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Abstract The construction of Parseval frames with special, rigid geometric prop-
erties has left many open problems even after decades of efforts. The construction
of similar types of fusion frames is even less developed. We construct a large fam-
ily of equi-isoclinic Parseval fusion frames by taking the Naimark complement of
the union of orthonormal bases. If these bases are chosen to be mutually unbiased,
then the resulting fusion frame subspaces are spanned by mutually unbiased basic
sequences. By giving an explicit representation for Naimark complements, we are
able to construct concrete fusion frames in their respective Hilbert spaces.

1 Introduction

Hilbert space frame theory is a powerful tool for robust and stable representation
of signals [19, 20]. It has found a broad range of applications to problems in wire-
less communication, time-frequency analysis, coding, sampling theory and much
more [13]. A generalization of frames, called fusion frames, was developed in [10]
(see also [28, 30, 31]) and quickly found application to problems in engineering in-
cluding sensor networks, distributed processing, hierarchial data processing, packet
encoding and more [2, 6, 12]. In frame theory, we measure the amplitudes of the
projections of a signal onto the frame vectors. A fusion frame is a collection of sub-
spaces of a Hilbert space (see Section 3 for definitions) where the signal is repre-
sented by the projections onto the fusion frame subspaces. This provides a platform
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for performing hierarchial data processing. Fusion frames provide multi-level pro-
cessing capabilities with resilience to noise and erasures [2, 11, 23, 24] due to their
redundancy. For applications, we generally need additional properties on the fusion
frame, the most desired being the Parseval property. Apart from the use of group
representations [20], and although a recent breakthrough called spectral tetris has
allowed for large classes of Parseval fusion frames to be constructed [7, 9], it has
proven to be extremely difficult to construct Parseval fusion frames.

One of the main drawbacks of fusion frame theory is that until now, results were
geared towards constructing tight fusion frames. In [26], there is a nearly complete
classification of dimensions for the spaces, dimensions for the subspaces, number of
subspaces, and weights for which tight fusion frames exist. In applications however,
it is possible that the fusion frame is given - such as the case of sensor networks -
and we do not get to construct a tight fusion frame. Recently, in [4], the notion of
non-orthogonal fusion frames was introduced to deal with this case. By using non-
orthogonal projections, the authors are able to show that most fusion frames can be
turned into tight fusion frames if we use non-orthogonal projections.

Apart from tightness, additional desirable properties in frame design are of ge-
ometric nature: frames whose vectors have equal norm or are equiangular. Among
equal-norm Parseval frames there is a special class obtained by forming the union
of orthonormal bases and scaling the vectors with a common factor. Within this
class, using mutually unbiased bases provides a near match to equiangular Parseval
frames which is desirable for applications [1], in particular in quantum state tomog-
raphy [33]. The construction of large frames made of mutually unbiased bases is
possible in prime power dimensions [32], but is otherwise similarly challenging as
the construction of highly or minimally redundant equiangular Parseval frames.

We wish to consider the fusion frame analogue of these desired geometric prop-
erties in frame design. One could consider the fusion frame version of equiangular
Parseval frames either to be Parseval fusion frames whose subspaces have equal
chordal distances [14] or as the stricter requirement that the subspaces are equi-
isoclinic [25]. In [23, 24], it is shown that a tight fusion frame (see Section 3 for def-
initions) has maximal robustness against one subspace erasure when all subspaces
have equal dimensions. They further show that a tight fusion frame consisting of
equi-dimensional subspaces with equal chordal distances (called equi-distance tight
fusion frames) gives the best robustness with respect to two and more subspace era-
sures when the performance is measured in terms of the mean-square error. Equi-
distance Parseval fusion frames can be constructed, for example, from Hadamard
matrices [22]. When the worst-case error is optimized instead, then equi-isoclinic
fusion frames, if they exist, are found to be optimal for two erasures. Optimality for
larger numbers of erasures requires a more detailed analysis [2]. Lemmens and Sei-
del first introduced the notion of equi-isoclinic subspaces [25], which was further
studied by Hoggar [21] and others [15, 16, 17, 18].

In dimensions where equi-distance or equi-isoclinic Parseval fusion frames are
not realizable, one still has a notion of optimality in the more general type of Grass-
mannian frames. In [5], the authors study the problem of packing equi-dimensional
subspaces of RY so they are as far apart as possible (called optimal packings). They
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give packings so that either all the principal angles are the same or have at most two
different values.

