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Abstract

We give necessary and suÆcient conditions for g 2W (L1; `1) to gen-

erate a Gabor frame over certain irregular lattices.

1 Introduction

A set of vectors ffng in a Hilbert space H is called a frame if there exist
constants A;B > 0, such that

Ajjf jj2 �
X

jhf; fnij
2 � Bjjf jj2; 8f 2 H:

The numbers A;B are called the lower and upper frame bounds respectively.
If we have only the right-hand-side inequality above we call ffng a Bessel

sequence with Bessel bound B.
In applications, Gabor frames, that is, frames for L2(R) of the form

fe2�imbxg(x� na)gm;n2Zplay an important role. By introducing the operators
Ta; Eb on L2(R) given by

(Taf)(x) = f(x� a); (Ebf)(x) = e2�ibxg(x)

we can write fe2�imbxg(x� na)gm;n2Z= fEmbTnaggm;n2Z. One usually thinks
about fEmbTnaggm;n2Z as the set of time-frequency shifts of g 2 L2(R) along
the lattice aZ� bZ in R2 .

The purpose of this paper is to give classi�cation results for frames of the type
fEmbTnaggm;n2Zand also for irregular frames of the type fEmbTynggm;n2Zand
fExmTynggm;n2Z, where fxmgm2Z; fyngm2Z� R. That is, we consider Gabor
frames, where aZ� bZ is replaced by irregular lattices in R2 .

The motivation for this research is a fundamental result of Feichtinger and
Gr�ochenig [16]:
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Theorem 1.1 (Feichtinger and Gr�ochenig).

Let 0 6= g 2 L2(R) satisfyZ
R

Z
R

jhExTyg; gijdx dy <1: (1)

Then there exists an open set U � R
2 such that fExnTynggn2Z is a frame for

L2(R) for every separated set f(xn; yn)gn2Z� R
2 for which[

[(xn; yn) + U ] = R
2 :

We refer the reader to [9] for a uni�ed treatment of the Feichtinger and
Gr�ochenig theory and a proof of Theorem 1.1. Theorem 1.1 is very important
because it implies there is a box Q in R2 so that given a tiling fQngn2Z of R2

by Q and any choices of separated points (xn; yn) 2 Qn (see de�nition below)
we have that fExnTynggn2Z is a Gabor frame for L2(R). For applications, it is
important to know the \size" of the box Q and much work has gone into this
computation. In particular, Gr�ochenig [19] (Theorems T and S, pages 24-25)
gives conditions for identifying Q. For a more concrete result we refer to the
recent paper [30] by Sun and Zhou. See also [2, 26] for estimates on the size of
Q. In the case where g is compactly supported, Gr�ochenig ([20], Theorem 3) has
readily veri�able conditions for �nding Q. Note that the condition (1) means
that g belongs to Feichtinger's algebra S0. It is known [14] that if f; f

0

; f
00

2
L1(R), then inequality (1) holds. In this paper we o�er an alternative approach
to computing the box Q by requiring that g is in the Wiener space W (L1; `1)
(see below for de�nitions). Although this looks like a strong assumption, it
is possible that this conditions is necessary. We cannot prove the necessity at
this time, but we will show that g 2 W (L1; `2) is necessary. We give readily
veri�able conditions on g so that we can �nd a box Q = [0; b0]� [0; a0] so that
whenever b 2 (0; b0] and yn 2 [na0; (n+ 1)a0] then fEmbTynggn;m2Z is a frame
for L2(R). Frames of this type are called semi-irregular Gabor frames.
In general, it is an exceptionally diÆcult problem to classify the functions g
which give Gabor frames. For example, it is still an open problem to �nd all
a; b; c > 0 so that fEmbTna�[0;c]gm;n2Z is a Gabor frame. This is known as
the abc-problem and a deep study of this problem was done by Janssen [25].
Also, Casazza and Kalton [5] have shown that the problem of classifying just the
characteristic functions of measurable subsets F � R so that fEmTn�F gm;n2Z

is a Gabor frame for L2(R) is equivalent to a classical problem of Littlewood
concerning certain complex polynomials and when they have roots on the unit
circle. The reason we are able to get exact classi�cations in the present paper
is that we are requiring fEmbTnaggm;n2Z to give a frame for a whole range of
values of a; b. It turns out that this is a strong assumption and puts identi�able
restrictions on the functions g.

