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Abstract

Banach frames are defined by straightforward generalization of
(Hilbert space) frames. We characterize Banach frames (and Xg-
frames) in separable Banach spaces, and relate them to series expan-
sions in Banach spaces. In particular, our results show that we can
not expect Banach frames to share all the nice properties of frames in
Hilbert spaces.

1 Introduction

Let X denote a separable Banach space and {g;} be a sequence in the dual
X*. A central question is whether we can find a sequence {f;} in X such
that the reconstruction property

f= Zgi(f)fi (1)

holds for all f € X.

Banach frames were introduced by Grochenig as a terminology to express
expansions like (1). Banach frames for X are defined with respect to certain
sequence spaces X, (see Definition 1.3). In this paper we characterize pairs
of spaces (X, X;) for which Banach frames (and the related X-frames) ex-
ist. Furthermore we reveal the connections between Banach frames and the
reconstruction property. We also prove that if {g;} C X* is total on X, then
we can always find a sequence space X, such that {g¢;} is a Banach frame for
X w.r.t. X4 In particular, this leads to a (somewhat unwanted) example of
a Banach frame for a Hilbert space, which is not a Hilbert frame.
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Our starting point is the concept of p-frames, which was introduced by
Aldroubi et al. [1] as a tool to obtain series expansions in shift-invariant
spaces. An analysis of p-frames in general Banach spaces appeared in [6].
In order to gain more flexibility, we extend the definition to more general
sequence spaces in Definition 1.2.

In the rest of this introduction we state the main definitions. Then, in
Section 2 we discuss the main results and their implications. Most proofs,
and further remarks, are finally collected in Section 3.

Definition 1.1 A sequence space Xy is called a BK-space, if it is a Banach
space and the coordinate functionals are continuous on Xg4, i.e. the relations
Ty = {aén)},m = {a;} € Xy, lim z,, =z imply lim ozg-n) =aqa; (j=1,2,...).

Definition 1.2 Let X be a Banach space and Xy be a BK-space. A countable
family {g;}icr in the dual X* is called an X4-frame for X if

(i) {g:(f)} € Xq4, Vf € X;

(i1) the norms ||f||x and ||[{g:(f)}||x, are equivalent, i.e. there exist con-
stants A, B > 0 such that

Allfllx < {g:(N}HIx, < Bllfllx, Vf € X, (2)

A and B are called Xy-frame bounds. If at least (i) and the upper condition
in (2) are satisfied, {g;} is called an X4-Bessel sequence for X.

If X is a Hilbert space and Xy = 2, (2) means that {g,;} is a frame, and
in this case it is well known that there exists a sequence { f;} in X such that

f= Z<f: fi)gi = Z<f, 9i) fi-

Similar reconstruction formulas are not always available in the Banach space
setting. This is the reason behind the following definition:

Definition 1.3 Let X be a Banach space and X4 a sequence space. Given
a bounded linear operator S : Xq — X, and an Xy-frame {g;} C X*, we say
that ({g:}, S) is a Banach frame for X with respect to Xy if

SHa(NY) =/f vfeX (3)
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Note that (3) can be considered as some kind of “generalized reconstruction
formula”, in the sense that it tells how to come back to f € X based on the
coefficients {g;(f)}. The condition, however, does not imply reconstruction
via an infinite series, as we will see later.

The X -frame condition implies that we can define an isomorphism

U: X —Xg, Uf=A{a(f)} feX

The extra condition in Definition 1.3 means that S is a left-inverse of U, and
thus US is a bounded linear projection of X, onto the range R(U) of the
operator U.

2 The main results

In this section we state the most important results. In order not to interrupt
the flow, only very short proofs are included here; the more technical proofs
are given in Section 3.

We first characterize the Banach spaces X which have an X -frame w.r.t.
a given BK-space X :

Theorem 2.1 Let X be a Banach space and X4 a BK-space. Then there
exists an Xg-frame for X if and only if X is isomorphic to a subspace of Xg.

Proof: From the definition, if {g;} is an X -frame for a Banach space X
then the mapping U : X — X, given by U(f) = {¢:(f)} is an isomorphism
of X into Xj.