In this paper we will use the notion of Naimark complements to construct a large
class of equi-isoclinic Parseval fusion frames. In addition, we construct the special
type of equi-isoclinic Parseval fusion frame for which the subspaces are spanned by
mutually unbiased basic sequences.

2 Preliminary Results

In this section we will introduce definitions and the main ideas studied in this paper.
We begin with Hilbert space frames.

Definition 1. A family of vectors { f;}ics is a frame for a Hilbert space ¢ if there
are constants 0 < A < B < oo, called a lower and upper frame bound, respectively,
so that for all f € J# we have

AlFIP < Y IF /P < BIFIP.

icl

If A = B, this is called an A-tight frame, and if A = B = 1, it is a Parseval frame.
The analysis operator of the frame is T : 57 — {»(I) given by

Tf = Z<fafi>ei7

iel

where {e; }ics is the canonical orthonormal basis of ¢ (7). The synthesis operator of
the frame is T* : ¢»(I) — ¢ given by

T <Za,-e,-> =Y aifi.

iel iel

The frame operator is the positive, self-adjoint and invertible operator S = T*T :
H — I given by
Sf=Y.(f.fi)fi forall f € .
il

It follows that AI < § < BI and the frame is Parseval if and only if S = 1.

Definition 2. Given two subspaces W, W, of a Hilbert space /¢ with dim W =k <
dim W, = ¢, the principal angles (01, 6,,...6;) between the subspaces are defined
as follows: The first principal angle is

6, = min{arccos |(f,g)|: f € Sw,,& € Sw, }

where Sy, = {f € W; : || f|| = 1}. Two vectors fi,g; are called principal vectors if
they give the minimum above.
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The other principal angles and vectors are then defined recursively via
0; = min{arccos |(f,&)|: f € Sw,,8 € Sw,, and f L fj,g L g;,1<j<i—1}.

Conway, Hardin and Sloane introduced the chordal distance between subspaces
of a Hilbert space [14].

Definition 3. If W, W, are subspaces of 7 of dimension k, the chordal distance
d.(W1,W,) between the subspaces is given by:

k
dg(Wl,Wz) = k—tr[Png] =k— Z COS2 Qj,
j=1

where P, is the orthogonal projection onto W; and {Bj}ljzl are the principal angles
for W1 ,Wz.

If P, P, are the orthogonal projections onto the k-dimensional subspaces Wy, Wa,
the non-zero singular values of P, P, are the squares of the cosines of the principal
angles {6,}%_, between W; and W». Hence,

k
trlP Py = Z cos? 0, = k— d*(Wy,Ws).
j=1

Definition 4. Two k-dimensional subspaces Wi, W, of a Hilbert space are isoclinic
with parameter A, if the angle 0 between any f € W; and its orthogonal projection
Pf in W, is unique with cos?> 6 = A.

Multiple subspaces are equi-isoclinic if they are pairwise isoclinic with the same
parameter A.

An alternative definition is given in [16] where two subspaces are called isoclinic
if the stationary values of the angles of two lines, one in each subspace, are equal.
The geometric characterization given by Lemmens and Seidel is that when a sphere
in one subspace is projected onto the other subspace, then it remains a sphere, al-
though the radius may change [25]. This is all equivalent to the principal angles
between the subspaces being identical.

Much work has been done on finding the maximum number of equi-isoclinic
subspaces given the dimensions of the overall space and the subspaces (and often
the parameter ). Specifically, Seidel and Lemmens [25] give an upper bound on the
number of real equi-isoclinic subspaces and Hoggar [21] generalizes this to vector
spaces over R and C.

We will show that equi-isoclinic subspaces can be constructed with the help of
the Naimark complement from a simple type of Parseval frame formed by taking the
union of orthonormal bases and scaling the vectors by a common factor. A special
case occurs when we form the union of mutually unbiased bases.

Definition 5. A family of orthonormal sequences {g;;}¥,, j=1,2,...,L in an M-
dimensional Hilbert space .7}, is called mutually unbiased if there is a constant
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0 < ¢ so that
|(gij,&ke)| = c, forall j#£.

If N = M, then we say the family consists of mutually unbiased bases. In this case,

¢ must equal \/g .

3 Fusion Frames and Their Complements

Fusion frames were developed in [10] and quickly generated much literature (see
www.fusionframe.org) because of their application to problems in engineering.

