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ABSTRACT. After the introduction of frame potentials by Benedetto and Fickus,
there was an explosion of new results in frame theory. The generalization of
this notation to weighted frame potentials yields a physical interpretation for
finite frames along the lines of Coulomb’s law in physics. This allows us to use
results from classical mechanics to anticipate new results in frame theory. All
of this resulted in the resolution of a large number of important open questions
concerning the existence and construction of finite frames.

We will put all of this into the framework of a theory as well as adding
many new results along the way. As part of the theory, we include the recent
“algorithmic constructions” for finite frames. We will also discuss the related
important questions which are still open at this time.

Introduction

Hilbert space frames were introduced by Duffin and Schaeffer in 1952 [DS] while
working on some deep questions in non-harmonic Fourier series (see [Y]). These
problems grew out of G.D. Birkhoff’s work on Sturm-Liouville functions in 1917;
the trigonometric results of Welch in 1921; and results of Paley-Wiener in 1934
(see [Y]). For some reason the results of Duffin and Schaeffer were not continued
(except in signal/image processing [G]) until in 1986 Daubechies, Grossman and
Meyer [DGS] brought this back to life right at the dawn of the wavelet era.

Recently, many new applications of frames have arisen to internet coding
(see [GKK] and its references and [CK]); multiple antenna coding (see [HH] and
[HM]); Communication Theory; Sampling Theory and more.

Benedetto and Fickus [BF] introduced an important tool into frame theory
called frame potentials. This gave a geometric interpretation for tight frames which
resulted in an explosion of important new results in the field including a physical
interpretation for tight frames along the lines of Coulomb’s law in Physics [BF,
CF]. As a result, we can now use results from quantum mechanics to anticipate
new results on frames. This also led to important advances in the algorithmic
construction of frames which is critically important for applications of frames.

We will put all of these new advances into the framework of a theory as well as
singling out the important open questions at this time. Also, we include may new
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results which did not make it into these papers. For general information concerning
frames, we refer the reader to [C, C1, Ch].

Acknowledgement. The author thanks the referee for an exceptional job
resulting in a much better paper.

1. Preliminaries

A frame is a redundant set of vectors in a Hilbert space that allows one “natu-
ral” representation for each vector. Formally, a set of vectors {¢, }ner in a Hilbert
space H is a frame for H if there are numbers A, B > 0 so that for all ¢ € H,

(1.1) AlllI* < (g, ¢n)* < BllglI*.

nel

We call A (resp. B) a lower frame bound (resp. upper frame bound) for the frame.
If A = B this is an A-tight frame and if A = B =1 it is called a Parseval frame. If
all the frame vectors have the same norm, we call this an equal-norm frame and if
the frame vectors are all norm one, we call {¢,, }ner a unit norm frame.

We will work with finite frames on N-dimensional (real RY or complex CV)
Hilbert spaces Hy . If {¢,, }M_; is a sequence of vectors in Hy, the analysis operator
is F': H — ¢3! given by

(Fo)i = (&, ¢i)
and the synthesis operator is F*. Tt follows from (1.1) that
Al < F*F < BI.

We call S = F*F the frame operator. So {¢m, }2_, is a frame for Hy if and only if
S is a positive, self-adjoint invertible operator on Hy. And it is a A-tight frame if
and only if F*F = AI. Also, for every ¢ € Hp, we have the reconstruction formula:

M M ) L
d= (ST bm)bm =D (6,5 7 ¢m)S 2.
m=1 m=1

That is, {S™2 ¢, }M_, is a Parseval frame.
If {¢m}M_, is a frame for Hy with frame operator S having eigenvalues \; >
Ay > -+ > Ay then

M M
Yo de= D llgmll.
k=1 m=1

The frame {S™1¢,, f\,{: is called the canonical dual frame of {¢>m . This
frame carries out reconstruction. But there are other frames glvmg reconstructlon
formulas. A sequence {t,,, }M_, is called a dual frame for {¢,, }M_, if for all ¢ € Hy
we have

M

M
¢ ¢ ¢m m = Z<¢7¢m>¢m
m=1

m=1
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2. Frame Potentials

Our goal in this section is to introduce the notion of frame potential of Benedetto
and Fickus [BF] and develop their basic properties and applications. The impor-
tance of frame potentials is the fact that for many families of frames, the frames of
minimal frame potential are precisely the tight frames in the family. This fact has
proven to be very useful in the resolution of several important open questions in
applications of frames. For most applications of frames, we prefer (or need) tight
frames. Now, we can consider the family of frames which are allowed for our appli-
cation and search for an element of minimal frame potential. Even more important,
if our application does not allow tight frames, by minimizing frame potential we
obtain the allowable frames which are the closest to being tight.

DEFINITION 2.1. If {,,}M_, is a frame for Hy, the Frame Potential of
{om}M_, is given by:

M

P({‘pm}i\n/[:l): Z |<90n790m>|2'

n,m=1

The frame potential is measuring how close a frame is to being orthogonal. In
particular, we will see that if F is the family of frames with lower frame bound
A then the A-tight frames are the minimizers of the frame potential over F. This
theorem gives us a way to identify tight frames. That is, they are the minimizers
of the frame potential on certain families of frames. Our goal is to identify those
families of frames which have minimizers of the frame potential and for which these
minimizers must be tight.

If {¢m}M_, is a frame for Hy with frame operator S having eigenvalues \; >
Ao >+ > Ay > 0, then

M
P({d)m}rl\r/{:l) Z ¢n7¢m Tr(‘SQ)

(2.1)

M M
=20 = X lstonl

The important point here is the fact that the minimizers of the frame potential are
tight frames [BF] (the proof below comes from [CF]).

PROPOSTION 2.2. Let Hy be an N-dimensional Hilbert space, 0 < \ and let

M
W= {{Qsm}%[:ﬂ Z |‘¢m”2 = A} :

m=1

1. If M < N, the minimum value of the frame potential on W is N2 /M and
the minimizers are orthogonal sequences of vectors all with the same norm

VA/M.
2. If M > N, the minimum value of the frame potential on W is A2 /N and the
minimizers are the tight frames with tight frame bound \/N.
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Proor. 1. We compute:
M
P({(bm}rj\r/{:l): Z ‘<¢n7¢m>|2
nm=1
M
(2.2) =D loml* + > {dn )
m=1 n#Em
M
> lloml"
m=1

Since we assumed that

M
> llgmll* =
m=1

by a standard application of Lagrange multipliers, the right-hand side of
(2.2) is minimized when

pmll? = |énl?, forall 1 <m,n < M.