For the converse, let X be a subspace of X, and {f;} the coordinate
functionals (which are assumed to be continuous). Let g; = f;|x. Then for
all f € X, {g:(f)} = f € Xgand || f[lx = [[{g:(/)}x,- O

Given an X4-frame {g¢;}, where X, is a BK-space for which the canonical
unit vectors form a basis, the next result clarifies which extra condition we
need in order to ensure that {g¢;} is a Banach frame. A more detailed result
is given in Proposition 3.4.

Proposition 2.2 Suppose that X, is a BK-space and that {g;} C X* is an
Xg-frame for X. If the canonical unit vectors {e;} form a basis for Xy, then
the following conditions are equivalent:

(i) R(U) is complemented in Xg.
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(ii) There exists a linear bounded operator S, such that ({g;},S) is a Ba-
nach frame for X with respect to X.

(11i) There exists an Xj-Bessel sequence {fi} C X C X** for X* such that
fF=> el YfeX

In case X, does not have the canonical unit vectors as a basis, the recon-
struction property might hold without R(U) being complemented in X:

Example 2.3 Let X = ¢y, Xy = l, and {g;} be the canonical unit vector
basis of ¢;. Then {g;} is an Xy-frame for ¢, and by [10], R(U) = ¢, is not
complemented in X; = /.. However, the reconstruction property holds, e.g.,
via the canonical unit vector basis {e;} of co.

A reformulation of Proposition 2.2 gives a characterization of spaces X
possessing Banach frames:

Theorem 2.4 A Banach space X has a Banach frame with respect to a given
sequence space Xq if and only if X is isomorphic to a complemented subspace

Of Xd.

Proof: The result follows from Proposition 3.4, but let us show how a
Banach frame can be constructed if we assume that X is isomorphic to a
complemented subspace of Xy. Let T': X — X, be an isomorphism and let
P : X4 — R(T) be a projection of X, onto R(T"). Define S : X; — X by
Sz = T 1Pzx. Let {e;} be the coordinate functionals of Xy and y; = T™e;.
For each x € X we have

yi(z) =T e;(x) = e;(Tx)

Hence, Tz = {y;(z)}.

Since T' is an isomorphism, it follows that ({y;},S) is a Banach frame
with respect to Xy. O

It is known [3] that every separable Banach space has a Banach frame.
We will now describe a way to obtain such a Banach frame; for this we need
the following definition.

Definition 2.5 A family {g;}icr C X* is total on X, if

gi(z) =0,¥i =z = 0.
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By [14], p. 189, when the family {g;} C X* is total on X, the linear space

Za=Hoi(@)} [z € X}, [{g:(@)} |z, = ll=llx (4)

is a BK-space, isometrically isomorphic to X.
Every total system {g;};c; C X* is a Banach frame for X with respect to
the corresponding BK-space Z;:

Lemma 2.6 Let {g;}icr C X™ be a total system. Then there exists an oper-
ator S : Zg — X such that ({g;},S) is a Banach frame for X with respect to
4.

Proof: The operator G : X — Z, defined by G(z) := {gi(z)} is an
isometrical isomorphism between X and Z; and hence ({g;}, G™!) is a Banach
frame for X with respect to Z;. O

Lemma 2.6 has the following consequence, proved in Section 3.

Proposition 2.7 For every separable Banach space X there exists a total
system {g; }ier C X* such that the finite sequences are dense in the space Zy
given in (4), and an operator S : Zy — X such that ({g;},S) is a Banach
frame for X with respect to Zy.

It is well known that there exist separable Banach spaces having no basis; in
this light, it is nice to know that there always exist Banach frames. However,
the next example demonstrates that the Banach frames might not have the
properties we are used to for Hilbert space frames, i.e., we might not gain
what we want. In fact, we prove the existence of a Banach frame for a Hilbert
space, which is not a frame, and which does not even have the reconstruction
property. In order to exclude pathologies like this, it is necessary to exclude
BK-spaces like Z; in (4) from the definition of Banach frames.

Example 2.8 Let {e;}5°; be an orthonormal basis for a separable Hilbert
space H. Consider the family {e; + e€;11}5°,, which is complete, but not a
frame for H ([4]). In fact, e; does not have a representation as an infinite
sum > . ¢;i(e; + e;41). Moreover, there exists no family {f;} C H such
that f = > (f,e; + e;41)f; holds for all f € H. However, by Lemma 2.6
{e; + €i11}2, is a Banach frame for H with respect to the BK-space

Zg= {{<h761 +€i+1>} | h e H} = {{cl +Ci+1}a ‘ {Cz} c 62},
{ei +ciitllzs = [Heitle:
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For a given sequence {g;} C X* we now present an equivalent condition
for the existence of a sequence {f;} C X such that f = Y. ¢;(f)f; for all
feX.

