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PETER G. CASAZZA

ABSTRACT. This is a primer on frame theory geared towards the parts
of the theory needed for people who want to understand the relationship
between the Kadison-Singer Problem and frame theory.

1. INTRODUCTION

Hilbert space frames were introduced by Duffin and Schaeffer [23] to address
some very deep problems in nonharmonic Fourier series (see [45]). The main
property of frames which makes them so useful is their redundancy. That is,
vectors in the space can have infinitely many representations with respect to
the frame but each vector has one natural representation given by the frame
coefficients. The role played by redundancy varies with specific applications.
One important role is its robustness. That is, by speading our information
over a wider range of vectors, we are better able to sustain losses (called
erasures in this setting) and still have accurate reconstruction. This shows
up in internet coding (for transmission losses), distributed processing (where
“sensors” are constantly fading out), modeling the brain (where memory cells
are constantly dying out) and a host of other applications. Another advantage
of spreading our information over a wider range is to mitigate the effects of
noise in our signal or to make it prominant enough so it can be removed
as in signal/image processing. Another advantage of redundancy is in areas
such as quantum tomography where we need classes of orthonormal bases
which have “constant” interactions with one another or we need vectors to
form a Parseval frame but have the absolute values of their inner products
with all other vectors the same. In speech recognition, we need a vector to
be determined by the absolute value of its frame coefficients. This is a very
natural frame theory problem since this is impossible for a linearly independent
set to achieve. Redundancy is a fundamental issue in this setting.

Since D. Gabor introduced what is now known as time-frequency analysis
25, 29] frames have been traditionally used in signal processing where they are
known as Gabor frames. For some reason they were not extensively studied
outside of this area until the dawn of the wavelet era when they were brought
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back to life by Daubechies, Grossman and Meyer [21]. But today, frames
have broad application in mathematics and engineering to a wide variety of
areas including sampling theory [1], operator theory [31], harmonic analysis
[35], nonlinear sparse approximation [22, 28], pseudodifferential operators [30],
wavelet theory [20], wireless communication [43, 44], data transmission with
erasures [3, 26], filter banks [4], signal processing [2, 27], image processing [6],
geophysics [37], quantum computing [24], distributed processing [14, 41, 42],
and much more with new applications arising every year. A good introduc-
tion to frames is the book of Christensen [19]. For an introduction to time-
frequency analysis see Grochenig’s book [29]. For connections of frames to
operator theory see the Memoir of Han and Larson [31]. There are also some
good "tutorials” on frames due to Casazza [8, 9] and Heil and Walnut [32] and
a section of the book of Young [45] on frames.

2. FRAMES AND RIESZ BASES

A family of vectors { f;}icr in a Hilbert space H is a Riesz basic sequence
if there are constants A, B > 0 so that for all scalars {a;};c; we have:

AN ail < 1> afillP < BY  |ail”
i€l il il

We call A, B the lower and upper Riesz basis bounds for {f;}c;. If the
Riesz basic sequence { f; }ie; spans H we call it a Riesz basis for H. So {f;}ics
is a Riesz basis for H means there is an orthonormal basis {e;};cs so that the
operator T'(e;) = f; is invertible. In particular, each Riesz basis is bounded.
That is, 0 < infier || fi]] < sup;e; |1 fill < 0.

We racall Parseval’s Identity. If {e;};c; is an orthonormal basis for a
Hilbert space H, then for all f € H we have

LFIZ =D [ P
iel
The notion of a frame is a weakening of Parseval’s identity.
Definition 2.1. A family {f;}icr of elements of a (finite or infinite dimen-
sional) Hilbert space H is called a frame for H if there are constants 0 < A <

B < oo (called the lower and upper frame bounds, respectively) so that
forall f e H

(2.1) AIFIP <D I )P < BIIP
el
If we only have the right hand inequality in Equation 2.1 we call {f;}ic; a
Bessel sequence with Bessel bound B. If A = B, we call this an A-tight

frame and if A = B = 1, it is called a Parseval frame. If all the frame
elements have the same norm, this is an equal norm frame and if the frame
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elements are of unit norm, it is a unit norm frame. It is immediate that
|l fill*> < B (see Proposition 3.1). If also inf || f;|| > 0, {fi}ics is a bounded
frame. The numbers {(f, f;) }:e; are the frame coefficients of the vector
feH.