In this case ||¢m||2 = \/M, for all 1 < m < M and so
S ol =

= M

This minimum is achieved when we have equality in (2.2), and hence

> U én, du)? =0,

n#m

showing that {¢,, }*__, is an orthogonal sequence.

. When M > N, we cannot use the same approach, since we cannot find

M mutually orthogonal vectors ¢,,. By (2.1), minimizing the frame poten-
tial under our constraint means minimizing 25:1 A2 under the constraint
ZN Ap = Zn]\f{:l lém|l> = A. Again, a standard application of Lagrange

mlﬁtilpliers yields that the minimizers satisfy A,, = A/N, for all 1 <n < N.
Hence, the frame operator for {¢,,}M_, is (A\/N)I. That is, a minimizer of
the frame potential is a tight frame with the tight frame bound A/N. Since
there always exist such tight frames and these are clearly minimizers of the

frame potential, we have the proof.
O

We have immediately:

COROLLARY 2.3. Given {¢,,}M_, C Hy,

Y SM éml?)
P({¢m}) ZZ (Sns D) _( ~ )

with equality if and only if {¢m }M_, is a tight frame.
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These results give a method for finding and even constructing tight frames
since the tight frames are minimizers of the frame potential. Suppose in a given
application we need tight frames with “extra properties”. We let F be the family of
frames having these properties. Generally, a simple compactness arguement shows
that F is “closed” in almost any choice of topology. This means that F has elements
of minimal frame potential. Now we use our theory of frame potentials to show
that the “minimizers” must be tight frames. We will see in several places later in
these notes where this strategy works quite well.

Minimizing the frame potential over certain classes of frames classifies tight
frames. The following result from [CF| shows how frame potentials also identify
Parseval frames.

THEOREM 2.4. If {¢m}M_, is a frame with frame operator S and canonical
dual frame {S™ ¢ }M_| then

FP{¢m¥h=1) + FP{S " ¢m}tn_1)

M

is mingmum if and only if {¢m}m—q s a Parseval frame.

PrOOF. If {\,}_, are the eigenvalues of the frame operator S, then we are
just minimizing

N N 1
S+ =
n=1 n=1"T"
O

The following result from [CF] shows that for any frame, the canonical dual frame
is the closest to being tight of all the dual frames.

This result allows us to give quantative estimates when working with dual
frames.

THEOREM 2.5. If {¢,, })_, is a frame for Hy, then the canonical dual frame
{871 Y M_| is the unique dual frame of minimal frame potential.

Important applications of the frame potential come from studying its local
minimizers (see Proposition 2.8 for the definition). Now we will examine this local
behavior of the frame potential.

An important result of Benedetto and Fickus [BF] is that local minimizers of
the frame potential for unit norm frames are also global minimizers. We present
here a generalization of this which is a previously unpublished result of Casazza,
Fickus, Kovacevi¢, Leon, and Tremain.

PROPOSTION 2.6. Let {¢,,}M_, be a frame for Hy with frame operator S hav-
ing distinct eigenvalues Ay > Ay > --+ > Ax with respective eigenspaces {Ey, L ;.
Define

F:s¥Y LR,
(where K is either R or C) by

M
F(@)=) (@em).

Then the sphere of Ey, is the set of local minimizers of F'. Hence, the local mini-
mizers of F' are global minimizers.
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PrOOF. We will do the real case since it is quite illuminating. The complex
case follows from the same proof with notational changes. Since F' is continuous
and nonzero and {p,, }*_, spans RY, by Lagrange Multipliers, there is a y # 0 so
that the minimizers of F' satisfy:

VF = uVG,
where for ® = (®1,®5...,...,®y) in RY we have

N
=y o7 -1.
1=1

Hence,
O NG =2ud;, foralll <i<N.
Also,
M [N 2
= Z lz @k(gom,ek)] .
m=1 [k=1
Hence,
M N M
O F = Z 2 Z‘I)k<80m7€k>‘| ‘Pmaez = Z aSDm S0ma61>
m=1 |k=1 =1
Finally,
M M
lz s Pm)(Pm, €i) = (2 <<Z )y Pm Som>a 1>
m=1 m=1
Hence,
M
= ()" (P, om)om
m=1

We now have that a minimizer of F is an eigenvector of S. Next we show that these
eigenvectors are all in E),. We proceed by way of contradiction. If ® is a local
minimizer of F' and ® € E), for some 1 <14 < L, choose e; € Ey, with |e1|| = 1.

Fix 0 <e <1 and let
U=eP++/(1—-€)ey
So ||¥]| =1 and

M
= Z |<\Ila90m>|2 = 62)\1‘ +(1- 52))\L <\ =F(D).

This contradiction completes the proof. O

DEFINITION 2.7. A frame {@,, }}_, for Hy with frame operator S is called a
FF-critical sequence if each ¢, is an eigenvector for S.

The next two propositions and their corollaries are also previously unpublished
results of Casazza, Fickus, Kovacevi¢, Leon, and Tremain.

The main point is to identify the exact structure of local minimizers of the
frame potential over quite general familes of frames.
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PROPOSTION 2.8. If {om}M_|, M > N is a sequence of vectors in Hy with
frame operator S over its span, and for a fized i, ¢; is a local minimizer for the

frame potential over the set:

Q= {¥mlm1 | Ym = bw for allm # i and |[¢5]| = || 6i]}

then ¢; is an eigenvector for S. Hence, any locally minimal sequence {¢m}M_;

(i.e. ¢; is a local minimizer of the frame potential over Q; for all1 <i < M) is an
F F-critical sequence. Moreover, any minimizer for the frame potential must span
Hy.