Definition 6. Given a Hilbert space 7 and a family of closed subspaces {W;}ics
with associated positive weights v;, i € I, a collection of weighted subspaces
{(#i,vi) }ier is a fusion frame for S if there exist constants 0 < A < B < oo sat-
isfying
AllfIP <Y ViIRAP <B|fI>  forany f €2,
i€l

where P, is the orthogonal projection onto %#;.

The constants A and B are called fusion frame bounds. A fusion frame is called
tight if A and B can be chosen to be equal, Parseval if A = B = 1, and orthonormal
if

H = Bie/W,.
The fusion frame operator is the positive, self-adjoint and invertible operator Sy :
HC — ¢ given by
SWf:Zv,-zPif, forall f € J7.
iel

It is known [12] that {W;,v;};cs is a fusion frame with fusion frame bounds A, B if
and only if Al < Sy < BI. Any signal f € J¢ can be reconstructed [12] from its
fusion frame measurements {v;P, f };c; by performing

f=Y vis ' (wiPf).

iel

A frame {f;}ic; can be thought of as a fusion frame of one dimensional sub-
spaces where W; = span {f;} for all i € I. The fusion frame is then {W,, | fi||}.
A difference between frames and fusion frames is that for frames, an input signal
f € S is represented by a collection of scalar coefficients {(f, f;) }ics that measure
the projection of the signal onto each frame vector f;, while for fusion frames, an
input signal f € S is represented by a collection of vector coefficients {Ilw,(f) }ici
corresponding to projections onto each subspace W;.

There is an important connection between fusion frame bounds and bounds from
frames taken from each of the fusion frame’s subspaces [10].
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Theorem 1. For each i € I, let v; > 0 and W; be a closed subspace of 7, and let
{fij}jes be a frame for W; with frame bounds A;, B;. Assume that 0 < A = infjc; A; <
sup;c; Bi = B < 0. Then the following conditions hold:

1. {W;,vi}icy is a fusion frame for 7.

2. {vifijtier jes, is a frame for F€.

In particular, if {W;,vi} jeys; Yier is a fusion frame for F with fusion frame bounds
C,D, then {vifij}ticr jes, is a frame for J€ with frame bounds AC,BD. Also, if
{vifijtier jes; is a frame for A with frame bounds C,D, then {W;,v;, }jcy tier is
a fusion frame for € with fusion frame bounds %, %.

Corollary 1. For each i € I, let v > 0 and W; be a closed subspace of 5. The
following are equivalent:

1. {W;,vi}icq is a fusion frame for 7€ with fusion frame bounds A, B.

2. For every orthonormal basis {e;;} jck, for W;, the family {vie;;}ici jek; is a frame
for € with frame bounds A, B.

3. For every Parseval frame { fij}ici jey; for Wi, the family {vif;;}ici jes; is a frame
for 7€ with frame bounds A, B.

Corollary 2. For each i € I, let vi > 0 and W; be a closed subspace of 7. The
following are equivalent:

1. {W;,vi}icq is a Parseval fusion frame for 7€ .

2. For every orthonormal basis {e;;} jck, for W, the family {vie;;}ici jek; is a Par-
seval frame for F .

3. For every Parseval frame { fi;}ici jey; for Wi, the family {vifi;}icr jes, is a Parse-
val frame for 7.

We now turn our attention to complements of fusion frames.

3.1 Naimark Complements

A fundamental result in frame theory is Naimark’s Theorem (see e.g. [13, 20] and
[8] for a generalization).

Theorem 2. A family {f; ii | is a Parseval frame for a Hilbert space € if and only
if there is a Hilbert space {>(N) with orthonormal basis {e;}Y._,, # C {»(N), and
the orthogonal projection P of €3(N) onto S satisfies Pe; = f, foralli=1,2,... N.

Definition 7. If {Pe;}Y | as in Naimark’s Theorem is a Parseval frame for ./,
then {(I — P)e;}Y, is a Parseval frame for the subspace J#_y of {>(N) called
the Naimark complement of {Pe;}Y .
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For a Parseval fusion frame {W;,v;}}, we also have a Naimark complement.
For this, we choose orthonormal bases {gij}lrzl for W;, j = 1,2,...,M. Then

(V78 jw: | is a Parseval frame which we can denote as {Pe;;};’ 1?4:1 Since
<P€,’j,P€kg>:—<(1—P)€ij,(1—P)ek[>, ]7&17
it follows that {(I — P)e;;};”, is an orthogonal set. Letting

0
W// = span {(pr)eij}i;p

it can be shown that {ij, (1= v? 1]‘”: | is a Parseval fusion frame called the Naimark
complement fusion frame. We note that the Naimark complement fusion frame ac-
tually depends on the choice of orthonormal bases for the fusion frame, but we will

now check that all possible Naimark complements are unitarily equivalent.