Our main source of inspiration for this paper was [16]. However, there are
other papers dealing with irregular Gabor frames we should mention. In [20],
Gr�ochenig gives suÆcient conditions for a family fExmTynggm;n2Zto be a frame
in the case where g is a band-limited function. Ramanathan and Steger [27] gave
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a necessary condition for fExnTynggn2Z to a a frame in terms of the Beurling
density of f(xn; yn)g. In the special case of the Gaussians, Seip and Wallsten
[28] were even able to show that this condition is also suÆcient.

In the rest of this introduction we discuss some assumptions (and the rela-
tions between them) that will be used throughout the paper. First, a sequence of
real numbers fyng is Æ-separated, with Æ > 0, if jyn�ymj � Æ, for all n 6= m. A
sequence is relatively separated if it is a �nite union of Æ-separated sequences,
for some Æ > 0.

The Wiener space W (L1; `p) 1 � p <1 is de�ned as the set of functions
g 2 L2(R) for which (for a certain value of c > 0)

jjgjjW;p;c :=

 X
n2Z

jjTncg � �[0;c[jj
p

1

!1=p

<1:

W (L1; `p) is a Banach space with respect to the natural norm. The space is
independent of the choice of c, in the sense that di�erent choices give the same
space with equivalence of the norms. In fact, it is easily checked that for all
g 2 L2(R),

kgkW;p;b � 2kgkW;p;a �
4b

a
kgkW;p;b; for all a � b:

Also, W (L1; `p) is dense in L2(R). We refer to [15] for more information
about these and similar spaces. We will primarily work with the Wiener space
W (L1; `1) and write k � kW;a for k � kW;1;a.

Lemma 1.2 Let g 2W (L1; `1), and assume that fyngn2Z is Æ-separated. ThenX
n2Z

jg(t� yn)j � jjgjjW;Æ; a.e. t:

If furthermore b 2]0; 1
Æ
[, thenX

k2Z

j
X
n2Z

g(t� yn)g(t� yn � k=b)j � 2kgk2W;Æ; a.e. t:

Proof: For the �rst part, �x t 2 R, and observe that every interval [kÆ; (k +
1)Æ[; k 2 Z; contains at most one point of the form t� yn; n 2 Z. Therefore,X
n2Z

jg(t� yn)j �
X
k2Z

jjg�[kÆ;(k+1)Æ[jj1 =
X
k2Z

jjgTkÆ � �(0;Æ[jj1 = kgkW;Æ; a.e. t:

For the second part, we haveX
k2Z

j
X
n2Z

g(t� yn)g(t� yn � k=b)j �
X
n2Z

jg(t� yn)j
X
k2Z

jg(t� yn � k=b)j:

By assumption the sequence fyn + k

b
gk2Z is Æ-separated, so the �rst part

gives that
P

k2Z
jg(t� yn � k=b)j � kgkW;Æ and the Lemma follows. �

3



2 The Gabor Frame Identity

In this section we consider the form of the Weyl-Heisenberg frame Identity
needed for our work. This identity has a rich history. It was originally due to
Daubechies [12] for Gabor frames where it was used to give suÆcient conditions
for (g; a; b) to generate a Gabor frame. Walnut [31, 22] used Wiener amalgum
spaces and the WH-frame identity to give other suÆcient conditions to have a
Gabor frame and introduced what is now called the Walnut representation of the
frame operator. The WH-frame identity was extended to translation invariant
systems by Janssen [24], Proposition 1.2.1. The minimal conditions necessary
for it to hold are in [6]. An analysis of the convergence properties of the series
appearing in the WH-frame Identity appears in [4]. The form we give below is
due to Janssen [24].

Theorem 2.1 Let g 2 L2(R), b > 0 and let fyngn2Z be real numbers. Assume

that fEmbTynggm;n2Z is a Bessel sequence. Then for all bounded and compactly

supported functions f we have:X
n;m2Z

jhf; EmbTyngij
2 =

1

b

X
k2Z

Z
R

f(t)f(t� k=b)
X
n2Z

g(t� yn)g(t� yn � k=b) dt =

b�1
Z
R

jf(t)j2
X
n2Z

jg(t� yn)j
2 dt+

b�1
X
k 6=0

Z
R

f(t)f(t� k=b)
X
n2Z

g(t� yn)g(t� yn � k=b) dt

We now have a simple suÆcient condition for the existence of WH-frames.