PRrROOF. An obvious compactness argument guarantees that there is some se-
quence {¢,}M_; € Q; which minimizes the frame potential. It is not clear, and
will be addressed at the end of the proof, that the minimizers span the space Hyy.
We note that:

FP({{embmz: UL®) = D [, om)* + (@, @) +2 " [(®, )

n,m%#i m#i

FP({gm}mzi) + 2F({2}) = il

where

F{2}) =Y 1@, om)l*

m#i

It follows that the minimizers of F'P over €); are the minimizers of F. By Proposi-
tion 2.6, @; is an eigenvector for {cpm}m# with eigenvalue say A. Now,

M
D (@i Om)Pm = D _ (i, 0m)m + (@i, 0i) i

m=1 m#i

= A + @il Pes = (A + llesl*) s

Suppose {pm}M_; € Q; is a minimizer for the frame potential over Q;. We
proceed by way of contradiction. Suppose span {¢,, }M_, # Hy. Let S be the
frame operator for {p,,}_, over its span with eigenspaces {E\,}~ ;. By the
first part of the proof, the vectors ¢, sit in the Ey,. For every 1 < j < L let
I ={m | ¢m € Ex,}. If {thy}}_, is a A-tight frame, it is known (and a simple
calculation to verify) that ||¢;||?> < A and |[[1;]|> = X if and only if ;L span
{¢m tmepi- Now, since M > N and span {p,,, }}_, # Hy, it follows that there is
a1l <j<Lso that |I;] > dim Ej,. Hence, there is some i € I; with [¢;[* < A;.
Now choose e; € Hy with |le;|| = 1 and e; L{p,}}_,. Define {¢,}M_; € Q
by: ¥y = ¢ for all 1 < m # i < M and let ¢; = ||¢il]ler. We will obtain a
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contradiction by showing that FP ({1, }M_1) < FP({pm}M_,).
FP({¢m}m=1) = FP{m}mzi + i
= FP({¢m}mri) + lil*
= Y Hen om)* +llesl*

n,m#i
M M

= D N em)P +lleill* =2 i on) * + llpill*
n,m=1 n=1

= FP({gm}m=1) + 2ll@ill* = 2X;lles]?
= FP({¢m}m=1) + 2l@i*(I@il®> = ;) < FP({@m}m=1)-

This contradiction completes the proof of the Theorem. O

In some applications of frame potentials we must switch to subsets of our frame
and then see how the frame potential changes. The next two results give the basic
calculations for the frame potential restricted to a subset of our frame.

PROPOSTION 2.9. Let {pm}M_ | be a frame for Hy and I C {1,2,...,M}.
Then

M
FP{¢m}mgr) = FP{pmbm—1) + FPEbmbmer) =2 Y (bm, dm)[>.

nel m=1
Proor. We compute:
FP({@m}mGIC) = Z |<90n790m>‘2
n,melc
M
— 2 2 2
T N LI o TP L S S [
n,m=1 n,mel nel mele
= FP({em}mt) = FP({@n}ner) =2 > [pn, om)* =
nel mele
FP({embm=1) + FP{onkner) =2 > {enem)> =23 > [en, om)* =
nel mel nel mele
M
FP({Wm}%:l) + FP({¢pm}mer) — 22 Z |<‘Pn>90m>|2-
nel m=1

O

COROLLARY 2.10. Let {pn}M_, be a tight frame for Hy with ||¢m| = 1, for
all<m< M. IfI C{1,2,...,M} with |I| =k, then
M? M

FP({@m}mEIC) =——2k

N N + FP({pm}mer)-

Hence,

L If | > |I¢] then FP({¢m}tmere) < FP{pmtmer)-
2. If |1 < |1°] then FP({¢m}mere) > FP({pm}mer)-
3. If M is even and |I| = |I°] then FP({©mtmere) = FP({¢m}mer)-
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PROOF. Since ||¢n|| =1, FP{pm}M_ ;) = MT2 and since the frame is a tight
frame,

—222 [{@ns om)| =—2Z——2k—

nel m=1 nel

3. A physical interpretation for finite tight frames

A problem which arose in communication theory is that of classifying those
sequences aj > ag > -+ - > a,, > 0 so that there exists a tight frame {¢m}%:1 for
Hpy for which ||¢p,|| = am, for all 1 < m < N. More importantly, if no tight frames
exist for a given sequence {a,,}M_,, can we identify those frames which are the
closest to being tight and satisfy ||¢nm,| = am? Casazza, Fickus, Kovacevié¢, Leon
and Tremain [CF] gave a complete solution to this question by building on earlier
work of Benedetto and Fickus involving “frame-equivalent” notions to force and
potential. In the process, the authors of [CF] arrived at the Fundamental Inequality
for tight frames which governs the distribution of power among the frame vectors.
All the results of this section come from [CF].

3.1. Coulomb’s Law and the frame force. The authors of [CF] investi-
gated the common notions of what it means to equally distribute a collection of
electrons upon a conductive spherical shell. Physically, in the absence of external
forces the charged particles will repel each other according to the inverse-square
Coulomb force law

¢m_¢n
F(¢m,dn) = Tom —onlE"

Intuitively, the corresponding optimal arrangements are those which minimize the
internal pressure of the points upon each other. Specifically, given M distinct
electrons located at points {@,, }*_;, one seeks to minimize the total corresponding
potential energy of the system,

m=1n#m

And though only a global minimizer corresponds to true equidistribution in this
context, local minimizers are also of physical interest, in that they correspond to
collections of points in equilibrium.

It is known that local minimizers of potential energy need not be global mini-
mizers. For example, a dodecahedron inscribed in a sphere is a local minimizer of
potential energy while there are different configurations with smaller total potential
energy.

In [BF], Benedetto and Fickus defined a central force between real unit norm
vectors ¢, and ¢, (called the frame force) by

FF(¢m7 ¢n) = 2<¢m7 ¢n>(¢m - ¢n)

The important point here is that the frame force for orthogonal vectors is 0. Also,
vectors having an acute angle between them are repelling while vectors having an
obtuse angle are attracting. So “charged particles” under the frame force are trying
to reach equilibrium by becoming as orthogonal as possible. There are some other
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unnatural aspects to the frame force. For one, it needs a universal reference point—
a fixed origin. Also, the force field generated by a point is not conservative. That
is, the work required to get from one point to another depends upon the particular
path taken. However (and this is all we need for our applications) the frame force
is conservative when the points are constricted to lie on a sphere.

3.2. The weighted frame force. Since we need our vectors to lie on possibly
different spheres, we need a corresponding weighted frame force (potential). This
makes the physical systems much more difficult to understand intuitively. That
is, visualizing the movements of M charged particles restricted to M concentric
spheres can challenge the imagination. However, this can be greatly simplified by
“projecting” the dynamics down onto the unit sphere.