Lemma 1. Let 7, 4 be M-dimensional Hilbert spaces, 5, #; - (N —M)-
dimensional Hilbert spaces, and let U : 7] — 4 be a unitary operator. If { f; ®
gi}fil C A @ and {Uf; ® h,-}g\':1 C 4 @ 4 are orthonormal sets, then
Vgi = h; is a unitary operator.

Proof. For all families of scalars {a;}Y_, we have
. SR SERTSE < 2
1Y ai(fiog)* =Y lail> =Y, ai(Ufi®hi)|>.
i=1 i=1 i=1

Thus

N N N N
1Y aifill>+ 1Y aigill> = | Y ai(fi@g) P = I Y a:(Ufi @ h)||* =
i=1 i=1 i=1 i=1
al 2 al 2 S 2 al 2
1Y aUfill? + 1Y, anill? = | Y aifill> + | Y aihil*.
i=1 i=1 i=1 i=1

Hence, | LY, aigil* = | T aihil*. O

One consequence of the above lemma is that Naimark complements for Parseval
fusion frames are independent of the choice of orthonormal bases for the subspaces
up to the application of a unitary operator. For our constructions, this will allow us
to explicitly identify our equi-isoclinic fusion frames in the Naimark complement
of our original fusion frame.

Corollary 3. If { fi}_, is a Parseval frame for 4 and {g;}Y_, is a family of vectors
in A_y so that {f; ® 8:‘};\;1 is an orthonormal basis for 7y, then up to a unitary
operator; {g;}Y._, is the Naimark complement of { f;}_,.
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3.2 Identifying the Naimark Complement

Now we will give an explicit representation of the Naimark complements for the
fusion frames we will be working with.

Proposition 1. Let Ay, ..., Ay be N X N unitary matrices, and let
ail a2 - aim
a»| ax - awy

ami am? "+ AMM
be a unitary matrix. Then

anAi apAy --- aiyAm
axAy axAj --- ayAm

amAr appAz -+ aymAm
is a unitary matrix.
Proof. A direct calculation shows that A*A =Id. O

Corollary 4. Given orthonormal bases {g;;} |, j =1,2,...,M for 7, consider
the N x MN matrix

[Ay Ay - Ay] = [g11 -+~ gnv1 812 -~ &N2 -+ &IM “* NM
This is the synthesis operator for the M-tight frame {g; j},ﬁa /;[:1' Choose a unitary
matrix ~
a aix - Ay
axy ax -+ dwy

Lam1 am? -+ aMM

Then the column vectors of the matrix

an1Ay axAy -+ ayAy

o =] —
M

lam1AL appAz - appAm

N, M

are the Naimark complement for the Parseval frame {/ ﬁ 8ijtimi i1

Proof. This is immediate from Corollary 3 and Proposition 1. O
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Corollary 5. Letting W; be the span of the column vectors of ay jA j, then {W;, , /a 1}1]"1: |
is a Parseval fusion frame for 7. Letting W; be the span of the column vectors of

@A
azjA;

amjAj
then {Wj’ A/ XM, a; 1}1]”: | is a Parseval fusion frame which is the Naimark comple-

ment of the Parseval fusion frame {W;, , /a; J}IJ”: -

Now that we have identified our Parseval fusion frames, we find the principal
angles and the chordal distance between our fusion frame subspaces by recalling
results from [8]:

Theorem 3. Let {Vl/i,vi}fi | be a Parseval fusion frame for Fy with Naimark com-

plement Parseval fusion frame {W/,\/1—v}}K . Let {6;;}5_, be the principal
angles for the subspaces W;,W;. Then the principal angles {6/ , j} for the subspaces
W/,W]{ are:

k

LLCOS(QKU) )
«/l—v% ,/1—\%
=1

Theorem 4. Ler {W;, v,-}lK: | be a Parseval fusion frame for 3. Then the Naimark
complement Parseval fusion frame {W/, /1 — V%}szl satisfies

arccos

2 vi "5
! !/
de(W;,W;) = |1— l_lvz -2
i J

2 2

Vi Vi
2 2

1—v; l—vj

k+

] dz (Wi, W;).

This construction creates equi-isoclinic fusion frame subspaces in our Naimark
complement which we shall further discuss in Section 4. Now, however, we briefly
leave our discussion of Naimark complements to consider the spatial complement
of a fusion frame.