We have not put any restriction on the vectors in a frame. In particular, we
can have zero vectors and repeated vectors in the frame. A simple example
of a N-tight frame would be to union any N orthonormal bases for the space.
Also, the frame vectors do not need to be bounded below in norm. So a simple
Parseval frame can be obtained from an orthonormal basis {e;};c; by taking

1 1 1

1 1
61,\/562,\/562,\/geg,\/geg,\/g
Every finite set of vectors {f;}, can be extended to be a tight frame for
the Hilbert space. To see this, for each 1 < ¢ < n construct an orthonormal
basis {f;;}jer for the Hilbert space containing the vector f;. The union of
these families is an n-tight frame for the space. Parseval frames (especially
finite Parseval frames) play a fundamental role in applications of frames. For
a listing of the known Parseval frames at this time see [17, 18]. The easiest
way to get a frame is to take a Riesz basis for the space and add vectors to it.
However, frames do not need to contain subsets which are Riesz bases [10].

If {fi}ier is a Bessel sequence, the synthesis operator for {f;}:c; is the
bounded linear operator 7" : ¢o(I) — H given by T'(e;) = f; for all i € I. The
analysis operator for {f;}ic; is 7™ and satisfies: T*(f) = >_..,(f, fi)e;. In
particular,

63,--.

ITfI1P =Y 1(f )P, for all f € H,
iel
and hence the smallest Bessel bound for { f; };c; equals ||T*
to Equation 2.1 we have:

Theorem 2.2. Let H be a Hilbert space and T : ly(I) — H, Te; = f; be a
bounded linear operator. The following are equivalent:

(1) {fi}ier is a frame for H.

(2) The operator T is bounded, linear, and onto.

(3) The operator T* is an (possibly into) isomorphism.

|>. Comparing this

Moreover, if {f;}icr is a basis, then it is a Riesz basis and the Riesz basis
bounds are A, B where A, B are the frame bounds for {f;}icr.

It follows that a Bessel sequence is a Riesz basic sequence if and only if 7™ is
onto. The frame operator for the frame is the positive, self-adjoint invertible
operator S =TT™* : H — H. That is,

Sf=TT"f=T (ZU, fi>ez-> = (. [)Tei =) {f, f) fi

i€l i€l i€l
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The series representation for S converges unconditionally. Also,

(Sf.£) =D WAL
el
It follows that {f;}ics is a frame with frame bounds A, B if and only if A-T <
S < B-I. So{fi}ier is a Parseval frame if and only if S = I. Reconstruction
of vectors in H is achieved via the formula:

fo= SSTU=) (ST )

el

= D (LS
el
= > AL SIS
il
= D {fSTL)STRS,
el
It follows that {S~/2f;};c; is a Parseval frame equivalent to {f;}ic;. Two
sequences {f;}tier and {g;}ic; in a Hilbert space are equivalent if there is an
invertible operator T" between their spans with T'f; = g; for all © € I. Also,
{S1 fi}ier is a frame for H (called the dual frame or canonical dual frame)
with frame bounds %, %.
There is a simple way to tell when two frame sequences are equivalent.

Proposition 2.3. Let {fi}icr, {gi}icr be frames for a Hilbert space H with
analysis operators Ty and Ty, respectively. The following are equivalent:

(1) The frames {f;}icr and {g;}ier are equivalent.

(2) ker Ty = ker Ts.

Proof: (1) = (2): If Lf; = g; is an isomorphism, then Lf; = LTie; = g; =
The; quickly implies our statement about kernels.
(2) = (1): Since T;| (ker 7,)* 1S an isomorphism for i = 1,2, if the kernels are

equal, then
-1
T (Th|her 1)) fi = 9i

is an isomorphism. ([l

A frame is exact if it ceases to be a frame when any one of its elements is
removed. A family of vectors {f;}icr is w-independent if > ., a;f; = 0 implies
that a; = 0 for all ¢ € I. We have:

icl

Theorem 2.4. The following are equivalent for a frame {f;}icr in a Hilbert
space H:
(1) {fi}icr is a Riesz basic sequence.