Consider two points, each of whose movement is restricted to a sphere of a given,
yet arbitrary radius. That is, given a,,, a,, > 0, consider ¢, with ||¢.,|| = a., and
¢n with ||¢,]| = a,. Note that

I6m = dull* = dml® = 2{dm, ¢n) + llnll?,
= aj, = 2(dm, $n) + aj,
and so we may rewrite the frame force between these points as
FF(¢m, ¢n) = 2{dm, dn)(dm — ¢n),
= (ap, + a3, = 16m — énll*) (6m — bn)-

As in the Coulomb case, the pairwise potential between these points may be found
by integrating the “magnitude” of this central force,

1
p(z) = — /(a%I + aTZL — xz)xdx = ZxQ[:UQ — 2((137I + ai)],
and evaluating at = = ||¢,, — ¢,

1
P(¢ma¢n) = p(qum - (an) = <¢m7¢n>2 - Z(agn + a%)z-

The total potential contained within the physical system is the sum of all
pairwise potentials,

TP o) = 3 [ om: 6a)l? — 1 S 2(a2 +a2)?

m,n

However, we may disregard the additive constant, as it has no physical significance.
This then leads to the frame potential definition of Benedetto and Fickus [Definition
2.1 above].

REMARK 3.1. Given two sequences {¢,, }2_; and {1, }M_; in RY with ||¢,,|| =
Ay = ||| for all m, FP({1, }M_ )= FP({¢m }M_,) is the work required to trans-
form {¢,, }M_, into {1, }*_, while remaining on the spheres of radii {a,, }}_,.

Though the frame potential is the potential energy contained within a system
of points of equal weight on spheres of varying radii, we form an equivalent situation
by considering points of varying weight all lying on a common sphere.

DEFINITION 3.2. Let S denote the unit sphere in R, and 1, € RN, ||t || = 1
for all 1 < m < M. We associate a weight w,, to each 1,,.
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e The weighted frame force between v, and 1, is
WFEF :[0,00) x [0,00) x S x § — RN,

e The weighted frame potential of {t,,}}_, is
M M
WEP{wm b1 Atmbm—1) = Y > Wntwa| (G, ) .
m=1n=1

For ¢,, = anp,, we write,
WEP({as} i, {¥mYm=1) = FP({¢m}m—1)

Thus, we shall no longer view the frame potential as the total potential energy
of a system of points of mass 1 restricted to spheres of radius a,,,. Rather, it shall be
perceived more naturally as the energy of a system of points of masses a2, restricted
to a single sphere of radius 1.

In our situation, the points experiencing the frame force are constrained to
move upon spheres. Therefore, only the components of the frame force acting
upon a point which are tangent to the surface of the sphere at that point make a
contribution to the frame potential. Thus, given ¢,,, ¢, € RN with ||¢n] = am,
we wish to explicitly find the component of FF (¢, ¢,) which lies tangent to the
sphere of radius a,, at ¢,,. Of course, to find the tangential component, we need
only subtract the normal component from the whole. And since the surface in
question is a sphere, the normal component of the force is simply the projection of
the force onto the line passing through ¢,,, i.e.

(FF(¢m, dn), om)

s b}
We therefore simplify
(FF(¢m, &n), om)
FF msy¥n) m
(dms dn) (G ) ¢
_ _ _ <¢ma¢m> - <¢ma¢n>
= (Pm: Pn) (P — &n) = (Bm, bn) —— bm
- (Gmrb) )
— (omn) (506~ 6, ).
This leads us to:
PROPOSTION 3.3. Given a sequence {¢,}M_; C RN with ||¢m| = am, the

following are equivalent
1. {¢m}M_, is a tight frame for RY,
2. E%ﬂ FF(¢,¢) =0 for all $ € RY,
3. Zr]\le FF(w,a2,,é,¢m) =0 for all p € SN-1),

3.3. The fundamental inequality and minimizers of the weighted frame
potential. To answer the question stated at the beginning of this section, we need
an observation about decreasing sequences of positive numbers. Basically, this
result compares the terms of the sequence to the “dimensional average” of the
following terms.
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PROPOSTION 3.4. Given any sequence {am}M_; C R withay > -+ > ap >0,
and any N < M, there is a unique inder Ny with 1 < Ny < N, such that the
inequality

M
Zm:n+1 am
N —n
holds for 1 < n < Ny, while the opposite inequality

ZM— 1am
32 " < m=n-+
(3.2) tn = N—n

(3.1) ap >

holds for No <n < N.

PRrOOF. Consider the set of indices n such that (3.2) holds, namely Z = {n :
(N —n)a, < Zf\fznﬂ am}. Clearly T # 0, since N € Z. Also, if n € Z, then
n+1 & 1 since
[N = (n+Dlant1 = —ant1 + (N = n)ant,

< —ap+1 + (N - n)ana
M
< —Qn41 + Z Am,
m=n-+1
M
=Y

m=n+2
The requisite properties upon N, are then satisfied by letting Ny be the minimum
index in 7. O

The general answer to our original problem is contained in the following result
from [CF]. We will denote by S(a1, ..., an) the product of spheres in R of radii

{al,... ,am}.

THEOREM 3.5. Given a sequence a; > ag > --- > ap > 0 and any N < M,
let Ng be the smallest index n for which

M
Zm:nJrl agn
N —n
holds. Then any local minimizer of the frame potential

FP:S(ai,...,am) — R

2
ay, <

is of the form
{Ombmi=1 = {mImS U{ombnizn,

where {d, 7Nn°:_11 is an orthogonal set for whose orthogonal complement {¢p,, }
forms a tight frame.

M
m:Ng

The proof of this theorem is a serious piece of work relying heavily on a deep
intuitive understanding of the frame potential, and so we refer the reader to [CF]
for the details. An important consequence of Theorem 3.5 is that we can only get
tight frames for Hy when Ny = 1. This case can be summarized as:

COROLLARY 3.6. Fix N < M and a1 > ay > --- > ap > 0. The following are
equivalent:
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1. There is a tight frame {pn }M_, for Hy satisfying ||¢ml|| = am, for 1 <m <
M.
2. For alll <n < N we have

Cl2 < 27]\7{:71+1 a’%z ]
"= N-—n
3. We have:
M
Z a2, > Naj.
m=1
4. If

N
A S 2
Em:la’m

then Aa,, <1 foralll <m < M.

