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Abstract

We present a rather surprising example of a frame which does not
contains a Schauder basis. We also mention a special class of frames
which always contain a Scauder basis.

1 Introduction.

Recall that a family of elements {f;}{2, in a Hilbert space H is a Schauder
basis if, for every f € M there exists unique coefficients {c;} such that

f=¥Zcifi
A Riesz basis is a set of the form {Te;}{2,, where {e;}$2; is an orthonormal
basis for H and T is a bounded invertible operator on H. As shown in [5],

a Schauder basis is a Riesz basis if and only if {f;}{2, is unconditional and
34,B>0: A<||fi||<B, VieN.
A frame is a family of elements {f;}{2, C H such that
[o o]
34,B>0: A|fiP < Zm' < f,fi > > < BlIfI?, Yf eH.
The invertibility and positivity of the frame operator
o0
S:H-H, Sf:i:i___1 <ffi>Ffi

leads to a representation of any f € H as an infinite linear combination of
the frame elements:

f=88T =3 " <£STfi>fi, Ve,
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A frame can be overcomplete, i.e., given f € H,there might exist coefficients
{ci(£)} # {< £,S7'f; >} such that f = Y ;2 ci(f)fi. Thus it is natural

to look at a frame as a kind of ”generalized basis”.

Riesz bases can be characterized as those frames which are w-independent,
i.e., for which

Yoo eifi =0, {ei}2; € (V) = ¢ =0, Vi,

The argument is not hard. That a Riesz basis {Te;}$2, is a frame follows
directly from the Parseval equality and the fact that T is invertible. On
the other hand, if a frame {f;}{2, is w-independent, we clearly get an in-

complete set if we delete any of the elements, and by [5] this implies that
{fi}$2, is a Riesz basis.

The question whether a frame contains a Riesz basis has attracted some
attension recently. Seip [4] found conditions on a frame of exponentials
{e***}ren for L%(—m, ) implying that the frame contains a Riesz basis.
He also gave an example of a frame of exponentials without this property.
Casazza and Christensen [1] gave a sufficient condition for a frame to con-
tain a Riesz basis, and constructed a frame which does not contains a Riesz
basis [2], both in the setting of a general Hilbert space.

The present note investigates the question whether there exists a subfamily
of a frame which is a Schauder basis. It turns out that the frame con-
structed in [2] does not contain a Schauder basis. For a special class of
frames (which always contains a Riesz basis) we show that a subfamily is
a Schauder basis if and only if it is a Riesz basis.

2 The results.

We say that a frame {f;}{2, has the subframe property if any subfamily
{fi}ics,J C N is a frame for span{f;}ic. It was proved in [2] that every
frame with the subframe property contains a Riesz basis. As pointed out
by Lennard, this actually leads to an equivalent characterization of frames
with the subframe property:

Theorem 1 Let {f;}32, be a frame. The following is equivalent:
(1) {£:}2, has the subframe property.

(2) Every subfamily {fi:}ics contains a subset which is a Riesz basis for
spand{ fi}ics-
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Proof.

(1) = (2): Let J C N. If (1) is satisfied, {f;}ics is a frame for the Hilbert
space $pan{fi}ics having the subframe property; therefore {f;}:ics con-
tains a Riesz basis for 5pan{ fi}icJ.

(2) = (1) : Let again J C N. If (2) is satisfied, there exists a set K C J
such that {f;}icx is a Riesz basis for 3pan{f;}ics. In particular, {f}icx
is a frame for 5pan{f;}ics. Since {f;}$2, satisfies the upper frame bound,
it is now clear that {f;}ics is a frame for Span{f}icJ.

Corollary 2 Assume that a frame {f;}52, has the subframe property. Then
a subfamily {f;}ics is a Schauder basis if and only {f:}ics is a Riesz basis.

Proof. Let {f;}ics be a Schauder basis; then {f;}ics is w-independent. By
the subframe property, {fi}ics is also a frame, so we conclude that {f;}:cs
is a Riesz basis.

