
> = w, for all n can be constructed

A. Pick eigensteps {{/l,,;m}f:1 }nN:() as in Definition 1.
B. Foreachn =1,...,N, consider the polynomial:

M

() 1= | ] = ). (©)

m=1
Take any f, € Hy such that ||f1||2 =puy. Foreachn =1,...,N — 1, choose any f,. such that

”Pn'/1fn+l||2 = —lim(x - /1)17'”_1()6) o
’ o Pn(x)

forall A € {A,.}™ |, where P,.; denotes the orthogonal projection operator onto the eigenspace N(Al — F, F})

m=1’
of the frame operator F,F, of F, = {fu},,_,. The limit in (7) exists and is nonpositive.
Conversely, any F constructed by this process has {/lm},,A;[:1 as the spectrum of FF* and ||f,|* = w, for all n.
Moreover, for any F constructed in this manner, the spectrum of F,F; is {4}, foralln =1,...,N.

We note that as it stands, Theorem 2 is not an easily-implementable algorithm, as Step A requires one to select
a valid sequence of eigensteps—not an obvious feat—while Step B requires one to compute orthonormal eigenbases
for each F,,. These concerns will be addressed in the following section. We further note that Theorem 2 only claims
to construct all possible such F, sidestepping the issue of whether such an F actually exists for a given {/lm}ﬁ‘rf=1 and
{,un}fyzl. This issue is completely resolved by the Schur-Horn Theorem. Indeed, in the case where M < N, [1] shows

that there exists a sequence of vectors F = {f, }f:’:l in H, whose frame operator FF* has spectrum {/lm}”}‘f':1 and which

satisfies ||f,,||2 = u, for all n if and only if {Am}f‘,;’:l U {O}nN:M+1 > {u,,}fyzl. In the case where M > N, a similar argument
shows that such a sequence of vectors exists if and only if {/lm}fx 4= {,u,,}n}\’:1 and A, =0forallm=N+1,...,M. As

Step B of Theorem 2 can always be completed for any valid sequence of eigensteps, these majorization conditions in
fact characterize those values {/lm}f‘j:l and {/,tn}ff: , for which Step A can successfully be performed; we leave a deeper

exploration of this fact for future work. In order to prove Theorem 2, we first obtain some supporting results. The
following lemma gives a first taste of the connection between eigensteps and our frame construction problem:
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Lemma 3. Let {/lm}n";’:1 and {u,,}ﬁz\’: | be nonnegative and nonincreasing, and let {{/l,,;m}r",;’:1 }nN:0 be any corresponding
sequence of eigensteps as in Definition 1. If a sequence of vectors F = { f"}nN=l has the property that the spectrum of
the frame operator F, F, of F\, = {f},_, is {/ln;m}%:1 foralln =1,...,N, then the spectrum of FF* is {A,,T}%zl and

Wfull> = puforalln=1,...,N.

Proof. Definition 1(ii) immediately gives that the spectrum of FF™ = F F}, is indeed {/1,1},1‘::1 = {/lN;m}%: 1> as claimed.
Moreover, for any n = 1, ..., N, Definition 1(iv) gives

n M n
DSl = T F,) = Te(F,F) = > A = ) i ®)
n'=1 m=1 n'=1

I

Letting n = 1 in (8) gives ||fi]|* = uy, while forn = 2, ..., N, considering (8) at both n and n — 1 gives

n n—1 n n—1
AP = D el = D AP = D e = D b = i 0
n'=1 n'=1 n'=1 n’'=1

The next result gives conditions that a vector must satisfy in order for it to perturb the spectrum of a given frame
operator in a desired way, and was inspired by the proof of Theorem 4.3.10 in [17].

Theorem 4. Let F,, = {f,v},_, be an arbitrary sequence of vectors in Hy, and let {/ln;m}fg:l denote the eigenvalues of
the corresponding frame operator F, F;. For any choice of f,.1 inHy, let Fpp = {fy }Z,J;ll. Then for any A € {/lll;Yn}%:lr
the norm of the projection of f,+1 onto the eigenspace N(Al — F F") is given by

n- n
. Pn+1(X)
IPuafusl? = = lim(x — ===,
x—A pn(x)
where p,(x) and p,.1(x) denote the characteristic polynomials of F,F, and F, | F ,, respectively.

Proof. For the sake of notational simplicity, let F\, = F, fyr1 = f, Fpr1 = G, Ppa = Py, pp(x) = p(x), pn+1(x) = g(x),
and let A,y = B forallm = 1,..., M. We will also use I to denote the identity matrix, and its dimension will be
apparent from context. To obtain the result, we will express the characteristic polynomial §(x) of the (n + 1) X (n + 1)

Gram matrix G*G in terms of the characteristic polynomial p(x) of the n X n Gram matrix F*F. Written in terms of
their standard matrix representations, we have G = rF f ], and so
. F*F F*f
GG=|_||F =\ . . 9
[f][ N=rr 17 ®

To compute the determinant of xI — G*G, it is helpful to compute the singular value decomposition ' = UXV*, and
note that for any x not in the diagonal of £*X, the following matrix W has unimodular determinant:

v ool (A=) 'VEf| [V VL =) veRrf
W= [0 1} [0 1 o 1 ' (10)
Subtracting (9) from xI and conjugating by (10) yields
R 3 V* Ol[xI-F*F —F*f |[V V&I-ZZ)y'VFf
WA -G OW= [(V(xl — S VY 1} [ —f'F x- IIfIIZ] [0 1
B %4 Ol[(xI = F*F)V  (xI = F*F)V(xI = Z*Z) 'V*F*f — F*f (11
T FVGI-Ze) v —f*FV x=|IfI? = fAFV(xI = Z*2) 'V F* f

Since F*F = VE'EV* then xI — F*F = xI - VZ*ZV* = V(xI - Z*Z)V*. As such,

(A= F RV =S WF - F f =Vl -V VI -SS)  WVF f-Ff=Ff-Ff=0. (12



Substituting (12) into (11) and again noting V*(xI — F*F)V = xI — Z*X gives

| v 0|[(xI - F*F)V 0
Wl -GGW = LfTEV(xl - Ty) v 1} -f*FV x = |IfI? = fFEV(xl - E*E)IV*F*f]
N V*(xl - F*F)V 0
TS FVOL -2 VD - F*F)V = f*FV  x—|IfIF = f*FV(I =25 'V F* f
E: ) 0 (13)
1o x=|IfI? = FFFVGI =22 ' VAF |
Since W has unimodular determinant, (13) implies
§(x) := det(xI — G*G) = det[W*(xI - G*G)W] = det(xI - Z*X)(x — ||fI* = F FV(xI - Z°Z) 'V F* f). (14)
To simplify (14), note that since V is unitary,
P(x) :=det(x — F*F) = det[V*(x] — F*F)V] = det(x] — "X). (15)
Moreover, letting (Z*X)(n’, n’) denote the n’th diagonal entry of Z*X yields
_ . e o (VE )P
FVL =S 'WF f = (V' WA= (VFf= ) ———. 16
FFV(-1'%) f=WF G- (VFf) };x_(m)(n,,n,) (16)
Substituting (15) and (16) into (14) gives
, - 2 O VU H@)P )
= - - —_. 17
) = po (e = WP - ). e a”n

n'=1

To continue simplifying (17), let 6,» denote the n’th standard basis element. Then V*F* = Z*U" implies that for any
n=1,...,n,

O—n’<f’ un’>’ I/l/ < M,

(VE ) =V F f,6p) =(ZU"f,6n) = (f, ULbw) ={ 0, n > M. (18)
where {0, }:}i:“fM’"] are the singular values of F. Since (X*X)(n’,n’) = o-%, for any n’ = 1,...,min{M, n}, (18) implies
$ IV E P TNl NN oy (19)
Lx—(EDm,n) L x-ED,w) M ox-or "
Making the change of variables m = n’ in (19) and substituting the result into (17) gives
min{M,n} 0_2
- ~ 2 m 2 2 2
Q(x) =p(x)(x—||f|| - n; x_0_51|<f’um>| ) vx¢0-1""’0—min[M,n]’0' (20)
Here, the restriction that x # 0'%, ces a'rznin{ M) 0 follows from the previously stated assumption that x is not equal to
any diagonal entry of £*%; the set of these entries is {o-ﬁ, 1y if M > nand is {o-ﬁ, }2’,’:1 u {0}y, _, if M < n. Now recall

that p(x) and g(x) are the Mth degree characteristic polynomials of FF* and GG, respectively, while p(x) is the nth
degree characteristic polynomial of F*F and g(x) is the (n + 1)st degree characteristic polynomial of G*G. We now
consider these facts along with (20) in two distinct cases: n < M and M < n. In the case where n < M, we have that
p(x) = XM p(x) and g(x) = x*"~'G(x). Moreover, in this case the eigenvalues {8,,}*_, of FF* = USZ*U* are given
by B = crfn forallm=1,...,nand B, =0forallm =n+1,..., M, implying (20) becomes

e T Y T

m=1 x_ﬁm

_PWw 2 N _Bu )

= B (=P = 3 Pk dP)  Vx# B B @1)
m=1 m
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In the remaining case where M < n, we have p(x) = x"Mp(x), §(x) = x"*'"Mg(x) and ,, = 02, forallm = 1,..., M,
implying (20) becomes

M
M) = o) (- AP - D L ) VB . (22)
X —

m=1

We now note that (21) and (22) are equivalent. That is, regardless of the relationship between M and n, we have

qx) _1( o X Bw )
ﬁ‘x(" Il ; ﬁ|<fum>|) Vx £ Bu... o .