PRrROOF. The equivalence of (1) and (3) is Theorem 3.5. The equivalence of (2)
and (4) is immediate.
(2)=(3): Let n=1in (1) and get

M
Y al, > (N -1,
m=2

Hence,

M
Z a’, > Na3.

m=1

(3)=(2): We assume that
M
Z afn > Na%.
m=1

Since a; > a,,, for all 1 < m < M we have

M N
Z a?, > Na? Z a?,
m=N+1 m=1
N d
=(N-n)ai— Y a,+ ) (ai—ap)
m=n+1 m=1
N
> (N —n)aZ — Z a2,
m=n-+1
Hence,
M
Z agn 2 (N - n)agu
m=n+1
and thus
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We refer to (3) in the corollary above as the Fundamental Inequality for tight
frames. Note that what we have shown in Corollary 3.7 is that properties (2)-(4)
are equivalent for any sequence of numbers.

As we discussed earlier, local minimizers of the Coulomb potential are not
necessarily global minimizers. However, for the frame potential, we do have that
local minimizers are global minimizers. Hence, the characterization of Theorem 3.5
applies to all minimizers and yields the following result from [CF].

COROLLARY 3.7. Given a sequence {a,}M_, C R with a; > -+ > ap > 0,
and any N < M, let Ny denote the smallest index n such that

M
2 < Zm:n+1 G‘EL
"= N-n
holds. Then, for the frame potential FP : S(a1,...,an) — R,

M 2 \2
No— 1 o (X m=ng %m
1. The minimal value is Y, °" " ay, + NNl

Any local minimizer is a global minimizer.

3. The minimizers are precisely those sequences where {qﬁm}%":_ll s an orthog-

onal set for whose orthogonal complement {¢,, } forms a tight frame.

N

mNO

Proor. To begin, we compute the frame potential for any sequence of the
form {@,, }N0 P U{ b, M !_N,» Where {ém} Yot is an orthogonal sequence for whose
orthogonal complement the sequence {¢, }M —n, is a tight frame. Thus, for m =
1,...,Ng — 1, {¢m, ) = 0 for n # m, and so

M L& 2
P({$mIn=1) = > > [dm. dn)l,

m=1n=1
No—1
= Z|¢>m7¢m )P+ Z Z|¢m,¢n :
m=Ngo n=N
No—1

= " b+ FP({on}iy,).
m=1

Now the fact that {¢n,}}_y, is a tight frame for the (N — Ng 4 1)-dimensional
orthogonal complement implies that

No—1 M
0 (X =g Bin)’
M N _ 4 4 em=No "m/
(3.3) FP({¢mym=1) = §:am+ N_Ny+1 '~

m=1

In light of Theorem 3.5 we observe that any local minimizer of the frame poten-
tial is necessarily of this form, and consequently attains the potential value given
n (3.3).

Next, we note that S(a1,...,ap) is compact, being a Cartesian product of
spheres. The continuity of the frame potential upon this compact domain then
guarantees that a global minimizer exists. As any global minimizer is also a local
minimizer, the value given in (3.3) is indeed the global minimum, yielding the first
claim.

Since all local minimizers attain the same value, the second claim follows.

For the third claim, note that any sequence of this form has already been shown
to attain the minimal value, while Theorem 3.5 yields the converse implication. [
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4. Algorithmic constructions of frames

In this section we will look at algorithms for constructing frames with prescribed
properties. This is critically important for applications where we need systematic
methods for constructions which can be carried out, for e.g., in MatLab.

One serious inhibitor for algorithmic constructions of tight frames is that we
cannot get tight frames at each stage of the construction. That is, if {¢,, }}_, is a
tight frame then {¢y, %;11(“ cannot also be a tight frame for 1 < K < N. That
is, assume for all ¢ € Hy we have

M
Mol =D 1 dm) .
m=1

Now, if {¢m }MZET is a § tight frame,

m=1
M—K+1
Slell> =Y b dm)l,
m=1
and so
M
A=0llel>=" > (& ém)
m=M—K+2

But {¢n}2_ 1, ;.o does not span Hy so this is impossible.

4.1. Nearly equal norm and nearly tight frames. In this subsection we
will give algorithms for turning frames which are nearly tight (respectively, nearly
equal norm) into tight frames (respectively, equal norm frames). We wish to thank
Beata Randrianantoanina for sharing with us her notes on algorithmic constructions
of frames. Propositions 4.1 and 4.3 of this section are an analgam of Randrianan-
toanina’s notes and the author’s.

Let {¢m}M_, be a frame with frame bounds A, B and satisfying c—e < ||¢,,|| <
c+e, forall 1 <m < M. After a change of scale we may assume 1—¢ < ||¢, || < 1+€
and after a permutation we may as well assume that 1+ € > ||¢1]| > ||¢2]] > -+ >
loarll > 1 — €. We call such a frame a € nearly unit norm frame. We can turn
{¢m }M_, into an equal norm frame by letting

Ui :x%, for 0 < .
Then
\max [2 = o]l
and
M M
D Mbmll = lomlll = D 1z = I 6mll]
m=1 m=1

are minimized when

Ll + gu?
lowl®,
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Also,

M
E=) |z —|énl
m=1

is minimized when

_ e 190l
= i .
We need to check how close our new frame is to the old one.
M ¢ 2
Z ||wm - ¢m||2 = ¢m
Py “Toml

= Z |z~ llpmll* =
=1

In this case we say {t,, }M_, is E-close to {¢m }M_,. Also, for all ¢ € Hy,

(152) ot = (355) S s

2

| I

IN

(s ) |

f_
( ) Bllg|*

PROPOSTION 4.1. If {¢, }M_, is an € nearly unit norm frame with frame bounds
2
A, B, then {¢,,}M_, is E-close to a unit norm frame with frame bounds ( _6) A,

14e¢
1+e€ 2
and (1_ ) B.

€

We formulate this as:

Now we look at nearly tight frames. After a change of scale, we may restrict
our attention to nearly Parseval frames.

We say that a frame {¢,, }X_, with frame bounds A, B is € nearly Parseval if
for all ¢ € Hy,

M
(L=alll* < > &, om)* < (1 + )|l

m=1

Let S be the frame operator for a frame {¢m}%f:1 with eigenvalues \;y > Ay >
- > Ay > 0 and a corresponding orthonormal set of eigenvectors {e,}_;. The
following result can be found in [CF1].

PROPOSTION 4.2. For any1 <n#k <N,
M

<¢m7 €n> <¢m7 €k> = 0.

m=1
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That is, the column vectors of the matriz (<¢m,en>)%’:]\1],n:1 are orthogonal.