Proposition 2.9 Let {g;} C X*. The following are equivalent:

(1) There exists a sequence {f;} C X such that f =Y. g:(f)fi, for all
feX.

(ii) There is a BK-space Xy with the canonical unit vectors {e;} as a
basis so that {g;} is an Xg4-frame for X and an operator S : X4 — X so that
({g:},S) is a Banach frame for X with respect to Xg.

If the conditions are satisfied, a choice of {fi} in (i) is fi = S(e;).

The importance of this proposition is the following. We know we cannot
hope to get reconstruction just from the existence of an X -frame since there
are spaces with no reconstruction for any family {g;} (i.e. spaces failing the
approximation property [2]). So if we are going to be able to use the existence
of an Xg-frame for reconstruction, we must have some connection between
X4 and X. That is, we need some type of operator going back from X, to
X. The above proposition formalizes this fact.

In general, having reconstruction is much different from having a basis.
Assume for example that {f;} is a basis for a Banach space X, with the
biorthogonal sequence {g;}. If P is any bounded linear projection on X, P #
I, then for every f € P(X) we have:

f= Zgi(f)fi = ZP*(Qz‘)(f)P(fz’)-

That is, the reconstruction property (1) holds with g; replaced by P*(g;) and
fi replaced by P(f;); however, {P(f;)} is not a basic sequence. Also, the
existence of reconstruction families {f;, g;} does not imply that the space X
needs to have any basis at all. For example, there is a Banach space with
a basis {f;} (see the discussion following Definition 1.11, page 279 in [2])
and a bounded linear projection P on span{f;} so that P(span{f;}) fails to
have a basis (see Proposition 6.7, page 301 of [2]). However, as we saw above
P(span{f;}) does have a countable family of reconstruction functions.

Our final result below expresses the key problem if we want to obtain
reconstruction via a given sequence {g;}: we can always satisfy the conditions
in Proposition 2.9(ii) for a certain choice of Xy, except that the canonical
unit vectors might only be a basis for a subspace of Xj.
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Theorem 2.10 If X is a separable Banach space then there is a family
{9:} € X* and a separable BK-space X4 containing the canonical unit vec-
tors as a basic sequence so that {g;} is a n Xgq-frame for X and R(U) is
complemented in X .

3 Proofs and auxiliary results

3.1 General results

We need a general result about continuous linear functionals on X,; for its
proof we refer to [9], page 201. Let us denote the dual space (X4)* by X.

Lemma 3.1 Let X, be a BK-space for which the canonical unit vectors {e;}
form a Schauder basis. Then the space Yy := {{h(e;)} | h € X} with the
norm [[{h(e:)} |y, = ||h||x; is a BK-space isometrically isomorphic to X.
Also, every continuous linear functional ® on Xy has the form

®{c;} = Zcidi7
where {d;} € Yy is uniquely determined by d; = ®(e;), and

1@f] = [[{®(es) v

Throughout the paper when we use the dual X of a BK-space X, having
the canonical unit vectors as a basis, we will identify X with its isometrically
isomorphic BK-space constructed by the above Lemma.

Proposition 3.2 Let X; be a BK-space, for which the canonical unit vectors
form a basis. Then {g;} C X* is an X}-Bessel sequence for X with bound B
if and only if the operator

T:A{d;} — Z digi (5)
is well-defined (hence bounded) from Xg into X* and ||T|| < B.
Proof: First, let {g;} C X* be an X}-Bessel sequence for X with bound B
and let {e;} be the canonical unit vector basis of X. Define R : X — X by
R(f) ={g:(f)}; then || R|| < B. The linear bounded operator R* : X;* — X*

satisfies

R (e;)(f) = ¢;(R(f)) = g;(f), VfeX,
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and thus R*e; = g;. Letting 7' = R*|x, we have that ||| < ||R*|| = [|R|| <
B. Finally, T({d;}) = T(3, die;) = 3. d;g.