(2) {fi}ier is exact.
(3) {fi}ier is w-independent.
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Proof.: We just have to note that a frame is exact if and only if the synthesis
operator is one-to-one. Since this operator is bounded, linear and onto, this
happens if and only if it is invertible. That is, {f;}ics is a Riesz basic sequence.
The other equivalence is similar. O

3. SOME FUNDAMENTAL PROPERTIES OF FRAMES
We now give some fundamental properties of frames.
Proposition 3.1. Let {fi}icr be a frame for H with frame bounds A, B. For

alli € I, ||fil* < B and || f;||> = B #mplies f; L spanjif;. If |fil* < A,
then f; € span; ., f;.

Proof. 1f we replace f in Definition 2.1 by f; we obtain
(3.1) AIFIP < AN+ D1 £1P < BIAIP.
J#
It is immediate from here that [|f;||> < B. Now, assume that E = 5pan,,f;
is a proper subspace of H. Putting P, f; into inequality 3.1 we have:
AIPLAIP < PN
If || f;||* < A, this would be a contradiction unless P, f; = 0. O

Corollary 3.2. A Parseval frame {f;}icr is an orthonormal basis if and only
if || fill =1 foralliel.

Proposition 3.3. The removal of a vector from a frame either leaves a frame
or an incomplete set.

Proof: As we observed, every frame is equivalent to a Parseval frame. If
{fi}ier is a Parseval frame, then by Proposition 3.1, for every i € [ either
HleQ =1 and fz 1 spanj#fj or Hle < 1 and fz S W]?ngj ]

Frames which are not Riesz bases have multiple representations for vectors
in the space. However, the natural representation of the vector by the frame
coefficients is the unique representation of minimal fo-norm. This is a result

of Duffin and Schaeffer [23].

Theorem 3.4. Let {f;}ic; be a frame for a Hilbert space H and f € H. If
{a;}ier is any sequence of scalars such that

[ = Zaifia

el

S lail? =D USSP+ ST ) = al.

el il el

then
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Proof: We have by assumption
D AST =) aif
iel icl
Now, taking the inner product of both sides of this equation with S=! f we get
STHST P =D (ST fidb
el el
Now, expanding out the sum above yields

USSP+ NS i) —ail =

i€l iel
Z (ST fl? + Z [bil* + Z [(S™'f. fi)l* — 2Re ((S_1f7 fi>bi> = Z b
iel iel iel iel

0
Another useful result for (infinite, complex) frames is [7]

Theorem 3.5. Every frame is a multiple of a sum of three orthonormal bases.
It s a multiple of a sum of two orthonormal bases if and only if it is a Riesz
basts.

We now make a simple observation about projecting frames.

Theorem 3.6. If {f;}ics is a frame for H with frame bounds A, B and P is
any orthogonal projection on H, then {Pf;}icr is a frame for PH with frame
bounds A, B.

Proof. For any f € PH,

DL PRE=D UPL P =Y WS
i€l i€l i€l
O
A fundamental result in frame theory is a special case of a result proved by
Naimark [38] (and later by Han/Larson [31]). For completeness we include its
simple proof.

Theorem 3.7. A family {f;}icr is a Parseval frame for a Hilbert space H if
and only if there is a containing Hilbert space H C ly(1) with an orthonor-

mal basis {e;}icr so that the orthogonal projection P of l5(I) onto H satisfies
P(e;) = fi for allie I.

Proof: The “only if” part is Theorem 3.6. For the “if” part, if {f;}ics is a
Parseval frame, then the synthesis operator T': ¢5(1) — H is a partial isometry.