Writing || f] I? = Z Kf, u,)? and then grouping the eigenvalues A = {ﬁm}nﬁle according to multiplicity gives

m=1

q@ _1( N 2 N B > Kf, ) P f||
(e 2 KF P = 3 2 )= 1 Z s 1- Y T weAv

As such, for any 4 € A,

timGe = D9 i = (1 = 3 Y il ey - iR - Y 1P

() el A#A

= —|IP,fII?

yielding our claim. O

Though technical, the proofs of the next two lemmas are nonetheless elementary, depending only on basic algebra
and calculus. As such, these proofs are given in the appendix.

Lemma 5. If{,Bm _, and {ymiM m_1 are real and nonincreasing, then {ButM 1 £ C {y. M ey if and only if

lim (x — ﬁm)@ <0 Vm=1,...,M,

x> p(x)

M M
where p(x) = | [0 =B and q(0 = | Jor=vm).
m=1 m=1

Lemma 6. If {Bm}frle, {ym}n]‘le, and {6,,,}"1‘14:1 are real and nonincreasing and

6@ R
Jim (=BT = lim (= f)o S8 Y= M,

M M M
where p(x) = [ [(c =B, q00) = | | = ym) and rx) = | [ (x = 6), then q(x) = r(»).
m=1 m=1 m=1

With Theorem 4 and Lemmas 3, 5 and 6 in hand, we are ready to prove the main result of this section.

Proof of Theorem 2. (=) Let {/lm}M , and {,un}n , be arbitrary nonnegative nonincreasing sequences, and let F' =
{fn}nN=1 be any sequence of vectors such that the spectrum of F F* is {/lm}n[‘f:1 and ||fn||2 =y, foralln=1,...,N. We
claim that this particular F' can be constructed by following Steps A and B.

In particular, consider the sequence of sequences {{/l,,;m}%:1 }nN=O defined by letting {4, m} , be the spectrum of
the frame operator F,F, of the sequence F,, = {f},_, foralln = 1,..., N and letting Ao, = 0 for all m. We claim
that {{A,,.. m}n]‘f 1} 0 satlsﬁes Definition 1 and therefore 1s a valid sequence of eigensteps. Note conditions (i) and (ii) of
Definition 1 are 1mmed1ately satisfied. To see that {{4,,. m}m 1}11 o satisfies (iii), consider the polynomials p,(x) defined
by (6) foralln = 1,...,N. In the special case where n = 1, the desired property (iii) that {0} C {4, m}M follows

7

m=1 =



from the fact that the spectrum {/ll;m}n]‘f:l of the scaled rank-one projection F|F} = f,f is the value || f1||2 = W
along with M — 1 repetitions of 0, the eigenspaces being the span of f; and its orthogonal complement, respectively.
Meanwhile if n = 2, ..., N, Theorem 4 gives that

Pn(X)

lim (x= duoin) =0 = <P o ful? S0 Ym=1,..., M,
X2 Ap-1ym Pn-1(x )
implying by Lemma 5 that {/ln—l;m},ﬁ,le c {/l,,;,,,}m:1 as claimed. Finally, (iv) holds since for any n = 1,..., N we have

M n n
D Ay = Te(F, ) = Te(FyF,) = Y Ml = ) e
m=1 n'=1 n'=1

Having shown that these particular values of {{A,. m}nﬁf 1} _o can indeed be chosen in Step A, we next show that our

particular F can be constructed according to Step B. As the method of Step B is iterative, we use induction to prove
that it can yield F. Indeed, the only restriction that Step B places on f; is that ||f;||*> = u;, something our particular
/1 satisfies by assumption. Now assume that for any n = 1,..., N — 1 we have already correctly produced {f,/}",_, by
following the method of Step B; we show that we can produce the correct f,,;; by continuing to follow Step B. To be
clear, each iteration of Step B does not produce a unique vector, but rather presents a family of f,.;’s to choose from,
and we show that our particular choice of f,. lies in this family. Specifically, our choice of f,.; must satisfy (7) for
any choice of 4 € {/ln;m}fy’le; the fact that it indeed does so follows immediately from Theorem 4. To summarize, we
have shown that by making appropriate choices, we can indeed produce our particular F by following Steps A and B,
concluding this direction of the proof.

(<) Now assume that a sequence of vectors F = fn , has been produced according to Steps A and B. To
be precise, letting {{A,.,,}*. be the sequence of elgensteps chosen in Step A, we claim that any F = {f,}" e ]

m: }Yl
constructed according to Stép B0 has the property that the spectrum of the frame operator F, F, of F, = {fy}"_,
{/ln;,,,},’:;":1 foralln =1,...,N. Note that by Lemma 3, proving this claim will yield our stated result that the spectrum
of FF* is {/l,,,}fr‘f=1 and that ||f,||> = w, foralln = 1,..., N. As the method of Step B is iterative, we prove this claim
by induction. Step B begins by taking any f; such that ||fi||> = ;. As noted above in the proof of the other direction,
the spectrum of F| F} = f, f{ is the value u; along with M — 1 repetitions of 0. As claimed, these values match those
of {/llgm}fr’le, to see thls note that Definition 1(i) and (iii) give {O}m = Ao, m}m , E {4 m} , and so 2y, = 0 for all
m=2,...,M, at which point Definition 1(1V) implies A1 = y;.

Now assume that for any n = 1,. — 1, the Step B process has already produced F,, = {f}},_, such that the
spectrum of F,F is {/l,,m}m - We show that by followmg Step B, we produce an f;| such that Fe1 = {fw}) ”“
has the property that {A,,41. }m:1 is the spectrum of ¥, F . To do this, consider the polynomials p,(x) and pn+1(x)

n+l

defined by (6) and pick any f,;; that satisfies (7), namely
Pn+1 (x)

lim (x - /ln;m) = _”Pn;ﬁwmfnﬂ ”2 Ym=1,...,M. (23)
XA Pn(X) '
Letting {/Alml;m}m , denote the spectrum of F, , F ,, our goal is to show that {Ae1: m} = {1 m} ,- Equivalently,

our goal is to show that p,;;(x) = pn+1(x) where p,.1(x) is the polynomial

M
ﬁn+1(-x) = l_l(x - ;ln+1;m)-
m=1

Since p,(x) and p,+;(x) are the characteristic polynomials of F,F? and F__ F* , respectively, Theorem 4 gives:

ntn n+1" n+1°
lim (= )22 — o p P Vm= 1, M 24)
X Apm Pn(X) ;
Comparing (23) and (24) gives:
Pni1(X) Pn+1(x)
lim (x = Apy)——— = lim (x — ) ———— VYm=1,...,M,
xX=Anm ,,( ) X Apn pn(x)

implying by Lemma 6 that p,,,1(x) = p,+1(x), as desired. O



3. Constructing frame elements from eigensteps

As discussed in the previous section, Theorem 2 provides a two-step process for constructing any and all sequences
of vectors F = { ﬁ,}ff:l in H; whose frame operator possesses a given spectrum {/lm}nl‘f=l and whose vectors have given
lengths {u1,}"_ . In Step A, we choose a sequence of eigensteps {{A,,}_ |} . In the end, the nth sequence {A,,, )2,
will become the spectrum of the nth partial frame operator F,F;, where F,, = {f,/}’,_,. Due to the complexity
of Definition 1, it is not obvious how to sequentially pick such eigensteps. Looking at simple examples of this
problem, such as the one discussed in Example 8 below, it appears as though the proof techniques needed to address
these questions are completely different from those used throughout this paper. As such, we leave the problem of
parametrizing the eigensteps themselves for future work. In this section, we thus focus on refining Step B.

To be precise, the purpose of Step B is to explicitly construct any and all sequences of vectors whose partial-frame-
operator spectra match the eigensteps chosen in Step A. The problem with Step B of Theorem 2 is that it is not very
explicit. Indeed for everyn = 1,..., N —1, in order to construct f,,; we must first compute an orthonormal eigenbasis
for F,,F;. This problem is readily doable since the eigenvalues {d,.,}2__, of F, F;; are already known. It is nevertheless
a tedious and inelegant process to do by hand, requiring us to, for example, compute QR-factorizations of A,,.,,1-F,F},
for each m = 1,..., M. This section is devoted to the following result, which is a version of Theorem 2 equipped
with a more explicit Step B; though technical, this new and improved Step B is still simple enough to be performed
by hand, a fact which will hopefully permit its future application to both theoretical and numerical problems.

iV:l, every sequence of vectors F = {f,,}f:’zl

| and which satisfies || > = . for all n can be constructed

Theorem 7. For any nonnegative nonincreasing sequences {/l,,,}fy’l":1 and {u,}
in Hy; whose frame operator FF* has spectrum {/lm},’;’:
by the following algorithm:

A. Pick eigensteps {{/lmm}%=1 }ﬁlvzo as in Definition 1.
B. Let U, be any unitary matrix, U, = {ul;m}%:l, and let fi = \Jpiuy;1. Foreachn=1,...,N—1:

B.1 Let V,, be an M x M block-diagonal unitary matrix whose blocks correspond to the distinct values of

{/lm,,}n]‘f:1 with the size of each block being the multiplicity of the corresponding eigenvalue.