3.3 Spatial Complements

Definition 8. Let {(W;,v;) }ics be a fusion frame for 5. If the family {(W:-,v;) }icr,
where WiL is the orthogonal complement of W;, is also a fusion frame, then we call
{(W:+,v;) }ier the orthogonal fusion frame to {(W;,v;) }ier.

Proposition 2. Let {W;,v;}icr be a Parseval fusion frame for 7. Then
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1Y 2> 1
. ielVi —

2. Yie;v? = lifand only if W; = S forall i € 1

Proof. To prove the first statement, let P; be the orthogonal projection of .7#” onto
W;. Since the fusion frame is Parseval, for all f € JZ,

f =Y ViR(f).
i€l
Thus
1A =1 vin ()
i€l

<Y ViR

el
=Y VIR
el
< (Zv?) ¥l (1)

iel

Then the second statement follows from considering when equality holds in inequal-
ity (1) for all f € 77

Yvi=1e Y VIR =1
icl il
< P(f)=fforalliel
S W, = forallicl.
O

We need a result from [6].

Theorem 5. Let {(W;,v;) }ic; be a fusion frame for 7€ with optimal fusion frame
bounds 0 < A < B < oo such that Y ;c; vi2 < oo, Then the following conditions are
equivalent:

L NigtWi = {0}

2.B< ZiE[ Vl-z.

3. The family {(W/:,vi)}ier is a fusion frame for S with optimal fusion frame
bounds ¥ ;c;v? — B and ¥ ;c;v? — A.

Corollary 6. Let {(W;,v;)}ics be a Parseval fusion frame for 7 with ¥ e v > 1.
Then {(W:-,vi) }ier is a (Zjel v% — 1) tight fusion frame and
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Vi

\/Zjelvi_l

1
Wi,

is a Parseval fusion frame.

Moreover, we have
d; (Wi, W) = dg (W WiH).

Proof. The only part that needs a proof is the moreover part, but this is a well known
result from [27] and [29] where the authors show that the non-zero principal angles
between two subspaces and the non-zero principal angles between their orthogonal
complements are equal. 0O

4 Equi-Isoclinic Fusion Frames and Mutually Unbiased Basic
Sequences

Now we combine our results to find equi-isoclinic fusion frames, and we find a
special case where the fusion frame subspaces are spanned by mutually unbiased
basic sequences. We will need a result from [3].

Theorem 6. Ler P be the orthogonal projection of (M) onto . Given the Par-
seval frame {Pe; Y™, for %, and J C {1,2,...,M}, the following are equivalent:

1. span{(I — P)e;}ic; = (I — P)(£2(M)).
2. {Pe;}icye is linearly independent.

Now we present the main results.
Theorem 7. Let {81‘1'}?/:’17:1 be the union of M orthonormal bases for a Hilbert
space 4. Let {Wj,/ ﬁ}f‘il be the Parseval fusion frame for Ay where W; =
span {gijY¥., = H. Let Wi/ MT_I}ZJWZI be the Naimark complement, a Parseval

fusion frame for H{y;_1)y. Using Naimark’s theorem, we can write g;j = |/ ﬁPe,- i
where P is an orthogonal projection from €,(MN) onto . Then the following
hold:

1. Forany j€{1,2,...,M},
span{W; }izj = Hy—1)n -

2. The principal angles for W;,W; are

1
6, ;; = arccos [M— J ,

so this is a equi-isoclinic Parseval fusion frame.
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Proof. To prove (1), we use that {g; J}?’: | 1s, for any fixed j, a linearly independent
set. This implies by the preceding theorem that selecting the complement of the

index set, that is all j/ # j, provides a spanning subset {4/ ﬁ(l —P)e;ji 2 j' # j} for

the Naimark complement. Since the subspaces W]’ are spanned by {\/g (I—P)e;j},
the result follows.

To prove (2), we note that the principal angles for W;, W; are all arccos 1 = 0. The
conversion for principal angles gives

1
M
arccos vM cos0| = arccos [
2

V=GP /1=

e

il

&

O

The second item in the theorem has a converse.