So T is an isometry and we can associate H with T*H. Now, for all 7 € [ and
all g =T"f € T*H we have
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It follows that Pe; =T*f; for all © € I. O

It follows from Theorem 3.7 that there is a unique way to get all Parseval
frames with M-elements for a N-dimensional Hilbert space Hy. Namely, take
any M x M-unitary matrix (with respect to the orthonormal basis {e;},)
(aij)_, and cut it off at the N*"-column. Then the corresponding row vectors
are a M-element Parseval frame for Hy. That is, if for j =1,2,---, M we let

N
fi= Z Qij€4,
i=1
then {f;}}Z, is a Parseval frame for Hy.

Proposition 3.8. If {f;}icr is a frame for a subspace K of a Hilbert space H
with frame operator S and P is the orthogonal projection of H onto K, then
for all f € H we have

Pf=>Y {f.57"f)f

el

Proof: For all f € H we have

Pf = Y APLST'f)f;

el

= Y (L PSTUN
i€l

= > LS
el

OJ

We finish this section with a result which basically states that any bounded

operator on a finite dimensional Hilbert space is really just a multiple of a

“piece” of a projection from a larger space. This then connects Parseval frame
theory to the general theory of bounded operators [12].

Theorem 3.9. Let Hy be an n-dimensional Hilbert space with orthonormal ba-
sis{gi}Y,. If T : Hy — Hy is any bounded linear operator with ||T'|| = 1, then
there is a containing Hilbert space Hy C €51 (M=2n-1) with an orthonormal
basis {e;}M, so that the orthogonal projection P from €} onto Hy satisfies:

Pe; =Tg;, foralli=1,2,---'n

Proof. Let S be the frame operator for the Bessel sequence {f;}", =
{Tg;}", having eigenvectors {x;}!_; with respective eigenvalues {\;}!_; where
l=XMN2>X2>-->)\,. Fori=23,---nlet hy =+/(1—X\)x;. Then,
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{fiti=, U{h;}1-, is a Parseval frame for H since for every f € H we have

}juﬁﬁn%+§jmﬂmw = 57f—+§:1— [(f, )2
ZE:Mf%F+§:%— [(fr )l
=2mezww

Now, by Theorem 3.7, there is a containing Hilbert space with an or-
thonormal basis {e;}:" 2” ! so that the orthogonal prOJectlon P satisfies: Pe; =
Tg; fori=1,2,--- nandPez—hforz—nle ,2n — 1. OJ

£2n—1

4. THE ROLE OF EIGENVALUES AND EIGENVECTORS

Let Hy be an N-dimensional Hilbert space and let { f;}}, be a frame for Hy.
Let S be the frame operator for our frame and let {A;}}7, be the eigenvalues
for S with respective eigenvectors {g;};. We now list some of the basic

eigenvalue properties.

Jj=1

General frame: The sum of the eigenvalues equals the sum of the squares of
the lengths of the frame vectors. i.e.

N M
SN =D lIAI
Jj=1 i=1

This follows from the fact that for every 1 < j < n, >,/ [(fi,9;)]* = A;. In
particular, Y, ; || fi[|* = trace S (= N if {f;}ies is a Parseval frame).

Equal norm frame: If the frame is equal norm then

N
> N =M Al
j=1

Tight frame: If the frame is A = B-tight then for every f € Hy

M
S IE = Al
=1

Moreover, of T is the synthesis operator for the frame then

S=TT"=A-1Iy.
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Hence,

N-A

N M

PIRYED I Vi

j=1 i=1

Parseval frame: If the frame is Parseval then for every f € H we have

M
DKL=
=1

In this case, the synthesis operator is a partial isometry and
S=TT"=1Iy.

Also, all the eigenvalues of S equal 1 so
N M
N=3" 0= lIfill*
j=1 i=1

Equal norm Parseval frames: If the frame is an equal norm Parseval frame
then for all i =1,2,--- . M

N

5. THE SCHUR-HORN THEOREM AND FRAMES

The Schur-Horn Theorem [34] can be a valuable tool for constructions of
frames. The form of it we give here comes from Casazza and Leon [17].