M

B.2 Identify those terms which are common to both { Ay}, _,

and {Ane1m}2,. Specifically:

o Let I, C{l,...,M] consist of those indices m such that A, < Ay for all m’ < m and such that the
multiplicity of A,y as a value in { A,y }%:1 exceeds its multiplicity as a value in {41y },A:,zl.
o Let J, C{1,..., M} consist of those indices m such that A,;1.m < Ays1. for all m’ < m and such that
the multiplicity of A, as a value in {11, }%zl exceeds its multiplicity as a value in {4,y }%zr
The sets I, and I, have equal cardinality, which we denote R,. Next:
o Let iy, be the unique permutation on {1, ..., M} that is increasing on both I, and I\, and such that
nr,(m) €{1,...,R,} forallm € 1,,. Let 117, be the associated permutation matrix lz,0, = 0x; ()
o Let mg, be the unique permutation on {1, ..., M} that is increasing on both J, and [, and such that
ng,(m) €{1,...,R,} for allm € J,. Let Iy, be the associated permutation matrix g, 0, = 0, (m)-

B.3 Letv,, w, be the R, X 1 vectors whose entries are

[T G = et | [T Gt = Aa)

m'ed, m'el,
v, m) = |~ T W, (m')) = Vm e I,,m €7,
' l—[ (/ln;m - /ln;m”) " 1_[ (/anrl;m’ - /1n+1;m")
m'el, m’eJ,
m'” £m m” #m’

Vn
0
W, 0

0 I

B4 fy1 = U,V,IIL [ ;

}, where the M X 1 vector [V"] is v, padded with M — R,, zeros.

BS U,y = U,,V,,H} [ ]Hjn where W, is the R,, X R, matrix whose entries are:

W (zz,(m), mq,(m")) = (g, (m))wy (g, (m")).

/ln+ Im — /ln;m

9



Conversely, any F constructed by this process has {/l,n}f‘jzl as the spectrum of FF* and ||f,||> = w, for all n.
Moreover; for any F constructed in this manner and any n = 1,...,N, the spectrum of the frame operator F,F’
arising from the partial sequence F,, = {fy},_, is {/ln;m}nﬁle, and the columns of U,, form a corresponding orthonormal
eigenbasis for F, F;.

Before proving Theorem 7, we give an example of its implementation, with the hope of conveying the simplicity
of the underlying idea, and better explaining the heavy notation used in the statement of the result.

Example 8. We now use Theorem 7 to construct UNTFs consisting of 5 vectors in R3. Here, 1y = Ay = A3 = % and
M1 = Mo = u3 = g = us = 1. By Step A, our first task is to pick a sequence of eigensteps consistent with Definition 1,
that is, pick {41,1, 412, 213}, {A2;1, 422, 423}, {43;1, 432, 433} and {441, A4, 443} that satisfy the interlacing conditions:

{0,0,0} T {Ay;1, Ai2, A3} C {21, Ao, Aoz} C {d3,1, Az, Azia} C {dusy, Aa, Az} E 43, 33 3), (25)
as well as the trace conditions:
A+ g+ iz =1, Aot + Ao + a3 = 2, Az + A3 + A3z =3, A1 + A + a3 = 4. (26)

Writing these desired spectra in a table:

n 0 1 2 3 4 5
An3 0 ? ? ? ? 2
A2 0 ? ? ? ? 2
P 0 ? ? ? ? 2

the trace condition (26) means that the sum of the values in the nth column is },_, 4 = n, while the interlacing
condition (25) means that any value A,., is at least the neighbor to the upper right 4,,41.n+1 and no more than its
neighbor to the right 4,,41.,,. In particular, for n = 1, we necessarily have 0 = dp < 412 < Ap;; = 0and 0 = Ap3 <
A3 < Ao = 0 implying that 1., = 41,3 = 0. Similarly, for n = 4, interlacing requires that % =Asp < Aag £ A5y = %
and % =53 S Ayp < Asp = % implying that A4.; = A4 = % That is, we necessarily have:

n 0 1 2 3 4 5
- 0 0 ? ? ? 2
5 5
An:2 0 0 ? ? 3 3
5 5
Ap:1 0 ? ? ? 3 3
Applying this same idea again for n = 2 and n = 3 gives 0 = A;.3 < A3 < A1 = 0 and % = A £ A3 £ Ay = %,
and so we also necessarily have that 4,3 = 0, and A3, = %:
n 0 1 2 3 4 5
A3 0 0 0 ? ? 2
5 5
An2 0 0 ? ? 3 3
5 5 5
Ap:1 0 ? ? 3 3 3
Moreover, the trace condition (26) atn = 1 gives 1 = A;.; + 412 + 413 = 41;1 + 04+ 0 and so A;;; = 1. Similarly, the
trace condition at n = 4 gives 4 = A4;1 + Adan + a3 = % + g + 43 and 50 A3 = %:
n 0 1 2 3 4 5
2 5
An:3 0 0 0 ? 5 3
5 5
/ln;2 O 0 () 2 3 3
5 5 5
An:1 0 1 ? 3 3 3

10
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Figure 1: Pairs of parameters (x,y) that generate a valid sequence of eigensteps when substituted into (27). To be precise, in order to satisfy the
interlacing requirements of Definition 1, x and y must be chosen so as to satisfy the 11 pairwise inequalities summarized in (28). Each of these
inequalities corresponds to a half-plane (a), and the set of (x,y) that satisfy all of them is given by their intersection (b). By Theorem 7, any
corresponding sequence of eigensteps (27) generates a 3 X 5 UNTF and conversely, every 3 x 5 UNTF is generated in this way. As such, x and
y may be viewed as the two essential parameters in the set of all such frames. In particular, for (x,y) that do not lie on the boundary of the set in
(b), applying the algorithm of Theorem 7 to (27) and choosing U; = Vi = V, = V3 = V4 = I yields the 3 X 5 UNTF whose elements are given in
Table 1.

The remaining entries are not fixed. In particular, we let A3.3 be some variable x and note that by the trace condition,
3=+ B+ Bz =x+ 30 + % and so A3, = ‘31 — x. Similarly letting Ay, = y gives Ay, =2 —y:

n 0 1 2 4 5
An3 0 0 0 X 2 2 27
Ay 0 0 y 7% 3 3
P 0 1 2-y 3 2 2

We take care to note that x and y in (27) are not arbitrary, but instead must be chosen so that the interlacing rela-
tions (27) are satisfied. In particular, we have:

{A3:0, A3, A33) E {1, dap, Aag) &= x<3<$-x<3
(A2 a2, A3} E {31, 32, 433} &= 0<x<y<3-x<2-y<3 (28)
(A A2, iz} E{dy, Ao, Aozl &= 0<y<1<2-y

By plotting each of the 11 inequalities of (28) as a half-plane (Figure 1(a)), we obtain a 5-sided convex set (Figure 1(b))
of all (x,y) such that (27) is a valid sequence of eigensteps. Specifically, this set is the convex hull of (0, %), (%, %),
(%, %), (%, 1) and (0, ). We note that though this analysis is straightforward in this case, it does not easily generalize
to other cases in which M and N are large.

To complete Step A of Theorem 7, we pick any particular (x, y) from the set depicted in Figure 1(b). For example,

11



if we pick (x,y) = (0, 1) then (27) becomes:

n 0 1 2 3 4 5
- 0 0 0 0 2 2 (29)

1 4 5 5

An2 0 0 3 3 3 3

/ln;l 0 1 % % % %

We now perform Step B of Theorem 7 for this particular choice of eigensteps. First, we must choose a unitary matrix
U,. Considering the equation for U,,; along with the fact that the columns of Uy will form an eigenbasis for F,
we see that our choice for U; merely rotates this eigenbasis, and hence the entire frame F, to our liking. We choose
U, = Ifor the sake of simplicity. Thus,

1
f1 = \//1_1141;1 = [0}
0

We now iterate, performing Steps B.1 through B.5 for n = 1 to find f, and U,, then performing Steps B.1 through B.5
for n = 2 to find f3 and Us, and so on. Throughout this process, the only remaining choices to be made appear in
Step B.1. In particular, for n = 1 Step B.1 asks us to pick a block-diagonal unitary matrix V| whose blocks are sized
according to the multiplicities of the eigenvalues {1;.1, 412, 41.3} = {1,0,0}. That is, V; consists of a 1 X 1 unitary
block—a unimodular scalar—and a 2 X 2 unitary block. There are an infinite number of such V;’s, each leading to
a distinct frame. For the sake of simplicity, we choose V|, = I. Having completed Step B.1 for n = 1, we turn to
Step B.2, which requires us to consider the columns of (29) that correspond ton = 1 and n = 2:

n 1 2
An3 0 0 30)
Au 0 i
A1 1 2

In particular, we compute a set of indices 7, C {1, 2,3} that contains the indices m of {1;.1, 412, 213} = {1,0,0} for
which (i) the multiplicity of 1,.,, as a value of {1, 0, 0} exceeds its multiplicity as a value of {1;.1, A2:2, 23} = {%, %
1

Similarly m € g if and only if m indicates the first occurrence of a value A, whose multiplicity as a value of
{%, %, 0} exceeds its multiplicity as a value of {1, 0, 0}, and so 9 = {1, 2}. Equivalently, 7| and /J; can be obtained by
canceling common terms from (30), working top to bottom; an explicit algorithm for doing so is given in Table 2.