Now suppose that 7" : X4 — X* given by T'({d;}) = Y. d;g; is well-defined
and thus bounded by the Banach —Steinhaus theorem. Then T'(e;) = g; and
for every f € X the bounded operator 7™ : X** — X satisfies

T*(f)(e:) = f(T(ei)) = f(gi)-

That is, {g:(f)} = {T*(f)(e;)} which is identified with 7*(f) by Lemma 3.1.
So {gi} is an X}-Bessel sequence for X with a bound ||T*|| = ||T|| < B. O

Corollary 3.3 Let X, be a BK-space, whose dual X has the canonical unit
vectors as a basis. If {g;} C X* is an X4-Bessel sequence for X with bound
B then the operator

is well-defined (hence bounded) from X into X* and ||T|| < B. If X4 is

reflexive, the converse is true.

Proof: By Proposition 3.2, {g;} C X* is a X}*-Bessel sequence for X with
bound B if and only if the operator T : {d;} — Z d;g; is well defined from

X} into X* and ||T'|| < B. Clearly, every X -Bessel sequence for X with
bound B is an X*-Bessel sequence for X with bound B, and the converse is
true when Xy is reflexive. O

The following result relates X -frames to Banach frames and the question
of discrete expansions in X and X*. It extends Proposition 2.2.

Proposition 3.4 Suppose that X4 is a BK-space and that {g;} C X* is an
Xg-frame for X. Then the following conditions are equivalent:

(i) R(U) is complemented in Xg.

(ii) The operator U™' : R(U) — X can be extended to a bounded linear
operator V : Xq — X.

(11i) There exists a linear bounded operator S, such that ({g;},S) is a Ba-
nach frame for X with respect to X.

Also, the condition
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(iv) There ezists a family {f;} C X such that »_ c;f; is convergent for all
{a;} e Xqgand f=>g(f)fi, Vf e X.

implies each of (i)-(iii). If we also assume that the canonical unit vectors
{e;} form a basis for X4, (iv) is equivalent to the above (i)-(iii) and to the
following condition (v):

(v) There ezists an X -Bessel sequence {f;} C X C X** for X* such that
F=> gl VfeX
If the canonical unit vectors form a basis for both X4 and X}, (i)-(v) is

equivalent to

(vi) There exists an X}-Bessel sequence {f;} C X C X™* for X* such that
9=">_9(f)gi, Yg€ X".

In each of the cases (v) and (vi), {f;} is actually an Xj-frame for X*.

Proof: For convenience, we index {f;} and {g;} by the natural numbers.
Suppose that X is a BK-space. (i)= (ii) is trivial. For the converse, assume
(ii) and let V : X4 — X be a linear bounded extension of U~!'. Now consider
the bounded operator P : X; — R(U) defined by P = UV. Using the fact
that VU = I (on X), we get P? = P. For every f € X, we have

Uf =UVUf = P(Uf) € R(P).

Hence R(P) = R(U), i.e., the range of U equals the range of a bounded
projection. Thus, R(U) is complemented (see [12], p. 127). The equivalence
(i)« (iii) is clear.

We now relate the condition (iv) to (i)—(iii). First, assume that (iv) is
satisfied. By assumption we can define an operator

ViXy— X by V:{ci}—>Zc,~fi.

By the Banach—Steinhaus theorem, V' is bounded. Let {g;(f)} € R(U).
Furthermore,

V{g(H)} =Y alf)fi=f=U"Uf=U{a(f)}
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i.e., V is an extension of U~!. That is, (ii) holds; according to the equivalences
proved so far, this means that (i)—(iii) holds.

Assume now that the canonical unit vectors {e;} form a basis for Xj.
Assuming that (ii) is satisfied, we will show that (iv) holds. Let f; := Ve;.
Since V' is linear and bounded, for all {¢;} € X; we have

Zcifi = V(Zczel) — V{Cl}
i=1 i=1
That is, > ¢;f; is convergent. Also, by construction, for all f € X we have

f=VUf =) g (7)

Thus (iv) holds, as claimed.

Still assuming that the canonical unit vectors {e;} form a basis for Xy,
we now prove the equivalence of (iv) and (v). First, assume that (iv) holds.
Due to the equivalence of (ii) and (iv), we can (as before) define f; := Ve,
and the equation (7) is available. By Lemma 3.1, for every g € X* we have

{g(fi)} ={gV(e)} € Xg and [{g(fi)}Ix; = llgVII < VI llgllx-,

hence {f;}, considered as a sequence in X*™*, is a n X}-Bessel sequence for
X*. Thus, we have proved the claims in (v). On the other hand, if (v) is
valid then Proposition 3.2 shows that > ¢;f; is convergent for all {¢;} € X,
and hence (iv) holds.