ProOF. We compute:
<Sen7 €k> = <)\nen; ek> = >\n<en7 ek:> = A Onk

M
<Z <6n, ¢m>¢ma ek>

m=1

M

Z <¢ma en><¢ma ek>

m=1

O

Now we want to check that an e nearly Parseval frame is close to a Parseval
frame. Given {¢, }*_, € nearly Parseval for Hy with frame bounds A, B, let Ay, >
Ao > > Ay >0 be the eigenvalues for the frame operator S with orthonormal
eigenvectors {e,}M_ . Tt is known (see [B] and [J]) that the “closest” tight frame
t0 {Gm} is {S"2¢m}. We have that 1+¢ > A > X > - > Ay > 1—c. We
construct a new frame {¢,, }**_, by

Al
Si%(j)m :wm :;E<¢m,en>en'
Then
M M N 1 2
Z me - ¢m||2 = Z Z |<¢maen>|2 /\_ -1
m=1 m=1n=1 n
N 1 2 M
=3l 1] X Hemenl?
n=1 n m=1
M1
<> S 1‘ (1+e¢)
n=1 n
<N (1+e).
1—e¢

Also, for every ¢ € Hy,

M
>l )l

(@, en)(Pm; en)

-
] =

3
Il
A
3
Il
A
>
3 "‘

S

b\ <¢7 en><¢7 ek> <¢m7 6n><¢my 6k>
k

Q
3
Il
—
_
I
-

-
M=
M=
=

> ’ >
3 —

1

M
(@ end (s ) ) D (G n)(Sms )
m=1

3
Il
-

M

N2 U, en)l?

m=1

—~
<
)

3

I I
= 11]=
- = M=

3
Il
-

(@, en)PAn = NIl

I
M=

3
Il
-
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In the next to last equality above we used Proposition 4.2. We summarize this as:

PROPOSTION 4.3. If {¢y, }}_, is € nearly Parseval, then {¢y,}N_, is NejT

close to a Parseval frame.

So, we have seen that nearly unit norm frames are close to unit norm frames
and nearly Parseval frames are close to Parseval frames. However, each of these
algorithms destroys the other property. Vern Paulsen has raised the question of
whether there is a quantitative construction giving both of these properties at once.

PROBLEM 4.4 (Paulsen). If a frame is € nearly equal norm and ¢ nearly Parse-
val, is the frame f(e,d) close to a equal norm Parseval frame? The real point here
is to identity the closeness function f(e,d).

Related to this is the old and important question of identifying all (equal norm)
Parseval frames.

PROBLEM 4.5. Is there an algorithm for constructing all (equal norm) Parseval
frames?

There is a simple algorithm for turning a Parseval frame into an equal norm
Parseval frame due to Holmes and Paulsen [HP]. Unfortunately, at this time
we have no way to access the closeness of the new frame to the old under this
construction.

PROPOSTION 4.6. There is an algorithm for turning any frame into an equal
norm frame without changing the frame operator.

PROOF. Let {¢,,}M_, be a frame for Hy with frame operator S and analysis
operator F'. Then

M
> lgml® =Trs,
m=1

so let A = LS. If ||¢,,]|2 = A for all m, we are done. Otherwise, there exists
1 <i#j <M with [|¢;]|2 > X > [|¢;]|>. For any 6, replace the vectors ¢;, ¢; by the
vectors 1; = (cos0)¢; — (sinf)e;, ¥; = (sin)e; + (cosh)@; and let Yy, = ¢y, for all
other k. Then the analysis operator for {wm}%:l is F1 = UF for a unitary operator
U on ¢! given by the Givens rotation. Hence, F}Fy, = F*U*UF = F*F = 5. So
our frame operator is unchanged for any value of 8. By choosing 6 appropriately,
we can obtain ||¢;]|> = A\. Repeating this process at most N — 1 times yields an
equal norm frame with the same frame operator as {¢,, }}/_,. Note that this gives

an alternative proof of Corollary 4.11. O

D. Hadwin (see [HP]) has pointed out that a simple compactness argument
shows that a solution to Problem 4.4 exists. Unfortunately, this argument does
not give any quantitative estimates on the parameters involved. We want to show
that for every e > 0, there exists a § > 0 such that if a frame has frame bounds
1 -0, 1+ 6 and the lengths of the frame vectors differ by at most §, then there is
an equal norm tight frame whose vectors are at distance at most € > 0 from the
original vectors [HP]. So, we assume not. Then there is an € > 0 so that for every
§ = L, there is a frame {¢7, }2_, with frame bounds 1— %, 1+ % and whose vectors
have lengths differing by at most %, but this frame is greater than € > 0 from any
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equal norm tight frame. By compactness (and switching to a subsequence) we may
assume that

lim ¢, = ¢, foralll <m <M.
n—oo
But now, {¢,, }M_, is an equal norm tight frame, which is a contradiction.

4.2. Algorithmic constructions for tight frames. A problem which arose
in Communication Theory is to identify those sequences of numbers a; > as >
-++ > ap > 0 so that there is a tight frame {¢,, }X_; for Hy with || || = am, for
all 1 < m < M. As we saw earlier, this problem was resolved in [CF]. But this
proof is not implementable in practice. Casazza and Leon [CL] gave an algorithmic
construction for this class of frames as well as a MatLab program [CL1] for carrying
this out.

THEOREM 4.7. For any M > N and any sequence of numbers 1 > ay > as >
<o > ap > 0 satisfying an\le a2, = N, there is a Parseval frame {¢,,}M_, for
Hy satisfying ||om|| = am, for all1 <m < M.

PRrROOF. We sketch the algorithm here.
A Givens rotation

O(t,j, k) for 1<j<k<M

is

L1, 0 0 0 0
0 cos(t) 0 sin(t) 0
0(t, 3, k) = 0 0 Inv_j-p—2m—j—r—2 O 0
0 — sin(t) 0 cos(t) 0
0 0 0 R

It is clear that
9(t7.jv k)_l = 9(_t7.7a k)

To construct a tight frame {¢,,}M_, with M elements in Hy with ||¢|| = am,
for all 1 < m < M, we need [CK, CF1] to construct an M x M unitary matrix
(mij)%:l so that

N
Z |mij|2 = a?, forall 1 <¢< M.
j=1

To do this, we will start with any block unitary matrix of the form

Ry O
O =
( O RM—N,M—N)

where Ry denotes a K x K unitary matrix. Then by applying Givens notations,
we will turn it into a solution to our problem.