Continuing with Step B.2 for n = 1, we now find the unique permutation 77, : {1,2,3} — {1, 2, 3} that is increasing
on both 7| = {1,2} and its complement 79 = {3} and takes 7 to the first Ry = |7| = 2 elements of {1,2,3}. In this
particular instance, 77, happens to be the identity permutation, and so Il;, = I. Since J; = {1,2} = 1, we similarly
have that 74, and I1q, are the identity permutation and matrix, respectively.

For the remaining steps, it is useful to isolate the terms in (30) that correspond to 7| and J:

Pr=Aip=0, yp=Ap=
Br=dia=1 yi=An =

€19}

Wl W|—

In particular, in Step B.3, we find the R} X 1 = 2 x 1 vector v; by computing quotients of products of differences of
the values in (31):

_Bi=y)Bi = 72) _ _(1 -~ 3) _

2 2 4

(D1 = (B1—p2) (1-0) 9 (32)
2y Br=yDB2—y2) (0—_%)(0—%)_§

@1 =- (B2 = B1) T ©0-1 T (33)

12



V5

yielding v; = l ) } Similarly, we compute w; = [ ‘1/5 according to the formulas:

V6

L"l&! wIr

01 -BDi—B) _G-DG-0

D) = =3, 34

[wi(D)] P a-5 2 (34)
=By -B)  G-DG -0

2 2 = = — = l 35

[w1(2)] o -5 3 (35)

Next, in Step B.4, we form our second frame element f, = UV, HITTI [‘8]

r2 2

1 0 0]ft 0o o][1 0 O]|3 3
f2=010010010g:§.

0 0 1f[o 0 1]{o 0 1], 0

As justified in the proof of Theorem 7, the resulting partial sequence of vectors

1 2
F2=[f1 f2]=0 g
0 O]

has a frame operator F,F} whose spectrum is {4Ay;1, 422, A23} = {%, % }. Moreover, a corresponding orthonormal

eigenbasis for F,F; is computed in Step B.5; here the first step is to compute the Ry X R; = 2 x 2 matrix W; by
computing a pointwise product of a certain 2 X 2 matrix with the outer product of v; with wy:

1 1 ) 303 25 2 N5 L
— — V A -7

wlz[%lﬁl s @[Vi(z)][m(l) wi2)] :[g 32]9 e = B
nh v 3 3V6e 36 Y6 Ve

Note that W, is a real orthogonal matrix whose diagonal and subdiagonal entries are strictly positive and whose
superdiagonal entries are strictly negative; one can easily verify that every W, has this form. More significantly, the
proof of Theorem 7 guarantees that the columns of

L

ﬁ—() ﬁ_LO

w0 1 0 O]t o O][t 0 O]|ve ~ 6 1 0 0] |V6 V6
U2=Ulvln}][01 I}1131=010010010¢ 5oollo 1 o=l B
o0 1/lo o 1flo o 1f|Y8 ¥ 00 1] |V ¥

0 0 1 0 0 1

form an orthonormal eigenbasis of F',F3. This completes the n = 1 iteration of Step B; we now repeat this process
forn = 2,3,4. For n = 2, in Step B.1 we arbitrarily pick some 3 x 3 diagonal unitary matrix V,. Note that if we wish
our frame to be real, there are only 2° = 8 such choices of V,. For the sake of simplicity, we choose V, = I in this
example. Continuing, Step B.2 involves canceling the common terms in

n 2 3
An3 0 0
An2 % %
/ln;l % %

to find 7, = 9, = {2}, and so

Hfz = sz =

—
S = O
S O =
—_— O O
S —)
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In Step B.3, we find that v, = w, = [1] Steps B.4 and B.5 then give that F3 = [f1 1 f3] and U; are

L

1 2 - 5oL o
7% V6
= YAA =] V5
F3=10 3 7 | Us; i 7 0l-
0 0 0 0 0 1

The columns of U; form an orthonormal eigenbasis for the partial frame operator F,F; with corresponding eigenval-

ues {431, 432, 433} = (3, 5, 0). For the n = 3 iteration, we pick V3 = I and cancel the common terms in
n 3 4
/1n;3 0 %
4 5
/ln;2 3 3
5 5
/lngl 3 3
to obtain I3 = {2’ 3} and jS — {1’ 3}’ lmplylng
01 0 1 0 0 )
= /l 3 = 0’ = A 3=z,
HI3 =10 0 1 5 l_I:]'3 =10 0 1 s '82 33 A Y2 4:3 2
oo 0 10 Bi=42=3 vi=d1=3

In Step B.3, we then compute the R3 X 1 = 2 x 1 vectors v3 and w3 in a manner analogous to (32), (33), (34) and (35):

1
BV N5
V3 = \/6 s w3 = 3 .
N5 2
V6 3

Note that in Step B.4, the role of permutation matrix HR is that it maps the entries of v3 onto the 73 indices, meaning
that v, lies in the span of the corresponding eigenvectors {u3., }me TR

5oL L 5 _ L glfo -1

) V6 V6 1 0 o]fo 0 1|6 V6 V6 | g

= UsWIE [ 2= 5 0 1 ol|t 0 of|B|=|lL 5 l=12l.
a 3313[0]%‘@0001010“5 O N I
0 0 1 0 o o 1|l 1

In a similar fashion, the purpose of the permutation matrices in Step B.5 is to embed the entries of the 2 X 2 matrix
W5 into the 73 = {2, 3} rows and 93 = {1, 3} columns of a 3 X 3 matrix:

(Y5 _ L o], ¥5o_ 1L
W o V6 6 1 0 0][0 0 1]|v6 ~ V& 100
Uy =UsVaITh |73 DT =| L 5 ollo 1 offt 0 of|L ¥ gllo 0 1
oI e Ve 0 0 1llo 1 of|Y6 V6 010
o o 1]t 0 0 1
(3 _ 1L ol[0 1 0
6 Ve
:Lﬁo\iﬁO—Lf
\/E\@ 6 6
L N5
o 0o 1z O &
M5 5 1
6 g 6
- 5 L _A5
=l s & 6 |
Loﬁ
;S Vo



For the last iteration n = 4, we again choose V4 = I in Step B.1. For Step B.2, note that since

n 4 5
A3 % %
A2 % %
A1 % %
we have 74 = {3} and J4 = {1}, implying
0 0 1 1 00
Iy, ={1 0 0f, Iy, =10 1 0].
010 0 0 1
Working through Steps B.3, B.4 and B.5 yields the UNTF:
1 2 -1 _1 1 1 _¥5 45
3 NG 6 6 6 6 V6
F=Fs=[0 ¥ % 5 B p-|- B 3 Ll (36)
¥A5 A 1
00 0 7 % % v

We emphasize that the UNTF F given in (36) was based on the particular choice of eigensteps given in (29), which
arose by choosing (x,y) = (0, %) in (27). Choosing other pairs (x, y) from the parameter set depicted in Figure 1(b)
yields other UNTFs. Indeed, since the eigensteps of a given F are equal to those of UF for any unitary operator U, we
have in fact that each distinct (x, y) yields a UNTF which is not unitarily equivalent to any of the others. For example,
by following the algorithm of Theorem 7 and choosing U; = I and V,, = I in each iteration, we obtain the following
four additional UNTFs, each corresponding to a distinct corner point of the parameter set:

r 2 1 1
1 5 U
V5 V5 V5
F=1 0 5 L for (x,y) = (3, ),
1 1
| 0 0 L' 5 v
[ 1 1 1 _1 _ L
3 3 3 3
V8 1 1 \2
F=|0 ¥ 35 "3 ¥ for (x,y) = (2, 2),
V5 V5
0 0 ¥ » 0
— 1 ] -
1 0 0 oL
F=|0 1 A S for (x,y) = (4, 1),
V5 V5 V5
| 0 o = 5 =8
r 1 1 1 1
1 ER 3 -3
0 8 RV I )
F = 3 Vi 3v2 3wz for (x,y) = (0, %).
5 V5
0 0 0 ¥ z

Notice that, of the four UNTFs above, the second and fourth are actually the same up to a permutation of the frame
elements. This is an artifact of our method of construction, namely, that our choices for eigensteps, U, and {Vn}n’\':‘l1
determine the sequence of frame elements. As such, we can recover all permutations of a given frame by modifying
these choices.