Corollary 7. Let {W;,v;}}, be a Parseval fusion frame for HNm—1) with dimW; =
N foralli=1,2,... .M. Then

M
Yvi=M-—1.
i=1

Ifvi=4/ %for alli=1,2,...,M, then all principal angles between the subspaces

W; are equal to arccos [ﬁ]

Proof. Since Z?il dimW; = NM, the Naimark complement fusion frame {Wi', £/ 1= vl-2 }f‘i 1
spans Ay nm-1) = Hn. Since dimW; = dimW,-/ =N, Wi/ = J for every i. The
result is now immediate from the preceding theorem. O

Additionally, in the special case where our bases are mutually unbiased, the re-
sulting Naimark fusion frame subspaces are spanned by mutually unbiased basic
sequences.

Corollary 8. Let {gi.i}f'\]:i,[;{l=1 be a family of mutually unbiased bases for a Hilbert
space Hy. Let {Wj,/ %}f‘il be the Parseval fusion frame for Ay where W; =
span {gi;j}Y.,. Let Wi/ %}jyzl be the Naimark complement Parseval fusion
frame for F(y;_1)n. Using Naimark’s theorem, we can write g;j = |/ ﬁPe,-j where

P is an orthogonal projection from ly(MN) onto . Then the family { %(l —

P)e; j}f\; pfor j=1,2,...,M consists of mutually unbiased orthonormal sequences,

and the subspaces
W; = span{(I - P)e;;}iL

are equi-isoclinic.
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Proof. The equi-isoclinic property is a consequence of the preceding theorem. The
fact that the basic sequences spanning the subspaces are mutually unbiased comes
from the fact that the Gram matrix of the Naimark complement differs on all off-
diagonal elements only by an overall change of sign from the Gram matrix of the
mutually unbiased bases. O

Maximal mutually unbiased bases are known to exist in all prime power dimen-
sions p” [32], so by the Naimark complement there are Parseval fusion frames with
M < p"+ 1 equi-isoclinic subspaces of dimension p”, spanned by mutually unbi-
ased basic sequences in a Hilbert space of dimension N = (M — 1)p". The union of
these unbiased basic sequences forms a tight frame of redundancy M /(M — 1), and
thus we can achieve redundancies arbitrarily close to one if p” is chosen sufficiently
large.

Lastly, we now present a concrete example of a special case of our main theorem.
In J#,, consider M copies of an orthonormal basis {g;} | as {g; j}ﬁq/{jzl' Hence

{ﬁg,’ ]}fvzq/l j—1 is a Parseval frame. Let T : # — (»(MN) be the analysis operator
of this Parseval frame and let W; = span{g;;}_,. Then {W;, ﬁ}jj‘i | is a Parseval
fusion frame. Let P be the orthogonal projection of £, (MN) onto the range of T'. Let
{eij }?i%zl be the orthonormal basis for > (MN) so that Pe;; = T g;;. Write our Par-

seval fusion frame in the order ﬁPel . ﬁPelz, o ﬁPelM, \/—IMPeZI . ﬁPeNM.
Now,
Pey; ﬁﬁ(} 0---0---0
p' L...Lo..d..o...o
e M M
Pes) Qoii 0 0
T: : =
Pery 0--- Oﬁﬁ 0---0
Pen 0...00...0...&. ﬁ
: Do : : 1
Peny 00005 5

and
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(I—P)en
(I—P)elM
(I—P)€21
(I—P)ews |
(I—P)eM
(I—P)BNM
- —3 0 0 0 0
3 1 :
—& e l=4L 0 0 0 0
0 0 1—4 - —& 0 0
0 0 —4 11— 0 0
0 0 0 0 l—g o =%
0 0 0 0 — 1=k
In this setting, W/ is
-4 =% 0 0 -~ 0 0
0 0 0 -+ 0 - 0 0
1 1
0 01— —4 0 0
0 0 0 0 - 0 0
0 0 0 0 l— % =%
0 0 0 0 - 0 0

The above represents an orthonormal basis for W/. Similarly we have W; for
j=1,2,...,M. This leads to
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Proposition 3. For the projections above we have:

1. W; = {Peyj,Pesj,...,Pey;}implies span{Wi/},'?gj = A m-1)N-
2. The family {Wi,v[}?il, v = ﬁfor i=1,2,...,M is a Parseval fusion frame for

TN,
3. The family {Wi/, \J1=vE=/ %}f‘il is a Parseval fusion frame for 7y _ -
4. Letting U; = span{ (I — P)e,'j}jl‘-’lzl, then {U;, 1}, is an orthonormal fusion frame
with dimU; = M — 1. ‘
5. The principal angles for W, W are

V1= G2 1= (P

and this is an equi-isoclinic Parseval fusion frame.

arccos

1
cosO| =arccos | ——|,
M-1
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