Assume now that the canonical unit vectors form a basis for both Xy
and X; in this case, we want to prove the equivalence of (v) and (vi). We
will let B denote a Bessel bound for the X -Bessel sequence {g;}. Denote
the canonical basis for X, by {e;} and the canonical basis for X by {z;}.
Assume that (v) is valid. Let g € X*; given n € N,

llg — Zg(fi)gi| X
i=1

= sup Ig(f)—zg(fi)gi(f)

feX|ifli=1

= sup |Zg(fi)gi(f) - Zg(fi)gi(f)

feXlifli=1 55

= sup IZ (fi)gi(f

FeX|Ifll=1 2 n4+1

IN

B||Z (fi)zill = 0asn — oo
i=n+1
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and hence (vi) holds. Assume now (vi). Let K be an X-Bessel bound for
{fi}. For every g € X*, {g(fi)} belongs to X}, which by Lemma 3.1 is
isometrically isomorphic to the space {{G(e;)} : G € X}, and hence {g(fi)}
can be identified with {G,(e;)} for a unique G, € Xj. Then for every f € X,

f = Zgz Villx = sup Ig(f)—zg(fi)gi(f)

geX~|lgll=1

o0

= sup |Zg(fi)gi(f) _Zg(fi)gi(f)|

geX* |lgll=1 ;5

= sup IZ (f)aif

geX*llgll=1 ;211

= sup |G, ( > 9i(f)6i> |

geX~|lgll=1

i=n+1
< sup |Gyl || Z gi(f)eill
9€X* [lgll=1 Rl
= sup  [{g(fi)}I | Z gi(feill
geX* [lgll=1 )

< K| Z gi(f)eil| — 0 as n — oc.
i=n+1

Hence (v) is valid. Moreover, by a similar calculations as above, for every
g € X* we have

lgll = suwp |g(f)l= sup |> a(f)a(N < B I{g(f)} lx;,
Fex Ifll=1 Fex fll=1

and hence {f;} is an Xj-frame for X*.
O

We now consider certain special choices of the BK-space in the definition
of a Banach frame. It turns out that some of them lead to undesired proper-
ties in the sense that there exist Banach frames without the properties one
usually associates with frames.
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3.2 Proof of Proposition 2.7

It is well known (see e.g., [14], p. 219, 226) that every separable Banach space
X has a M-basis, i.e., there exists a biorthogonal system {z;,¢;} C X x X*
such that {g;} is total on X and span{x;} = X.

Proof of Proposition 2.7: Let {z;,¢;} C X x X* be a M-basis for X.
The operator G : X — Z; defined by G(z) := {g¢:(z)} is an isometrical
isomorphism between X and Z; and hence ({g;},G™') is a Banach frame
for X with respect to Z,. Since {g;} has a biorthogonal sequence, all the
canonical unit vectors, and hence all finite sequences, belong to Z;. Let now
x € X and fix an arbitrary € > 0.Then there exist ¢;,, ¢;,, ..., ¢;,, such that

N
|z — Zczk%kﬂ < e.
k=1

Then for the finite sequence

iN

{gz Zczkxzk {Zczk ”k} C“, ->CiN70---}

we have

N N N

”{gz } {gl chkxlk }HZd - ”{gl l’ ZC Ty, }HZd - ||JZ Zcikxz‘kHX <€

k=1 k=1 k=1

Thus the finite sequences are dense in Z;. O

3.3 Proof of Proposition 2.9

We need a lemma before we give the proof.