We emphasize that these four UNTFs along with that of (36) are but five examples from the continuum of all

such frames. Indeed, keeping x and y as variables in (27) and applying the algorithm of Theorem 7—again choosing
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1
fi=10
10
-y
fa=|y2 -y
0
VBy=1)(2+3x-3y)(2-x-y) _ V(5-3y)(4-3x-3y)(y—x)
6y/1-y 6+/1-y
fi= VYBy=D(2+3x-3y)2-x~y) " VGE=392-y)(@E-3x-3y)(y—x)
6/1-»2-» 6=y
V5x(4-3x)
34/y2-y)
\/(4—3){)(3)7— D(Q2—-x—y)(4-3x-3y) \/(4—3x)(5—3)')()7—x)(2+3x—3y) A xBy—D(y—x)(2+3x-3y) + \/X(S—3y)(2—x—y)(4—3x—3y)
124/(2-3x0)(1-y) 124/2-3x)(1-y) 44/32-3x)(1-y) 44/32-3x)(1-y)
fi=| - VARG DC-yE-3-3y) | VEeG-e-eEed) | YRGD0-0@Bel) | YXeo6-3C-ay)d-3x-3y)
N 124/2-391-)2-y) 12+/2-39y(1-y) 4432-3901-)2-y) 44/32-30y(1-y)
V5x(2+3x-3y)(4-3x-3y) i V5(4-3x)(y-x)(2-x-y)
64 (2-3x)y(2-y) 24/3(2-3x)y(2-y)
\/(4—3x)(3y—] )(2—x—y)(4-3x-3y) " \/(4—3,0(5—3)')(v—x)(2+3x—3y) \/X(3y— DOy-x)(2+3x-3y) " A/ x(5-3y)(2—x—y)(4-3x-3y)
124/@2-30)(1-y) 124/(2-30)(1-y) 41/32-3x)(1-y) 44/32-3x0)(1-y)
f _ \/(473)(),‘)(3,\'*1)(2*%}’)(473»’*3)’) \/ (4-3x)(2-y)(5-3y)(y—x)(2+3x-3y) VxyGy—D(y—-x)(2+3x-3y) \/X(Z*y)(5*3,\')(2*xfy)(4f3xf3y)
> 124/Q2-3x)(1-y)2-) 124/@-32y(1-y) 4432-3001-y)2-y) 432-30y(1-y)
A/5x(2+3x-3y)(4-3x-3y) i V5(@-3x)(y-x)(2-x-y)
6Y(2-3x)y(2-y) 24/32-3x)y2-y)

Table 1: A continuum of UNTFs. To be precise, for each choice of (x,y) that lies in the interior of the parameter set depicted in Figure 1(b), these
five elements form a UNTF for R?, meaning that its 3 x 5 synthesis matrix F has both unit norm columns and orthogonal rows of constant squared
norm % These frames were produced by applying the algorithm of Theorem 7 to the sequence of eigensteps given in (27), choosing U; = I and
V,, = I for all n. These formulas give an explicit parametrization for a 2-dimensional manifold that lies within the set of all 3 x 5 UNTFs. By
Theorem 7, every such UNTF arises in this manner, with the understanding that (x,y) may indeed be chosen from the boundary of the parameter
set and that the initial eigenbasis U; and the block-diagonal unitary matrices V,, are not necessarily the identity.

U, = Tand V,, = I in each iteration for the sake of simplicity—yields the frame elements given in Table 1. Here,
we restrict (x,y) so as to not lie on the boundary of the parameter set of Figure 1(b). This restriction simplifies the
analysis, as it prevents all unnecessary repetitions of values in neighboring columns in (27). Table 1 gives an explicit
parametrization for a two-dimensional manifold that lies within the set of all UNTFs consisting of five elements in
three-dimensional space. By Theorem 7, this can be generalized so as to yield all such frames, provided we both (i)
further consider (x, y) that lie on each of the five line segments that constitute the boundary of the parameter set and
(i) throughout generalize V,, to an arbitrary block-diagonal unitary matrix, where the sizes of the blocks are chosen
in accordance with Step B.1.

Having discussed the utility of Theorem 7, we turn to its proof.

Proof of Theorem 7. (<) Let {/l,,q}”}‘f':1 and {,un}f:’:] be arbitrary nonnegative nonincreasing sequences and take an ar-
bitrary sequence of eigensteps {{/ln;,,,}n"f’:1 }nN:0 in accordance with Definition 1. Note here we do not assume that such
a sequence of eigensteps actually exists for this particular choice of {/lm}f‘n”: , and {ﬂn}g:ﬁ if one does not, then this
direction of the result is vacuously true.

We claim that any F' = { f,,}nN= , constructed according to Step B has the property that for all n = 1,..., N, the
spectrum of the frame operator F, F;, of F,, = {f,/},_, is {/ln;m}n}‘le, and that the columns of U,, form an orthonormal
eigenbasis for F, F,. Note that by Lemma 3, proving this claim will yield our stated result that the spectrum of FF*
is {/lm}ﬁ‘n”: , and that || ful> = p, foralln = 1,...,N. Since Step B is an iterative algorithm, we prove this claim by
induction on n. To be precise, Step B begins by letting U = {ul;m}fz1 and fi = +/uiui;1. The columns of U; form an
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o1 IM.=q,...,M}
02 JM.=q1,..., M)
03 form=M,...,1

04 if /ln;m € {/ll1+];m'}

m'EJ,(,'”)
05 7m0 = 7 )
06 T = g\ ('} where m’ = max {m” € T : Ayt = Ay}
N
09 T =g
10 end if
11  end for
12 1,:=1P
13 J,:=10

Table 2: An explicit algorithm for computing the index sets 7, and 7, in Step B.2 of Theorem 7

orthonormal eigenbasis for F| F} since U is unitary by assumption and

N U, m=1,
F Fiuym = @i, )1 = Wign, VW11 VU110 = (U, U1 UL = { /(;1 b m 1
forallm =1,..., M. As such, the spectrum of F, F} consists of y; and M — 1 repetitions of 0. To see that this spec-
trum matches the values of {/ll;m}M note that by Definition 1, we know {/ll;m}fy’le interlaces on the trivial sequence

{/lo;m}f;’: | = {0}%=1 in the sense ofm(31), implying A;., = 0 for all m > 2; this in hand, note this definition further gives
that A;.; = Zﬁle A1:m = 1. Thus, our claim indeed holds for n = 1.

We now proceed by induction, assuming that for any given n = 1,..., N — 1 the process of Step B has produced
F, = {fy}"_, such that the spectrum of F,,F} is {d,;,}_, and that the columns of U, form an orthonormal eigenbasis
for F,F,. In particular, we have F, F,U, = U,D, where D, is the diagonal matrix whose diagonal entries are
{/ln;m},,ﬁ;[:y Defining D,,,; analogously from {/lnﬂ;m}l’g:l, we show that constructing f,,+; and U,,; according to Step B
implies F, \F, U, ., =U, D, where U, is unitary; doing such proves our claim.

To do so, pick any unitary matrix V, according to Step B.1. To be precise, let K, denote the number of distinct
values in {/ln;,,,}ff:l, and for any k = 1,..., K, let L,x denote the multiplicity of the kth value. We write the index m
as an increasing function of k and /, that is, we write {/ln;m}f:1 as {/l,,;m(k,,)}f:” | lL:f where m(k,l) < m(k’,l') if k < k’
orif k = k" and ! < I'. We let V, be an M X M block-diagonal unitary matrix consisting of K diagonal blocks,
where for any k = 1,..., K, the kth block is an L, X L, unitary matrix. In the extreme case where all the values of
{/ln;m}%=1 are distinct, we have that V,, is a diagonal unitary matrix, meaning it is a diagonal matrix whose diagonal
entries are unimodular. Even in this case, there is some freedom in how to choose V,,; this is the only freedom that the
Step B process provides when determining f,.;. In any case, the crucial fact about V,, is that its blocks match those
corresponding to distinct multiples of the identity that appear along the diagonal of D,,, implying D,V,, = V,,D,,.