For step I, let
ty = arg(a; +iy/1 —a?)

0! = 0(t1,1,M)O

and let
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We will end up with a new unitary matrix O' with the values of the squared
norms of the partial rows as described by the diagram:

af | 1-df
1 | 0
1 | 0

\ :

1 | 0
_ ‘ _
0 | 1
: \ :
o | 1

1—a? | a?

Now one of the following applies:
(CASE ) 1 <a?+a3, or
(CASEII) 1> a? + a3

In CASE 1, take t5 a solution of

2

1_—
sin(tp)? = a2a2 and O? = §(t5,2, M)O*.
1

Then O? is also a unitary matrix with the values of the squared norms of the partial
rows as described by the diagram:

a? 1—a?
a3 \ 1—a3
1 | 0
\ :
1 | 0
0 | 1
5 |
0 | 1
2—a?—a% | a?+di—-1

In CASE II, take t5 a solution of

2
— %2 and let O = 0(ty, M — 1, M)O".

sin(t2)2 = 1 0
!
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Then O? is a unitary matrix with the values of the squared norms of the partial
rows as described by the diagram:

aj | 1-af

1 | 0

1 | 0

1 | 0
_____ | -

0 | 1

0 | 1

a3 | 1-ad3
1—a?—a3 | a?+add

Now it remains to prove that CASE I eventually takes place whenever k < N—1
and when k = N — 1 only CASE II can apply. We refer the reader to [CL] for the
details of this argument. O

The algorithm above actually proves more than we stated. A sequence {a; >
ag > -+ > ap > 0} is called admissible for N if a,, < 1, for 1 < m < M and
Z%zl a2, = N. Also, let O(K) denote the family of K x K unitary matrices. We
now have:

THEOREM 4.8. Fiz N < M and {a,,}M_, an admissible sequence. Then

1. There is a tight frame {p }M_, for Hy with ||¢m|| = am, for all 1 < m <
M.

2. Moreover, there is an embedding from O(N) x O(M — N) into the space
of all solutions for {aj}jj\/il. The embedding will take the pair of matrices
Ry € O(N) and Ry—n € O(M — M) into

Ry 0
v
( 0 RMN,MN)

where the matriz U is unitary and is determined by the admissible sequence
{a; }%1
It must be pointed out that the embedding of O(N) x O(M — M) into O(M)

does not fill out the space of solutions. Using alternative algorithms it is possible
to construct solutions which do no belong to the image of the embedding. That is,

it can not be factorized as
_ Ry 0
So we still have the problem:

PROBLEM 4.9. Find an algorithm which constructs all tight frames of the form
Gmll = am, 1 <m < M, for Hy.

4.3. Frames with a given frame operator. Let S be a positive self-adjoint
invertible operator on Hy. We want to find necessary and sufficient conditions on
a; > ay > -+ > apy > 0 so that there is a frame {¢,,}_; for Hy with frame
operator S and satisfying ||@., || = am, for all 1 < m < M. Again, what we need is
an algorithm for constructing such frames. Such an algorithm was given by Casazza
and Leon [CL] along with a MatLab program for implementing it [CL2].
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THEOREM 4.10. Let S be a positive self-adjoint operator on a N-dimensional
Hilbert space Hy. Let Ay > Ao > -+ > Ay be the eigenvalues of S. Fix M > N
and real numbers a1 > az > ---ap; > 0. The following are equivalent:

1. There is a frame {pm }M_, for Hy with frame operator S and ||pm| = am,

forallm=1,2,..., M.

2. For every1 <k <N,

k k M N
Z a? < Z/\i’ and Z az, = Z)\i.
m=1 1=1 m=1 =1

The construction of these frames is a variation of the algorithm given in Section
4.2 [CL].

In Section 4.4 we will see a class of equal norm Parseval frames called the
harmonic frames. As a consequence of Theorem 4.10 above, we conclude that there
are equal norm frames for any frame operator.

COROLLARY 4.11. If S is a positive self-adjoint invertible operator on Hy,
then for every M > N there is an equal norm frame {@, }M_, for Hx whose frame
operator equals S.

PROOF. Let \; > Ay > -+ > An be the eigenvalues of S and let A = vazl YR
Fix M > N. If a,, = \/A/M for every m then Zﬁle a2, =\ andforalll <k < N,

a ke N1 N1 .
Z:lai:MA:MZ;)\,;:ICMNZ;)WngEZ;)\iSZ;)\i.

In the next to last inequality above we have used the fact that deleting some of the
smallest numbers from a set of numbers will increase the average of the numbers.
Hence, by Theorem 4.10 there is a frame {p,, }M_; with ||p,| = \/A/M for all
n=1,2,..., M having frame operator S. O

However, as in Section 4.2, this algorithm does not construct all frames (or
even all equal norm frames) having frame operator S. It would be invaluable to
have such a construction.

PROBLEM 4.12. For a given positive, self-adjoint invertible operator S on Hy,
and a3 > as > -+ > a, > 0 which satisfies Theorem 4.10, find an algorithm
for constructing all frames {¢,,}M_; for Hy with frame operator S and satisfying
|om|l = am, for all 1 <m < M.

4.4. Grassmannian frames. An area which seriously needs algorithmic con-
structions is that of Grassmannian frames introduced by Heath and Strohmer [HS].

DEFINITION 4.13. For a given unit norm frame {¢,,}*/_, in Hy we define the
maximal frame correlation M({¢,,}}_,) by

M{bm}m=r) = _max  {[(¢m, o)}

1<m#k<M

The assumption that our frames are unit norm is for convenience above since
we could normalize the frame elements in the inner product above instead.

DEFINITION 4.14. A family {¢,,}}_, in Hy is called a Grassmannian frame
if it is a solution to

min{./\/l({¢m}nj\{:1)}
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where the min is taken over all unit norm frames {¢,,}M_, in Hy.

So a Grassmannian frame minimizes the maximum correlation between frame
elements. Grassmannian frames are the best frames for many applications. Un-
fortunately, very few are known. Even the very useful harmonic frames are rarely
Grassmannian. The elements of a harmonic tight frame {¢,, }}_, for CV are given
by (see [CK]):

Gm = \/—N( invwgbv""wx);cvzl

where the wj are M-th roots of unity. It is known that harmonic tight frames
are always Grassmannian frames when M = N or N + 1. H. Konig [K] has given
examples of harmonic tight frames in his work with spherical designs.