Corollary 2.2 Let g 2 L2(R), b > 0 and let fyngn2Z be real numbers with

fEmbTyngm;n2Z a Bessel sequence. Assume that

A : = essinft2R

2
4X
n2Z

jg(t� yn)j
2 �

X
k 6=0

j
X
n2Z

g(t� yn)g(t� yn �
k

b
)j

3
5 > 0

and let

B := esssupt2R
X
k2Z

j
X
n2Z

g(t� yn)g(t� yn �
k

b
)j <1:

Then fEmbTynggm;n2Z is a frame for L2(R) with bounds A

b
; B
b
.

Proof: De�ning

Hk(t) :=
X
n2Z

jTyng(t)Tyn+k=bg(t)j
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it is easy to see that
P

k 6=0 jT�k=bHk(t)j =
P

k 6=0 jHk(t)j. An application of
Cauchy-Schwarz gives that for functions f which are bounded with compact
support,

X
k2Z

Z
R

jf(t)f(t� k=b)j
X
n2Z

jg(t� yn)g(t� yn � k=b)j dt

�

Z
R

jf(t)j2(
X
k 6=0

jHk(t)j+H0(t)j)dt <1:

By the WH-Frame Identity,X
m;n2Z

jhf; EmbTyngij
2 =

j
X
k2Z

Z
R

f(t)f(t� k=b)
X
n2Z

g(t� yn)g(t� yn � k=b) dtj

�
1

b

Z
jf(t)j2

2
4X
n2Z

jg(t� yn)j
2 �

X
k 6=0

j
X
n2Z

g(t� yn)g(t� yn �
k

b
)j

3
5 dt

�
A

b
jjf jj2:

A similar arguement gives the upper estimate. Since those two estimates
hold on a dense subset of L2(R), they hold on L2(R). �

Note that the expression used to de�ne A in Theorem 2.1 is not a periodic
function and therefore the in�mum in this theorem has to be over R.

3 Frames of the form fEmbTnaggm;n2Z

Before we present our results we remind the reader that a Gabor frame fEmbTnaggm;n2Z

is very sensitive to (even arbitrary small) changes of the parameters a; b. In [17]
Feichtinger and Janssen have constructed an example, where

(i) fEmbTnaggm;n2Z is a frame for all a = 1
2m

; m 2 N and b 2]0; 1[, and

(ii) fEmbTnaggm;n2Z is never a frame when a = l

3k
; k; l 2 N and b 2]0; 1[.

This kind of problem can be avoided by restricting the class of functions g.
We need a Lemma, which is proved in the second half of the proof of Theorem
4.1.8 in [22].

Lemma 3.1 Let g 2 W (L1; `1). Fix a natural number N and 0 < a 2 R. Let

g0 = g � �[�aN;aN ] and g1 = g � g0. If 1=b � 2aN then

X
k 6=0

k
X
n2Z

Tyng � Tyn+k=bgk1 � 8kg0kW;akg1kW;a + 4kg1k
2
W;a:
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Theorem 3.2 Let g 2W (L1; `1). Then the following are equivalent:

(a) There exists a box Q := [a1; b1]� [a2; b2] � R
2 and A > 0 such that

P (x; y) :=
X
n2Z

jg(x� ny)j2 � A for a.e. (x; y) 2 Q:

(b) There exists a0 > 0 so that for all 0 < c0 < a0, there are b0; A > 0 such

that for all a 2 [c0; a0]; b 2 (0; b0], fEmbTnaggm;n2Z is a frame for L2(R)
with lower frame bound A.

Proof: (a)) (b): Since fEmbTnaggm;n2Z and fEmbTnaTcggm;n2Zare Gabor
frames together with the same frame bounds for all c 2 R, by replacing g
with Ta1g we may assume that Q is of the form [0; b1] � [a2; b2]. Let a0 =
min(b1; b2 � a2).