Lemma 3.5 Let {f;} C X \ {0}. Then the sequence space

Xq={{a} : Zcifi converges in X }
with the norm

N
[Heiblx, = supl] > afillx (8)
i=1

1s a Banach space, for which the canonical unit vectors form a basis.
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Proof: It is well known that X, is a Banach space (see e.g., [13] p.18). By
the definition of X, all canonical unit vectors e; belong to Xy. To show that
they form a basis for Xy, it is enough to prove that {e;} is complete and
that there exists a constant C' > 1 such that for every m > n and scalars
C1,C2, ..., Cm, the inequality || >0 cie;l| < C|| D27, cie;l| holds. Clearly, for
every m > n and every cy, Ca, ..., Gy, We have

n N N m
| ZCiGiHXd = sup || ZcifiHX < sup || ZcifiHX = || Zcz‘eind-
i=1 Nsno 5 Nsm 5 i=1
Choose now arbitrary {c¢;} from X, and fix arbitrary € > 0. Since > ¢;f;
m

€
converges in X, there exists Ny such that || Z Gifillx <=, Ym>n> Ny

, 2
1=n+1
a €
and therefore sup || 5 cifillx < 5 <6 V' n > Ny. Thus, for every n > N,
N>n .
1=n-+1

we have

e} =) cieillx, = sup | Z cifillx <e
i=1 i=n+1

Hence {e;} is complete in X4, which concludes the proof. O

For a given sequence {g;} C X*, an equivalent condition for the existence
of a sequence {f;} C X such that f = > . g;(f)fi for all f € X is given
in Proposition 2.9. In case such a representation is possible for a sequence
where f; # 0, the appearing sequence space equals the one defined in Lemma
3.5, but in the general case a slightly more involved definition is needed:
Proof of Proposition 2.9: (i)= (ii): First we divide the indices N into
two sets:

and B is the rest of the indices. We define

co(A) = {{ci}iea : lilm ¢; =0}

and norm this space with the sup norm. The canonical unit vectors {e; }ica
form an unconditional basis for ¢o(A). Hence, { oD ” 5 €itiea is also a basis
for cy(A). Let

Zq = {{ci}iea Z

—————e; converges in ¢o(A)},

||gz|| 1)
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with the norm

C.
Heiieallz =11 =5 €illeota)
i€

=~ i([lgill + 1)

So Z, has the canonical unit vectors {e; };,c4 as a basis and thus Z; is a BK-
space. Let Y; be the BK-space defined in Lemma 3.5 for the indices in B.
Let Xy =Y, ® Z; with norm

ly & zllx, = [[yllv, + 121z

For every f € X, Y .. gi(f)fi converges in X and so {g;(f)}iep € Yy Also,
for every f € X and every ¢ € A we have

9:(f) lg: LA o W
Mgl + 1 = gl + 1) = i

which implies that {g;(f)}ica is an element of Z;. Therefore, for all f € X,

{9:(f)}ies ® {gi(f)}ica belongs to X,.
For the proof of the X -frame inequalities we use an idea from [8]. For con-

venience, assume that {g; };cp is indexed by N. Consider the linear bounded

and thus lim M =
icA i(]|lgil| + 1)

Y

operators S, : X — X, n € N, defined by S,f = Zgi(f)fi. For every

=1

f € X we have f = Zgl( f)fi and thus the sequence {S,(f)} is convergent
i=1

and hence bounded, which implies that sup,, ||S.(f)|| < oco. Therefore, by

the Uniform Boundedness Principle, sup, ||S,|| < oo, and for every f € X

(and taking into account that f; = 0 for all i € A),

If]lx = lim Hzgz )fillx < Supllzgz )fillx = [{gi(f)}iesllva:

So,

1/ llx < A{gi () Yienll + [Hgi(F) Yieall = {9i () }icn © {9:(f) }ieallx,-
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Also,

[H9:(F)Yien © {9:(F}ieallxs = Hg:(F)ienllva + [{9:(f) }ieallz,
i(llgill +1)

gl
< [ f i sup [[Snl] + (| f]] sup -
n iea i([lgill +1)
< (sup [[Shl[ + DIIf1|x-

sup ||, (f)[| +sup |
n €A

Finally, define S : X4 — X by S(e;) = f; for all i, where {e;};,cp are
the canonical unit vectors in Yy. For every {c;}icp @ {di}ica € X4, we have
Yoicadifi =0, >, pcifi converges in X and

1S{cities @ {ditiea)llx = 11D cifillx < I{eibieslly,
i€B
< |{citien @ {di}icallx,-

Thus S is bounded.
(ii)= (i): This is immediate from Proposition 3.4. O

3.4 Proof of Theorem 2.10

Choose a countable dense subset {z;} of the unit sphere of X. By the Han-
Banach theorem, for each i, choose ¢; € X* with [|¢g;|| = 1 and g;(z;) = 1.
Thus for every f € X, sup; |g:(f)| < ||f||- Define U : X — £, by U(f) =
{g:(f)}. If x € X with ||z]| = 1, there is a sequence of distinct n; so that
Zn, — . Then the inequalities