Having chosen V,,, we proceed to Step B.2. Here, we produce subsets 7, and J,, of {1, ..., M} that are the remnants
of the indices of {/ln;,,,}n]‘f:1 and {/l,,+1;m}%:1, respectively, obtained by canceling the values that are common to both
sequences, working backwards from index M to index 1. An explicit algorithm for doing so is given in Table 2. Note
that for each m = M,..., 1 (Line 03), we either remove a single element from both 7 (nm) and 7, ,(lm) (Lines 04-06) or
remove nothing from both (Lines 07-09), meaning that 7, := T 511) and 7, = 9, ,(,1) have the same cardinality, which
we denote R,,. Moreover, since {/ln+1;m},A,;[:1 interlaces on {/ln;m}l’:le, then for any real scalar 4 whose multiplicity as a
value of {/l,,;m}n"f:1 is L, we have that its multiplicity as a value of {/l,,+1;m}f‘,:’:1 is either L—1, L or L+ 1. When these two
multiplicities are equal, this algorithm completely removes the corresponding indices from both 7, and J,,. On the
other hand, if the new multiplicity is L — 1 or L + 1, then the least such index in 1, or [, is left behind, respectively,
leading to the definitions of 7, or J, given in Step B.2. Having these sets, it is trivial to find the corresponding

permutations 77, and w4, on {1,..., M} and to construct the associated projection matrices I17, and I1y,.
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We now proceed to Step B.3. For the sake of notational simplicity, let {3,} ”1 and {y,} denote the values of
{Ambmer, and { A, 1.mbmey, » respectively. That is, let By, n) = Auyn forall m € 1, and Yy (my = /ln+ 1. for all m € 7.
Note that due to the way in which 7, and J,, were defined, we have that the values of { ,} 0y and {yr} " are all
distinct, both within each sequence and across the two sequences. Moreover, since {A,.n}mer, and {An+1; W,}m€ T are
nonincreasing while 7y, and g, are 1ncreasmg on I, and 7, respectlvely, then the values {8,} ”1 and {yr} ., are

strictly decreasing. We further claim that {y,}r=1 interlaces on {8,}* - To see this, consider the four polynomials:

M M R, R,
pu = [ |G = A, pua@ = [ [0 = ), b0 =] Jx=80, co=[]ex-v). @D
m=1 m=1 r=1 r=1

Since {,8, ., and {y,} , were obtained by canceling the common terms from {/l,,;,,,}f‘:zl and {/lml;m}fr’l’:l , we have that
Pnr1(X)/pu(x) = c(x)/b(x) for all x ¢ {4 nm}m - Writing any r = 1,...,R, as r = n7,(m) for some m € I,, we have
that since {/ln;m}fx’:] C {As 1;,,,}”"14:1, applying the “only if” direction of Lemma 5 with “p(x)” and “q(x)” being p,(x)
and p,+1(x) gives

c(x) P+1(X)

}LIEr(X ﬁr) b( ) )CH/l,l m(x /ln m) n(x)

Since (38) holds for all = 1,..., R,, applying “if” direction of Lemma 5 with “p(x)” and “g(x)” being b(x) and c(x)
gives that {y,}R indeed interlaces on {ﬂ, R
Taken together, the facts that {3,}* - and {yr} are distinct, strictly decreasing and interlacing sequences implies

that the R, X 1 vectors v,, and w,, are well-defined. To be precise, Step B.3 may be rewritten as finding v,,(r), w, (') > 0
forall r,# =1...,R, such that

<0. (38)

Ry
l_l(ﬁr 7r l_l(yr’ _IBr”)

(P = = () = (39)
]_[(Br Br) ]_[(% Yr)
" o

Note the fact that the 8,’s and ,’s are distinct implies that the denominators in (39) are nonzero, and moreover that
the quotients themselves are nonzero. In fact, since {8, jl is strictly decreasmg, then for any fixed r, the values
{B, — By}, can be decomposed into r — 1 negative values {5, — B, }r, , and R, — r positive values {5, — B, }r,,_r e
Moreover since {ﬂ, - {y,} =1 then for any such r, the values {5, — v, }f,}zl can be broken into » negative values
{8, —vm1.,_, and R, — r positive values {5, — y,» }r” .+1- With the inclusion of an additional negative sign, we see that
the quant1ty defining [v,(r)]* in (39) is indeed positive. Meanwhile, the quantity defining [wn(r )]2 has exactly »' — 1
negative values in both the numerator and denominator, namely {y,» — 8, }:ﬁ,‘: 1] and {y, — y,» L T ], respectively.
Having shown that the v, and w,, of Step B.3 are well-defined, we now take f,.; and U, as defined in Steps B.4
and B.5. Recall that what remains to be shown in this direction of the proof is that U, is a unitary matrix and that
Foo = {fr ”“1 satisfies ¥, F> U ., = U, D, . Todo so, consider the definition of U, and recall that U, is
unitary by the inductive hypothesis, V,, is unitary by construction, and that the permutation matrices Il7, and Il
are orthogonal, that is, unitary and real. As such, to show that U, is unitary, it suffices to show that the R, X R,
real matrix W, is orthogonal. To do this, recall that eigenvectors corresponding to distinct eigenvalues of self-adjoint
operators are necessarily orthogonal. As such, to show that W, is orthogonal, it suffices to show that the columns of

W, are eigenvectors of a real symmetric operator. To this end, we claim
(D1, + vy )Wy = WoDpitig,,  WiW,(r,r) =1, ¥r=1,...,R,, (40)

where D,,.7, and D, .4, are the R, X R, diagonal matrices whose rth diagonal entries are given by S8, = A
v =4, il (s respectively. To prove (40), note that for any r, 7" = 1,...,R,,

) and

nn,

R,
[(Dn;I,, + VnVZ)Wn](r, r,) = (Dn;In W)(r, r,) + (an;ern)(r, r,) = ,BrWn(n rl) + (1) Z Vn(r”)Wn(rN, r,)- 41

r’=1
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Rewriting the definition of W, from Step B.5 in terms of {ﬁ, 7, and {7,} ", gives

W(r,r') = —v,,(r)w,,(r’). 42)
Yr = Br
Substituting (42) into (41) gives
[(Duiz, + v,V Wil ) —ﬁr% (1) Z i “)V"(Z )_v;; .

=1
B N [vn<r">]2)
Yr _,8r =1 Yr _Br”

= v, (Nw,(r") ( (43)

Simplifying (43) requires a polynomial identity. Note that the difference ]_[f,’,’:1 (x—ym)— ]_[I:,’Zzl (x—p,~) of two monic
polynomials is itself a polynomial of degree at most R, — 1, and as such it can be written as the Lagrange interpolating
polynomial determined by the R, distinct points {ﬂ,}fz"I

R,
R, R, (x ﬁ ) R, l—l(ﬁr’ - %)
[Te=v-]]@-8= Z(H(ﬂw —y - 0) 2oy ]_[(x B @4
=1 r’=1 =1 r=1 (ﬂr ﬁr =1
rqtr l_[(ﬂ, " _ﬁr rqtr
r?f

Recalling the expression for [va(N]? given in (39), (44) can be rewritten as

Ra Ry
[Je-8-]]e=vn= Z (P ﬂ(x By)- 45)

r’=1 r’=1 r’=1
rir

Dividing both sides of (45) by ]_[(x — B,) gives

r’=1
R
()C '}/r” - [‘)il(""’)]2 R,
=y I e BN (46)
1,,—[1 ~B) Z] (x B =t
Forany ' =1,...,R,, letting x = y,» in (46) makes the left-hand product vanish, yielding the identity:
17\12
Wy 2y R, @7)
) yr —Br)
Substituting (47) into (43) and then recalling (42) gives
Vn(Nwa(r’)

[(Duiz, + v,y)W, 1(rr>—vn<r>wn<r>( B " +1) v = Y Walr 1) = WoDys1ig ) 7). (48)

Yr — ,Br
As (48) holds forall r, ¥’ = 1,..., R, we have the first half of our claim (40). In particular, we know that the columns of
W, are eigenvectors of the real symmetric operator D,,.r, + vnvz which correspond to the distinct eigenvalues {*y,}f; I
As such, the columns of W, are orthogonal. To show that W, is an orthogonal matrix, we must further show that the
columns of W, have unit norm, namely the second half of (40). To prove this, at any x ¢ {ﬂ, , we differentiate both
sides of (46) with respect to x to obtain

Z“—[ (x - %

r’=1"r=1
r#r”

Y _ﬁr” — - [Vn(r”)]z
(B (-

Vx ¢ {5 (49)
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For any ' = 1,...,R,, letting x = y,» in (49) makes the left-hand summands where » # " vanish; by (39), the
remaining summand where r” = r’ can be written as:

R
l—l (yr’ - Yr)
r=1

r#r

1
R,

w2
l_[(yr' - ,3;)

r=1

Rn

_ )P
=1 (7r’ _ﬂr”)z .

Yr — IBr’
('yr’ - Br’)2

o (7r’ - yr)
Ny

rer’

| ]

(50)

We now use this identity to show that the columns of W, have unit norm; for any r’ = 1,..., R, (42) and (50) give

Ry

2

=1

Ry, Ry

WIW)0 1) = D WP =

r’=1 r’=1

[va ()]
(yr =B )2

Va(rwn(r')

1
— =1
e —Br

[wa(r)?

= [wa ()]

f=mmm2

Having shown that W, is orthogonal, we have that U,,.| is unitary.