Now, let y 2 [0; a0]; x 2]0; a0]. Since (`+1)y�`y = y � a0, there is an ` 2 N
so that a2 � `y � b2. Now for all 0 � x � a0 � b1 we have that (x; `y) 2 Q.
Hence,

A �
X
n2Z

jg(x� n`y)j2 �
X
n2Z

jg(x� ny)j2:

For y �xed, the function P (x; y) is y-periodic in the variable x, and the above
inequality holds for all 0 � x � a0 and all 0 < y � a0, so it follows that the
inequality holds for all x 2 R.

Now, �x 0 < c0 < a0 and � > 0 so that

16kgkW;c0 + 4�2 �
A

2
:

Next, choose a natural number N so that for every a � c0, if g0 = g � �[�aN;aN ]

and g1 = g � g0 then kg1kW;c0 < �. Finally, let b�10 = 2a0N . Now, �x c0 � a �
a0. For any 0 < b � b0 we have that b�1 � 2aN . So by Lemma 3.1, for g0; g1
as above,X

k 6=0

j
X
n2Z

g(t� na)g(t� na� k=b)j �
X
k 6=0

k
X
n2Z

Tnag � Tna+k=bgk1

� 8kg0kW;akg1kW;a + 4kg1k
2
W;a

� 16kgkW;c0kg1kW;c0 + 4kg1k
2
W;c0

� 16kgkW;c0�+ 4�2 �
A

2
:

It follows that fEmbTnaggm;n2Z satis�es the CC-Condition (see [3]) and there-
fore is a frame with lower frame bound A=2 for all c0 < a � a0 and 0 < b � b0.

(b) ) (a): Assume (b). In Theorem 2.1, if we consider f 2 L2(R with
support in [0; 1] and 0 < b � b0 � 1, we have that f(t)f(t � k=b) = 0 a.e., for
all k 6= 0. Hence, for all c0 � a � a0 and yn = na, we have from Theorem 2.1
and our assumption that fEmbTynggm;n2Z has lower frame bound A,

A = Akfk2 = A

Z 1

0

jf(x)j2 dx �
X

n;m2Z

jhf; EmbTnagij
2
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= b�1
Z
R

jf(x)j2
X
n2Z

jg(x� na)j2 dx = b�1
Z 1

0

X
n2Z

jf(x)j2jg(x� na)j2 dx:

It follows that

A � b�1
X
n2Z

jg(x� ny)j2 a.e. (x; y) 2 [0; 1]� [c0; a0]:

�

An examination of the proof of Theorem 3.2 gives a more explicit result:

Corollary 3.3 Let g 2 W (L1; `1) and assume there is a box Q = [a1; b1] �
[a2; b2] so that

A �
X
n2Z

jg(x� ny)j2 a.e. (x; y) 2 Q:

Let a0 = min(b1 � a1; b2 � a2) and 0 < c0 < a0. Choose � > 0 such that

8�kgkW;c0 + 4�2 � A

2
; and choose a natural number N so thatP

jnj�N
kg � �[c0n;c0(n+1)]k1 � �: Choose b0 so that 1=b0 � 2a0N . Then for all

0 < a � a0 and all 0 < b � b0, fEmbTnaggm;n2Z is a Gabor frame with frame

bounds A=2; B = A=2 + kgkW;c0.

Corollary 3.4 Part (a) in Theorem 3.2 holds if any of the following holds:

(i) There exists a point x0 where g is continuous and non-zero.

(ii) There exists a point (x0; y0) 2 R
2 where P (x; y) :=

P
n2Z

jg(x�ny)j2 is

continuous and non-zero.

(iii) g is bounded below on an interval.

We note that there are functions g 2 L2(R) which cannot be used to give
Gabor frames for any values of a; b > 0.

Example 3.5 There exists a function 0 6= g 2 W (L1; `1) so that the family

fEmbTnaggm;n2Z is not a frame for L2(R) for any a; b > 0.