Zl_”‘r_xm‘

imply that
lim|g,, (z)| = 1 )

and hence sup;|g;(z)| > 1. Thus we obtain

HWUHIN = 1IfIl, vfe X (10)

Let now X, be the closed linear span of R(U) and the canonical unit vectors
in the sup-norm. Since the canonical unit vectors span ¢y, we have them as a
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basic sequence in Xy. By (10), {g¢;} is an Xy-frame for X and R(U) is closed
in Xy. The Banach space X, is separable and thus ¢y is complemented in
Xy, cf. [10]. Let P be a bounded projection from X, onto ¢y. For every
x € X with [|z]| = 1, P(Ux) belongs to ¢y and (9) is valid, which implies
that [|[(/ — P)(Ux)|| > 1. Therefore for every f € X we have

1L = PYUNN = LFI = IUSII-

That is, if T = (I — P)|gw), then T : R(U) — (I — P)(R(U)) is an iso-
morphism (and hence has closed range). Also, if y € (I — P)(Xy,) then by
the definition of X, there are sequences y, € R(U) and z, € ¢y so that
Yn + 2, — y. Hence,

y=( =Py =1m(l = P)(yn + 2,) = im(I = P)(yn),

i.e. yis in the closure of (I — P)(R(U)). Hence, T(R(U)) = (I — P)(X4) and
therefore T~!(I — P) is a projection of X; onto R(U). O
Acknowledgment: The authors thank the reviewer for a careful reading of
the manuscript and correction of misprints.

References

[1] Aldroubi, A., Sun, Q., Tang, W.: p-frames and shift invariant subspaces
of LP. J. Fourier Anal. Appl. 7 no. 1 (2001), 1-22.

[2] Casazza, P.G.: Approzimation properties, in “Handbook of the geome-
try of Banach spaces Vol. I”, Johnson and Lindenstrauss Eds., North
Holland Publishers, Amsterdam, p. 271-316.

[3] Casazza, P., Han, D. and Larson, D.: Frames for Banach spaces. Con-
temp. Math. 247 (1999), p. 149-182.

[4] Christensen, O.: An introduction to Frames and Riesz bases. Birkhauser
2003.

[5] Christensen, O. and Heil, C.: Perturbations of Banach Frames and
atomic decompositions. Math. Nachr., 185 (1997), 33-47.

[6] Christensen, O., Stoeva, D: p-frames in separable Banach spaces. Adv.
Comp. Math. 18 (2003), p.117-126.



X -frames 17

[7] Grochenig, K. H.: Describing functions: frames versus atomic decompo-
sitions. Monatshefte fiir Mathematik 112 (1991), p.1-41.

[8] Heil, C.: A basis theory primer. Manuscript, july 1997.

[9] Kantorovich, L.V. and Akilov, G.P.: Functional Analysis in Normed
Spaces. Pergamon Press, 1964.

[10] Lindenstrauss, J. and Tzafriri, L.: Classical Banach spaces 1. Springer
1977.

[11] Nashed, Z. and Votruba, G. F.: A unified operator theory of generalized
inverses. In “Generalized inverses and applications” pp. 1-109. Publ.
Math. Res. Center Univ. Wisconsin, No. 32, Academic Press, New York,
1976.

[12] Rudin, W.: Functional analysis. McGraw-Hill, 1973.
[13] Singer, I.: Bases in Banach spaces 1. Springer 1970.

[14] Singer, 1.: Bases in Banach spaces I1. Springer 1981.

Peter G. Casazza

Department of Mathematics

University of Missouri

Columbia

Mo 65211

USA

E-mail: pete@casazza.math.missouri.edu

Ole Christensen

Technical University of Denmark
Department of Mathematics
Building 303

2800 Lyngby

Denmark

E-mail: Ole.Christensen@mat.dtu.dk

Diana Todorova Stoeva
Department of Mathematics
University of Architecture, Civil Engineering and Geodesy



X -frames

Blvd. Christo Smirnenski 1, 1046 Sofia
Bulgaria
E-mail: stoeva_fte@Quacg.bg

18