For this direction of the proof, all that remains to be shownisthat ¥, ,F, U, , =U, D, . . Todo this, we write
F o F., =F,F,+f. ., andrecall the definition of U,,:
. . W, 0
* * £3 T F
Fn+]Fn+] Un+1 = (FnFn + f;H—l n+l)UnVnHI" |: Ol I} Hjn

W, 0
0 I

Wa
0

0

= FnF;UnVnH}l [ :|H$x + fn+l r;k+1 UnvnH}l [ 1 (51)

To simplify the first term in (51), recall that the inductive hypothesis gives F, F,U, = U,D, and that V, was con-
structed to satisfy D, V, = V, D, , implying

Jn.

W, 0
0 I

W, 0

* T Wn 0
FnFnUnVnHI,,[ 0 1 0 1

:|Hjn = UnVnDnH}” [
To continue simplifying (52), note that IT, DnH} is itself a diagonal matrix: for any m,m’ = 1,..., M, the definition
of the permutation matrix I17, given in Step B.2 gives

}Hgg:lﬁﬂQHEKHLF%HE)[ ]Haf (52)

P — m=m
T N T T _ — 7, (m)> >
{1y D7 Ym,m") = (D,I; 6y, X7 ) = (Dnd,,}lnl(m/),é,,};(m)) = { O? T -
That is, I, DnH§ is the diagonal matrix whose first R, diagonal entries {ﬁ,}f;l = {/ln;ﬂ}l(r)}fil match those of the

aforementioned R, X R, diagonal matrix D, s, and whose remaining M — R, diagonal entries {1 form

the diagonal of an (M — R,,) X (M — R,) diagonal matrix D, z::

PN
naz (mJIm=R,+1

D,. 0
T _ n, 1,
Hzl%fb”—[ 0 Dmﬁ]- (53)
Substituting (53) into (52) gives
. T |[W, 0 B 1 |Dwr, 0 |[W, O B v [Dur,W, 0 ]
FnFnUnVnHIU [ 0 I g, = UnVnHI,, 0 Dyre|| 0 1 g, = UnVnHI,X 0 Dn;If,i lg,. (54)
Meanwhile, to simplify the second term in (51), we recall the definition of f,;; from Step B.4:
. w, 0 VY W, 0 vnvIWn 0]
fn+1 n+1UnVnH§n [ 0 I} Hjn = UnVnH;, [O} [VI O] [ 0 I:| H~7n = Unvnn}l [ 0 O_ H[f (55)
Substituting (54) and (55) into (51), simplifying the result, and recalling (40) gives
. (Dn, + vnvZ)Wn 0 WuDyi1.7, 0
Fn+an+1Un+1 = UnVnH}, [ A 0 Dn;]f, Hjn = UnVnH}, OJr Dn;]’fl Hjn'
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By introducing an extra permutation matrix and its inverse and recalling the definition of U, , this simplifies to

W, 0 D, 0 D1 0

_ T T Ly _ T LT

Fn+1Fn+1 Un+1 - UnVnHI,, [ ()n I:| Hjnnjn [ ,H(—) Dn;]ﬁ:| HJ” - Un+lnj" [ YH(—) Dn;]ﬁ] Hjn (56)
We now partition the {/l,,+1;m}n/‘;’:1 of Dy, into 7, and J; and mimic the derivation of (53), writing D,,; in terms of
D,.1.7, and D1, 5. Note here that by the manner in which 7, and J,, were constructed, the values of {4, }er: are

equal to those of {4,41,s} ¢, as the two sets represent exactly those values which are common to both {/1,,;,,1}%:1 and

{A,4 l;m}m— As these two sequences are also both in nonincreasing order, we have D,re = D41, and so
D1 0 D1 0
T _ n+1;9, _ n+1:.9,
1y,D,., 11} [ - DM,J . [ - D] . (57)
Substituting (57) into (56) y1elds F .U, =U, +1Dn 1> completing this direction of the proof

(=) Let {4 }m , and {;1,,} , be any nonnegative nonincreasing sequences, and let F = f,, , be any sequence of
vectors whose frame operator F F* has {/l,,,}m:1 as its spectrum and has || f,||> = u, for all n = 1 ., N. We will show
that this F can be constructed by following Step A and Step B of this result. To see this, for any n = 1,..., N, let
F, = {fr},_, and let {/l,,;m}%:1 be the spectrum of the corresponding frame operator F,F;. Letting Ao, := O for all
m, the proof of Theorem 2 demonstrated that the sequence of spectra {{/l,,;,,,}f:;":1 }nN:0 necessarily forms a sequence of
eigensteps as specified by Definition 1. This particular set of eigensteps is the one we choose in Step A.

All that remains to be shown is that we can produce our specific F by using Step B. Here, we must carefully
exploit our freedom to pick U; and the V,’s; the proper choice of these unitary matrices will result in F, while other
choices will produce other sequences of vectors that are only related to F through a potentially complicated series of
rotations. Indeed, note that since {{/l,,;m}zf:l }nN:O is a valid sequence of eigensteps, then the other direction of this proof,
as given earlier, implies that any choice of U, and V,’s will result in a sequence of vectors whose eigensteps match
those of F. Moreover, quantities that we considered in the other direction of the proof that only depended on the
choice of eigensteps, such as 7,,, I, {ﬂr 1 %},_1, etc., are thus also well-defined in this direction; in the following
arguments, we recall several such quantities and make further use of their previously-derived properties.

To be precise, let U; be any one of the infinite number of unitary matrices whose first column u;.; satisfies
fi = uiur;. We now proceed by induction, assuming that for any given n = 1,...,N — 1, we have followed
Step B and have made appropriate choices for {V,, }Z,‘zll so as to correctly produce F, = {fy}],_,; we show how the
appropriate choice of V,, will correctly produce f,+1. To do so, we again write the nth spectrum {/l,,;m}r",;’:1 in terms of
its multiplicities as {4, 1)} ol z— .Forany k =1,...,K,, Step B of Theorem 2 gives that the norm of the projection
of f,+1 onto the kth eigenspace of F,F}, is necessanly given by

2 _ pn+1(x)
WPy St 117 = _Hlxlg}(m(x Ann(k,1)) )

(58)

where p,(x) and p,.(x) are defined by (37). Note that by picking [ = 1, A,.nx,1) represents the first appearance of
that particular value in {4, }M As such, these indices are the only ones that are eligible to be members of the set
I, found in Step B.2. That is, C {mk,1): k=1,...,K,}. However, these two sets of indices are not necessarily
equal, since 7 ,, only contains m’s of the form m(k, 1) that satisfy the additional property that the multiplicity of A,
as a value in {4,y },"Z,:l exceeds its multiplicity as a value in Mnﬂsm}%:]' To be precise, for any givenk =1, ..., K, if
m(k, 1) € I} then A,y 1) appears as a root of p,.(x) at least as many times as it appears as a root of p,(x), meaning
in this case that the limit in (58) is necessarily zero. If, on the other hand, m(k, 1) € I, then writing 7, (m(k, 1)) as

some r € {1,...,R,} and recalling the definitions of b(x) and c(x) in (37) and v(r) in (39), we can rewrite (58) as
R,
) _ ) [J- 70
. Pn+1(X (X =l 2
P,z 1. 2=~ lim(x— \ - - B, - v (r)]°. 59
1Prig, fusi x—»ﬁ,( Br) on() ( B )b( ) —— = ()] (59)

n (Br - ﬁr”)
r’=1
' #r
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As such, we can write f,; as

K R R
n n n ‘l 1
= P, = P, = v, (r v (7 (m))———P,,. 60
fn+1 kz:; n,/l,u,,l(k_l)fnﬂ ; n,ﬁ,fn+1 rz; n( ) n( nﬁrfn+1 n;ﬂ n( I,,( )) Vn(ﬂI,, (m)) rz,ﬁ,,Lx (m) fn+1 ( )
where each mPn Bry o0 J»+1 has unit norm by (59). We now pick a new orthonormal eigenbasis U = {it,. m}ﬁ‘rf !

for F,F, that has the property that for any k = 1, ..., K,,, both {u. . 1)} o and {fy ., 1)}1 | span the same eigenspace
and, for every m(k,1) € I,, has the additional property that i,m,1) = mmﬁ” gy Jni1. As such, (60)
becomes e !

Rll

et = ) vl ()it = 0, > vz, m)6, = 0, Zvn(r)é a0 = 0,07 > v, = 0,11 [VO] (61)

mel, mel, r=1

Letting V), be the unitary matrix V,, = U;, Un, the eigenspace spanning condition gives that V,, is block-diagonal whose
kth diagonal block is of size L, X L,.. Moreover, with this choice of V,,, (61) becomes

* 7Y Vn Vn
far1 = U, U0, 1T} [0} =U, VI [0]

meaning that f,,,; can indeed be constructed by following Step B. O
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Appendix A. Proof of Lemma 5

(=) Let {ym} _, interlace on {ﬁm} ,and let A = §,, for some m = 1,..., M. Letting L, denote the multiplicity of A
as a root of p(x) the fact that {8,,} —1 C {7,,,}m , implies that the multlphclty L, of A as aroot of g(x) is at least L, — 1.
Moreover, if L, > L, — 1 then our claim holds at A since

11m( - /l)ﬂ 0<0.
p(x)
Meanwhile, if L, = L, — 1, then choosing m, = min{m : B,, = A} gives
Bm > /l’ l S m S mp - 1,
B =4, m, < m < mp+L,-1, (A1)
ﬁm < /l, mp + Lp < m < M.