Theorem 5.1. Let S be a positive self-adjoint operator on a N-dimensional
Hilbert space Hy. Let Ay > Ay > ... Ay be the eigenvalues of S. Fiz M > N
real numbers and a; > as > ...apy > 0. The following are equivalent:

(1) There is a sequence { fi}}, in Hy with frame operator S and || f|| = a;,
forallj=1,2,..., M.
(2) For every1 <m < N,

m m

M N
(5.1) Za? < Z)\Z‘, and a? = Z)‘i'
i=1 i=1

i=1 i=1

Corollary 5.2. For every M > N there is an equal norm Parseval frame for
Hy containing exactly M -elements.

We also have [11]
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Corollary 5.3. Given an N-dimensional Hilbert space Hy and a sequence of
positive numbers {a;}M, with a; > ay > ayy, there exists a tight frame { f;}}4,
for Hy with || f;|| = a; for alli =1,2,--- M if and only if

M

o 1 2

a; < N a;.
i=1

Corollary 5.4. Let S be a positive self-adjoint operator on a N -dimensional
Hilbert space Hy. For any M > N there is an equal norm sequence { f; }}L, in
Hy which has S as its frame operator.

Proof. Let A\ > Xy > ... Ay > 0 be the eigenvalues of S. Let

N
1
i=1

Now we check the conditions of Theorem 5.1 to see that there is a sequence
{fu}M_ in Hy with ||fu]| = a for all m = 1,2,--- M. We are letting
a1 = as = ---ap = a. For the second equality in Theorem 5.1, by Equation
5.2,

M M N
(5.3) Dol =) ak =Ma®=> "\
m=1 m=1 =1

For the first inequality in Theorem 5.1, we note that by Equation 5.2 we have
that

1 1 &
2 _ 2 _ < oW
a=a M;AZ_N;)\l_)\l

So our inequality holds for m = 1. Suppose there is an 1 < m < N for which
this inequality fails and m is the first time this fails. So,

m—1 m—1

a? = (m—1)a® < i,

while

It follows that
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Hence,
M m N
Mazzz:ail > Za?—l— Z a?
m=1 =1 i=m+1
N
> Z >\z + Z CLZQ
=1 i=m+1
N
> > N+ YA
i=1 i=m-+1
N
i=1
But this contradicts Equation 5.3. 0

6. THE RADO-HORN THEOREM AND FRAMES

The Rado-Horn Theorem [33, 40] (See Casazza, Kutyniok and Speegle [15]
for a generalization) can also be a useful tool for relating frame theory to
Kadison-Singer problems. This theorem gives a characterization of those sets
of vectors which can be written as the finite union of M linearly independent
sets.

Theorem 6.1 (Rado-Horn). Let I be a countable index set and let {f; :i € I}
be a collection of vectors in a real vector space. There is a partition {I; : j =
1,---, M} such that for each 1 < j < M, {f; :i € I;} is linearly independent
if and only iof for all finite J C 1

171 <M

(6.1) dimspan{f; :ie J} =

The terminology “Rado-Horn Theorem” was introduced in the paper [5].
This theorem was used by Bourgain in his characterization of Sidon sets in
112° ,Z,, [36, 39]. There have also been at least three proofs, all in a sim-
ilar spirit, of the Rado-Horn Theorem published [17, 33, 40]. Pisier, when
discussing a characterization of Sidon sets in II}2,7Z, states “ -- d'un lemme
d’algébre di a Rado-Horn dont la démonstration est relativement délicate.
(39, p. 704]”

A standard application of the Rado-Horn Theorem to frame theory comes
from Casazza and Tremain [12].

Proposition 6.2. Every equal norm Parseval frame {f;}X4 for Hy can be
partitioned into K linearly independent spanning sets.
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Proof: If J C {1,2,---, KN}, let Py be the orthogonal projection of Hy

onto span {f; }ics. Since {f;}XY is a equal norm Parseval frame S_507 || fil|* =
‘[(]\/valH2 = N. NOW7

KN
: _ 2 2 _ 2 |J]
dim(span {f}ies) = NP 2 3 IPAIE = oI = 2
i=1 icJ icJ
So the Rado-Horn conditions hold with constant K. If we divide our family
of KN vectors into K linearly independent sets, since each set cannot contain
more than N-elements, it follows that each has exactly N-elements. ([
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