For this example, we construct a Cantor set E of measure 1/2 in [0; 1] by
removing the middle one fourth of each interval (instead of middle thirds) in
the usual Cantor set construction. That is, in the �rst step the interval [ 3

8
; 5
8
]

is removed, then the process is repeated on the intervals [0; 3
8
]; [ 5

8
; 1], etc. Let

g = �E . Now, for a > 1=2; I := [1=2;min(a; 5=8)] is removed in the Cantor
set construction and so G0(t) :=

P
n2Z

jg(t� na)j2 = 0 for all t 2 I . Hence by
Proposition 4.3 fEmbTnaggm;n2Zcannot form a Gabor frame for any b > 0. For
0 < a � 1=2, let I0 � [0; a] be an interval removed in the construction. Similarly,
for i = 0; 1; 2; : : : ; k, with k the greatest integer less than or equal to a=2 we can
�nd an interval Ii+1 removed in the construction so that Ii+1 � Ii + a. Letting
I = [j(Ik + ja) we have that G0 vanishes on I and so fEmbTnaggm;n2Z cannot
form a Gabor frame for any b > 0.
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4 Frames of the form fEmbTynggm;n2Z

Frames of the form fEmbTynggm;n2Z are often obtained via perturbation of a
regular Gabor frame fEmbTnaggm;n2Z, cf. [29]. Another approach is to ap-
ply the Fourier transform F , which transforms fEmbTynggm;n2Z into the shift-
invariant system fTmbE�ynFggm;n2Z; after that, the theory developed by e.g.
Janssen [24] can be applied. Here we present a di�erent approach.

We �rst prove a necessary condition for an irregular Gabor family fExnTymggm;n2Z

to be a frame. To prove the result we need to recall a result of Christensen,
Deng and Heil [11] which is a generalizatin of a fundamental density result of
Ramanthan and Steger [27].

Theorem 4.1 Let � = f(xn; yn)gn2Z � R � R, g 2 L2(R) and assume that

fExnTynggn2Z is a frame for L2(R). Then there is a constant R > 0 so that for

all c; d 2 R we have

([c; c+R]� [d; d+R]) \ � 6= ;:

Recall that a family of real numbers f�ngn2Z has uniform density D =
D(f�n) if there is an L > 0 such that for all n 2 Zwe have j�n�

n

D
j � L. Ja�ard

[23] has classi�ed when families of exponentials form a frame for L2[0; b].

Theorem 4.2 If a family of real numbers f�ngn2Z is relatively separated and

has a subset of uniform density D > (b � a), then fe2�i�ntgn2Z forms a frame

for L2[a; b].

Proposition 4.3 Assume that fExmTynggm;n2Z is a frame for L2(R) with frame

bounds A;B. There is an a > 0 so that fExmgm2Z is a frame for L2[0; a] with
frame bounds say A1; B1. Furthermore

A=B1 �
X
n2Z

jg(t� yn)j
2 � B=A1 a:e: (1)

Proof: Let � = f(xm; yn) : m;n 2 Zg: By Theorem 4.1 there is a constant
R > 0 so that for all c; d 2 R:

([c; c+R]� [d; d+R]) \ � 6= �:

In particular, if F = fxn : n 2 Zg then for all c 2 R, [c; c + R] \ E 6= �: This
means that (xn)n2Z is a set of uniform density in R. Hence, by Theorem 4.2
there is a constant a > 0 so that fExngn2Z is a frame for L2[0; a] with frame
bounds say A1; B1. For any interval I = [b; b+a] � R and any bounded function
f 2 L2(I) we haveX

m;n2Z

jhf; ExmTyngij
2 =

X
n2Z

X
m2Z

jhf � Tyng; Exmij
2 �

X
n2Z

B1kf � Tyngk
2:

Similarly, X
n2Z

A1kf � Tyngk
2 �

X
m;n2Z

jhf; ExmTyngij
2:
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Also, X
n2Z

kf � Tyngk
2 =

X
n2Z

Z
R

jf(t)g(t� yn)j
2 dt =

X
n2Z

Z
I

jf(t)j2jg(t� yn)j
2 dt =

Z
I

jf(t)j2
X
n2Z

jg(t� yn)j
2 dt:

Combining the above we have for all f 2 L2(I):Z
I

jf(t)j2
X
n2Z

jg(t� yn)j
2 dt �

B

A1

kfk2 =
B

A1

Z
I

jf(t)j2 dt:

It follows that X
n2Z

jg(t� yn)j
2 �

B

A1

:

The other inequality is done similarly with the other frame inequality. �

Note that if xm = mb for all m 2 Z, then fExmgm2Z is a frame for L2[0; 1=b]
with bounds A1 = B1 = b, so we obtain the classical result as a special case.

Now we prove a classi�cation theorem for certain irregular Gabor frames.

Theorem 4.4 Let g 2W (L1; `1). The following are equivalent:

(a) g is bounded below on an interval in R.