We now determine a similar set of relations between A and all choices of y,,. For 1 < m < m, -1, interlacing and (A.1)
imply y,, > B, > A. If instead m, + 1 <m < m, + L, — 1, then interlacing and (A.1) imply A = 8,, < v, < -1 = 4
and so vy, = A. Another possibility is to have m, + L, + 1 < m < M, in which case interlacing and (A.1) imply
Ym < Bum-1 < A. Taken together, we have

YV > A, 1 < m £ mp-1,
YV = A4, m,+1 < m < mp+L,-1, (A2)
Ym < 4, m,+L,+1 < m < M.

Note that the table (A.2) is unlike (A.1) in that in (A.2), the relationship between vy,, and A is still undecided for
m = my, and m = m, + L,. Indeed, in general we only know y,,, > B,,, = 4, and so either y,,, = 1 or y;,, > 4.
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Similarly, we only know vy, +1, < Bm,+1,-1 = 4, 80 either ¥p 41, = A OF Yy, 41, < A. Of these four possibilities,
three lead to either having L, = L, + 1 or L, = L,; only the case where y,,, > 4 and y,,,+1, < 4 leads to our current
assumption that L, = L, — 1. As such, under this assumption (A.2) becomes

Ym > A, I €< m £ my,
V= 4, m,+1 < m < mp+L,-1, (A.3)
Ym <4, my,+L, < m < M.

We now prove our claim using (A.1) and (A.3):

m D

(x = )l ﬂ(x V) ﬂ (X =¥m) ﬂ(ﬁ V) ﬂ (A =7m)

»+L, ptLp
lime = 2%~ lim il il <0.
x—A p(x) x—A my—1 m,,—l

(x =" ]_[<x B) ﬂ (x=Bn) ]_[u B ]—[ (A= Bn)

m=mpy+L, = m=mp+L,

(<) We prove by induction on M. For M = 1, we have p(x) = x — 8] and g(x) = x — 7y}, and so if

. gx) . (x—y) _ ..
0> lim(x— —=11mx— = lim(x — =B1-v1,
x—»ﬁl( B1) () x—»ﬁl( ﬁl)(x—,Bl) x—>/31( Y =B1-n
then ﬁl and so {71} interlaces on {8;}, as claimed. Now assume this direction of the proof holds for M’ =
IL..., nd let {8,,}" ey and {ym} , be real, nonincreasing and have the property that
q(x) B
hrg (x— ,Bm)? <0 VYm=1,...,M, (A4

where p(x) and g(x) are defined as in the statement of the result. We will show that {y,,}" 1 interlaces on {,Bm

To do this, we consider two cases. The first case is when {ﬁm} _, and {ym}m_ have no common members, that is,
Bm # v forall m,m’ = 1,..., M. In this case, note that if 8,, = 8, for some m # m’ then the corresponding limit
in (A.4) would diverge, contradicting our implicit assumption that these limits exist and are nonpositive. As such, in

this case the values of {ﬂm}n]‘f:1 are necessarily distinct, at which point (A.4) for a given m becomes:

M M
1_[ B = Ymr) l_[ B = Ymr)

M
(X =Yw) i

0> lim (x = B,) - - (A.5)
X=f = (X _IBm’) M
1 ﬂ(ﬁm—ﬁm/) ﬂ(ﬁm Bor) 1_[ B = o)
m'=1 m’'=m+1
m'#£m

Moreover, since S, # v, for all m,m’, then the limit in (A.5) is nonzero. As the sign of the denominator on the
right-hand side of (A.5) is (—1)""!, the sign of the corresponding numerator is

M
1" = sen( [ [ —yu)) = senta()  ¥m=1.....M
m'=1

Thus, for any m = 2,..., M, g(x) changes sign over [8,,, B-1], implying by the Intermediate Value Theorem that at
least one of the roots {)/m}f:f:1 of g(x) lies in (B,,, Bn-1). Moreover, since g(x) is monic, we have lim,_,. g(x) = oo;
coupled with the fact that g(8;) < 0, this implies that at least one root of g(x) lies in (8, o). Thus, each of the M
disjoint subintervals of (5}, co) U [UM > Brns Bin- 1)] contains at least one of the M roots of g(x). This is only possible if
each of these subintervals contains exactly one of these roots. Moreover, since {Ym},A,Z | 18 nomncreasmg, this implies
B1 <yiand By, < Ym < Bm—1 forallm =2,..., M, meaning that {ym} | indeed interlaces on (B tM 1

We are thus left to consider the remaining case where {ﬁm}frle and {y,,,}m:1 share at least one common member. Fix
Asuchthat8,, = A = y,, for atleast one pairm,m’ = 1,..., M. Let m, = min{m : B,, = A} and m, = min{m : ,, = A}.
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Let P(x) and Q(x) be (M — 1)-degree polynomials such that p(x) = (x — A)P(x) and g(x) = (x — )Q(x). Here, our
assumption (A.4) implies
. gx) . (x = DO(x) O(x)
0> xlg};*l(x Bn) ) xir/lslm(x Bim) G- DPW) x—>ﬁm( Bun)—— PO Ym=1,...,M. (A.6)
Since P(x) and Q(x) satisfy (A.6) and have degree M — 1, our inductive hypothesis gives that the roots {7y }mzm,0f
O(x) interlace on the roots {By}bmzm, of P(x).

We claim that m, is necessarily either m,, or m,, + 1, thatis, m, < m, < m, + 1. We first show that m, < m,, a fact
which trivially holds for m, = 1. For m;, > 1, the fact that {8, },n2m, E {¥m}m#m, implies that the value of the (m, — 1)th
member of { Yy }mzm, is at least that of the (m, — 1)th member of {B,,}u£m,. That is, the (m, — 1)th member of {y,;}nzm,
is at leastﬁmp_l > A, meaning m, —1 < m,—1 and so m, < m,, as claimed. We similarly prove that m;, < m,+1, a fact
which trivially holds for m, = M. For m, < M, interlacing implies that the m,th member of Bt mzm, is at least the
(mp, + 1)th member of {Ymbmtm, - That is, the (;m,, + 1)th member of {Ym}m;em,, is at most Bm,e1 < A4 and som, + 1 > mg,
as claimed.

Now, in the case that m, = m,, the fact that {8,,}um, C {Vu}m#m, implies that

IBM < YMm <0 < ﬂm,,+l < 7}11,,+1 Sﬁmp—l < ymp—l <o Sﬁl < Yi. (A7)

Since in this case Yimp+1 = Ymge1 < A< B,-1, the terms Bm, =1 and Ym, = Ym, = A can be inserted into (A.7):

Bu<ym < < Bumptt S Ymprt SASAS Byt S Ymp-1 S SP1L S

and so {B,,};_ 1 C {¥m}m=1. In the remaining case where m, = m, + 1, having {By}msm, T {Ym}mzm, means that

ﬁM < Ym <---< ﬂm[,+2 < Ytn,)+2 Sﬁm,,+l < '}/mp < ,Bmp—l < ymp—l <--- < ,81 < Y1 (A8)

Since in this case B,+1 < A < Vm,~1 = Vi, the terms v, +1 = ¥, = A and B, = A can be inserted into (A.8):

BM < Ym < Sﬁm,,+2 < 7m,,+2 Sﬂm,,+1 <A<a< Ym,, SBmp—l < ym,,—l <o Sﬁl < Y1

and so {ﬂm =1 = {¥m}m=1 in this case as well.

Appendix B. Proof of Lemma 6
Fixanym = 1,..., M, and let L be the multiplicity of 3,, as a root of p(x). Since

q(x) r(x)
lim (X IBm) ( _ﬁm) (Bl)
x=fm p(x) H px)’
where each of these two limits is assumed to exist, then the multiplicities of §,, as a roots of g(x) and r(x) are both at
least L — 1. As such, evaluating I/th derivatives at 3,, gives q(’)(ﬁm) =0= r(’)(ﬁm) forall/ =0,...,L — 2. Meanwhile,
for/ = L — 1, ’Hopital’s Rule gives

lim (e~ 9w _ o 40 &=t qVB) L gV B
p(x)  x=pu (x— ﬂm)lﬁ1 p(x) (L-1D)! p(L)(ﬂm) p(L)(Bm)
Deriving a similar expression for 7(x) and substituting both it and (B.2) into (B.1) yields g*~"(8,,) = r'“~D(B,). As
such, ¢”(8,,) = r(B,,) forall [ = 0,..., L— 1. As this argument holds at every distinct 3,,, we see that g(x) — r(x) has
M roots, counting multiplicity. But since g(x) and r(x) are both monic, g(x) — r(x) has degree at most M — 1 and so
q(x) — r(x) = 0, as claimed.

(B.2)
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