We observe that the conclusion in Corollary 2 is false for general frames.
For example, let {e;}$2, be an orthonormal basis for H and let

3o e L, 1, 1 1 1
{f!}::l [ {61, \/562, \/-2‘62, \/5639 ‘/3'63, \/563""'}’

(that is, for n € N the element \/L'—leﬂ appears n times). Then {f;}{2, is a
frame with bounds equal to one. The frame contains a Schauder basis but
not a Riesz basis.

The main purpose of our note is to present an example of a frame not
containing a Schauder basis. We will use the following characterization of a
Schauder basis, which can be found in [3], p.2 : a sequence {f;}{2, of non-
zero vectors spanning H is a Schauder basis for H if and only if the basis
constant is finite. Recall that the basis constant of {f;}{2, is the smallest
constant K satisfying for all natural numbers n,m and all sequences {a;},
the following inequality:

n n+m
1Y el <K aifill.
=1 i=1

The main part of the proof of our result is contained in the following lemma:

Lemma 3 Let {e;}}., be an orthonormal basis for a finite dimensional
space Hy. Define

1 n . 1 n
fi=e;— ;Zjﬂe_,- fqr 1=1,2,...n, end fry1 = %Ejﬂej.




4 Casazza and Christensen

Then {f;}12]} is a frame for H, with bounds A = B = 1. Furthermore,
any 3ubset of the frame which spans H,, has basis constant greater than or

=)
equal to 3@.

Proof. The proof that {f;}71! is a frame for H,, with bounds A= B =1
can be found in [2]. The vectors {f;}?, are dependent, so any subset of the

frame {f; ?:11 which spans H, must contain &<z % and n—1 of the other
terms. Given a subset A of {1,2,...,n} with JA| =n -1, and A° = {k},

we have
e
1> (- e N E

icA i€A

ekll
1/2

[n-—-l (n—1)2}/ n—1

- 2 + = .

n n n

Let [25] denotes the integer part of 251, For any subset A C {1,2,...,n}

with IAI = [251], we have, |[A| < % and |Al >oasl_l-2_y; therefore
b ( ) =1x (1- ) e o
i€EA i€A igA

|A| 2 1/2 H |A|l/2 Izl' -1
(E(l 2] =upra-Sh E—x YT

i€A
Let {g;}2, be any spanning subset of the frame {f;} 7. Chooie m so that

gi }1, contains exactly [251] of the elements of the form e;— L=t Now
{ } =1 y 2 n ’
there are 2 possibilities.

Case 1 —‘j—hlfi does not appear in the list {g;}12,.

= 1 /n
i 2= a b
DESNERE

Then as we saw above,
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. . 2-1
Hence, the basis constant for {g;} is greater than or equal to 3% =

n—2
yat

Case 2 ——5&2 appears in the list {g;}2,.

n
. i=1 G .
Now, since —-1-7,-:-—.Lf,-,z =1,2,..n, we have
1/2

m E"‘— e: 1 n 2 T
A > =1 "I 2 bl DA > 2
||;g.n_<u =20 [5y5-1] ) 2

while we still have || Y5, gi[| < V2. So again, the basis constant of {g;}7,

is greater than or equal to "'1_2.

We aré now ready to prove

Proposition 4 There is a tight frame {f;}32, for which no subset is a
Schauder basis for H.

Proof. Let {e;}$2, be an orthonormal basis for H and define
n = Span{e‘n—zlln_’_l, 9371-21!5_*_2, coeey esn—;!n +n}.

By construction, H = (3,2, ®Ha,)y; thatis,g e H & g =Y o2 1gn, gn €
Hn, and ||g]|? = o2, |lgn]|?. We refer to [3] for details about such con-
structions.

For each space H, we construct the sequence {f ;':11 as in Lemma 3,
starting with the orthonormal basis {eg,._zq,.H,eg,..;QnH,....,e(,._;).. +nt

As shown in [2] , {fI* :':11”:_';1 is a frame for H with bounds A = B = 1.
Let {g:}32, be any spanning subset of this frame. Then the basis constant
of {gi}32, is greater than or equal to the basis constant of any subset of
{9:}2,. By choosing subfamilies as in Lemma 3, we get basis constants
greater than or equal to @ for all n, implying that the basis constant

of {gi}32, is infinite. Thus {g;}$2, is not a Schauder basis for H.
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