For p a prime number, set k = p‘+1 for £ € Nand let K = n?—n+1. Then there
exist integers 0 < d; < --- < di < M such that all numbers 1,2,..., M — 1 occur
as residues mod M of the n(n — 1) differences d; —d;, i # j. Form =1,2,..., M

we define
1 _ k
¢ — {_627mmdj /N}
T e j=1

Then {¢,}M_; is a harmonic tight Grassmannian frame with M ({¢,}M_;) =
-1
.
DEFINITION 4.15. A unit norm frame {¢,, }}_, for Hy is equiangular if there
is a ¢ > 0 so that

{bn, pm)| = c for all n # m.

There are bounds for the maximal frame correlation function and the maximal
number of elements in a Grassmannian frame [HS].

THEOREM 4.16. Let {¢,,}M_, be a unit norm frame for Hy . then

M- N

(4.1) M{bm}m=1) > NOL=1)

with equality if and only if {¢m }M_, is an equiangular tight frame.
Furthermore,
1. If Hy = RYN, to have equality in (4.1) it is necessary that M < W
2. If Hy = CN, to have equality in (4.1) it is necessary that M < N2.

We call unit norm fames which produce equality in (4.1) optimal Grassmannian
frames.

There are few known examples of optimal Grassmannian frames. But they arise
in a variety of areas such as Grassmannian spaces, spherical codes, graph theory
and the study of equiangular line sets [HS]. It would be a major advance for all
these subjects and more if we could find an algorithmic method for constructing
Grassmannian frames. At this time we have no general methods for producing
Grassmannian frames—with or without algorithms. Moreover, frames giving the
optimal upper bound number of elements are known (or more accurately, are ap-
proximately given by computer programs) for N < 15.

The bound given in Theorem 4.16 can be generalized to non-unit norm frames.
This was observed by Waldron [W] in relation to Welsh bounds in signal processing.
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THEOREM 4.17. If {¢m}M_, is a frame for Hy then

2
L (S loml2)” N = S0 ol
1§£1;?15(§M|<¢m7¢k>| = M(M —1) ’

with equality if and only if {¢m }M_, is an equiangular tight frame.

5. Concluding remarks

Some of the results in this paper have been extended in [CF2] to infinite frames.
First for infinite frames on finite dimensional Hilbert spaces.

THEOREM 5.1. Given a1 > ag > -+ > 0 and a Hilbert space Hy, the following
are equivalent:
1. There is a normalized tight frame {pm}oo_, for Hy with ||oml| = am, for
allm=1,2,3,....
2. We have that > - a2 < oo and

m=1"m
00
2 2
E a,, > Naj.
m=1

Moreover, if (2) fails and 1 < No < N is the largest number for which (2) fails,
then the frame {1, }°°_1 which is closest to being tight (in the sense of minimizing
potential energy) with ||Qm| = am is:

{cmamem}ﬁ[’zl U {‘Pm}fno:NOH
where {e;}N.1 is an orthonormal basis for Hy, |¢;| = 1, for all 1 < i < Ny, and
{om¥oe_n, 41 is a tight frame for span {e;} 1y .

Also in [CF2], we have the corresponding result for infinite dimensional Hilbert
spaces.

THEOREM 5.2. Let H be an infinite dimensional Hilbert space and a,, > 0 for
allm=1,2,.... The following are equivalent:

1. There is a frame {1, }20_; for H with ||{m|| = am, for allm =1,2,....

2. There is a A-tight frame {pn}50_1 for H with ||om| = am, for all m =

1,2,... and A\ = sup,, a2,.

3. The sequence {a, }3_, is bounded and o, a2, = co.

Moreover, X\ is the smallest real number satisfying (2). That is if {m}55_1 is
any Ai-tight frame for H with ||Ym || = am, for allm =1,2,..., then A\ > .

Finally, let us point out that the proofs in sections 2 and 3 can be done in
much more generality showing that we really can custom build tight frames for
most applications.

DEFINITION 5.3. If {¢,}2_, is a frame for Hy with frame operator S and
each ¢,, is an eigenvector for S, we call {¢,,}}/_, an FF-critical sequence.

DEFINITION 5.4. Let F be a family of frames and {¢,,}M_, € F have frame
operator S.
1. The family F locally allows small perturbations of {¢,, }_, if for every
1 < k < M there is an ¢ > 0 so that whenever v, = ¢,, for all m # k,
[l = llerll and e — @il <€, then {¥m}yl_; € F.
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2. If {pm}M_, € F is an FF-critical sequence, we say the family F allows
eigenspace perturbations of {¢,, }}_, if given any set I C {1,2,..., M}
for which {¢.,}mer are in one eigenspace of S, there exists an € > 0 sat-
isfying: Whenever 0 < €, < €, ¥, = @, for all m ¢ I and for m € I,
[¥mll = llomll and [[tm — @mll < €m, then {m}il_; € F.

Now, the proof of Proposition 2.8 yields:

THEOREM 5.5. Let F be a family of frames for Hy. Let {on}M_, € F have
frame operator S. If {om}yM_, is a local minimizer of the frame potential on F
and F allows small perturbations of {@m}M_,, then {0, }M_, is an FF-critical
sequence.

In general, if a family F allows small perturbations of its elements, it still may
not contain a tight frame. For example, if F is the family of two element frames
for R2, {pm}2,_; with ||¢1]| = 1 and ||¢2| = 2, then by Theorem 3.6 this family
cannot contain any tight frames.

Now, the proof of Theorem 3.6 yields:

THEOREM 5.6. Let F be a family of M -element frames for Hy . Let {0, }M_, €
F be an FF-critical sequence which is a minimizer of the frame potential on F and
assume that F allows eigenspace perturbations of {pm }M_,. Without loss of gen-
erality, assume ||o1| > llg2]l = -+ > |leml]- Then there exists a natural number
0 < No < N so that {¢m}M_, has the form:

{‘Pm}%:l = {lelwmllem}ﬁll U {Wm}rj\r{:No-H}a

where {e;}, is an orthonormal basis for Hy, |cp| = 1 for 1 < m < Ny and
{om NN+ is a A-tight frame for span {e;}]y 1

Finally, if {||om||}M_, satisfies the fundamental inequality then No = 0 and so
{omM_, is a tight frame.
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