(b) There are numbers a0; b0; A > 0 so that for all 0 < b � b0 and all

yn 2 [a0n; a0(n+1)], fEmbTynggm;n2Z is a Gabor frame with lower frame bound

A.

Proof: (a)) (b): Assume there is an interval [c; d] � R and an A > 0 so that

A � jg(t)j2 a.e. t 2 [c; d]:

Let a0 =
d�c
2
: Then for every 0 < a � a0 and for every yn 2 [an; a(n+ 1)] and

every t 2 R, there is an n 2 N so that t� yn 2 [c; d]. Hence,

A �
X
n2Z

jg(t� yn)j
2 a.e. t 2 R:

By changing g on a zero-set we may assume
P

n2Z
supa0n�t<a0(n+1) jg(t)j =

kgkW;a: By Theorem 2.1 we will be done by establishing the following claim:
Claim: There is a b0 > 0 so that for all 0 < b � b0 and all yn 2 [an; a(n+ 1)]
we have X

k 6=0

j
X
n2Z

g(t� y2n)g(t� y2n � k=b)j �
A

4
:

and X
k 6=0

j
X
n2Z

g(t� y2n+1)g(t� y2n+1 � k=b)j �
A

4
:
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We will do the �rst inequality above since the second follows by only nota-
tional changes. Choose a natural number N and � > 0 (to be speci�ed later) so
that X

jnj�N

kg � �[a0n;a0(n+1))k1 � �:

Let g0 = g � �[�a0N;a0N ] and g1 = g � g0. Now
(1) kg1kW;a0 � �.
(2) If 1

b
� 2a0N = 1

b0
, then

g0(t� yn)g(t� yn � k=b) = 0 for all t and all k 6= 0:

Now we compute. (Since fy2ng is an a0-separated sequence, we can apply
Lemma 1.2 in the last inequality below.)X

k 6=0

X
n2Z

jg(t� y2n)jjg(t� y2n � k=b)j =

X
k 6=0

X
n2Z

j(g0 + g1)(t� y2n)jj(g0 + g1)(t� y2n � k=b)j

�
X
k 6=0

X
n2Z

jg0(t�y2n)jjg0(t�y2n�k=b)j+
X
k 6=0

X
n2Z

jg0(t�y2n)jjg1(t�y2n�k=b)j+

X
k 6=0

X
n2Z

jg1(t� y2n)jjg0(t� y2n � k=b)j+
X
k 6=0

X
n2Z

jg1(t� y2n)jjg1(t� y2n � k=b)j

� 0 + 4kg0kW;a0kg1kW;a0 + 4kg0kW;a0kg1kW;a0 + 4kg1k
2
W;a0

� 8kg0kW;a0�+ 4�2:

If � > 0 is chosen so that the right hand side of the above inequality is � A=4,
we are �nished.

(b)) (a): We will do this in steps.
Step I: If E;F � [a; b] with jEj; jF j > 0, then there is

a 0 � x � b� a so that j(x +E) \ F j > 0.
Note that �(�E) � �F 6= 0 sinceZ

R

�(�E) � �F (x) dx =

Z
R

Z
R

�(�E)(x � y)�F (y) dy dx

=

Z
R

�F (y)

Z
R

�(�E)(x� y) dx dy =

Z
R

�F (y)jEj dy = jEj � jF j > 0:

Now, for all x in a set of positive measure,

0 6= (�(�E) � �F )(�x) =

Z
R

�(�E)(�x� y)�F (y) dy =

Z
R

�(x+E)(y)�F (y) dy:

It follows that �(x+E) � �F 6= 0 on a set of positive measure. In particular,
j(x+E) \ F j > 0.
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Step II: We assume the result fails (i.e. g is not bounded below on any interval)
and show that for any 0 < a and any 0 < b0 and any � > 0, there are yn 2
[an; a(n+ 1)] so that

ess inft2R
X
n2Z

jg(t� yn)j
2 � �:

Since g 2W (L1; `1), there is a natural number N so thatX
jnj�N

k�[an;a(n+1)]gk
2
1 �

�

2
:

We assumed that g is not bounded below on any interval. So there are measur-
able sets En � [a(n+ 1=3); a(n+ 1� 1=3)] for n = �N + 1;�N + 2; : : : ; N � 1
with jEnj > 0 and

k�En � gk
2
1 <

�

4N
; for all jnj � N � 1:

Letting Fn = En � a(n+ 1=3), we see that Fn � [a=3; 2a=3].
By iterating Step I, we see that there are numbers 0 � xn � a=3 so that

E := \jnj�N�1(xn + Fn) > 0

has positive measure. Let yn = xn + (n + a=3) for jnj � N � 1 and yn = an
otherwise. So yn 2 [an; a(n+ 1)], for all n 2 Z. But, for all t 2 E

we have: X
jnj�N

jg(t+ yn)j
2 �

X
jnj�N

k�[an;a(n+1)]gk
2 �

�

2
:

Also, for jnj < N and t 2 E we have t+ yn 2 En and soX
jnj<N

jg(t+ yn)j
2 �

X
n2Z

k�Engk
2
1 � 2N

�

4N
=

�

2
:

This completes Step II.
This completes the proof since now it is clear that we cannot have a universal

lower frame bound A for all choices of yn 2 [an; a(n+1)] for any choice of a > 0.
That is, (b) does not hold. �

We now note that if g 2 W (L1; `1), the necessary condition in Proposition
4.3 is suÆcient to ensure existence of a frame for small values of b. This is a vari-
ation of a result of Heil and Walnut ([22], Theorem 4.1.8) and is an immediate
consequence of the proof of Theorem 4.4.

Theorem 4.5 Assume that g 2 W (L1; `1), fyngn2Z is a relatively separated

sequence of real numbers and that there exists a constant A > 0 such that

A �
X
n2Z

jg(t� yn)j
2 a:e:

Then there exists a b0 > 0 such that fEmbTynggm;n2Z is a frame for L2(R) for

all b 2 (0; b0].

11



We do not know if the assumption g 2 W (L1; `1) is necessary in Theo-
rems 4.4 and 4.5. But the next proposition shows that g at least must be in
W (L1; `2).

Proposition 4.6 Let g 2 L2(R) and assume that there exist a; b > 0 such that

for all yn 2 [na; (n+ 1)a], fEmbTynggm;n2Z is a frame for L2(R) with bounds

A;B. Then

bA �
X
n2Z

ess inf
t2[an;a(n+1)] j�[an;a(n+1)]g(t)j

2 �
X
n2Z

jj�[an;a(n+1)]gjj
2
1 � bB:

In particular, g 2W (L1; `2).

Proof: We will prove the upper inequality �rst since we need it to prove the
left hand side inequality. By Proposition 4.3 we have

A �
1

b

X
n2Z

jg(t� yn)j
2 � B a.e. on [a`; a`+ k=b];

and hence this inequality holds on all of R. Fix a natural number N and an
� > 0. There is a Æ > 0 so that for all �N � n � N there is a measurable set
En � [an; a(n+ 1)] satisfying:

(1) 0 < jEnj � Æ.
(2) �Æ +En � [an; a(n+ 1)].
(3) For all t 2 En we have

k�[a;b]gk1 � jg(t)j+ �:

Now we proceed as in the proof of Theorem 4.4. We can �nd an F � [0; a] with
0 < jF j and yn 2 [an; a(n + 1)] so that F + yn � En, for all �N � n � N .
Hence, if t 2 F we have

bB �

NX
n=�N

jg(t� yn)j
2 �

NX
n=�N

�
k�[an;a(n+1)]gk

2
1 + �

�
:

Since � > 0 was arbitrary and jF j > 0 we have

NX
n=�N

k�[an;a(n+1)]gk
2
1 � bB:

Since N was also arbitrary we haveX
n2Z

k�[an;a(n+1)]gk
2
1 � bB:

The lower bound is similar to the above. This time choose F � [0; a], jF j > 0
and En � [an; a(n + 1)] for all �N � n � N and yn 2 [an; a(n + 1)] so that
yn + F � En. Now, for all t 2 F and we have

jg(t+ yn)j
2 � ess inft2[an;a(n+1)] j�[an;a(n+1)]g(t)j

2 +
�

2jnj
:

12



Hence for all t 2 F ,

NX
n=�N

jg(t� yn)j
2 �

NX
n=�N

k�[an;a(n+1)]gk
2 + 3�:

By the upper bound inequality proved above, we can choose N so thatX
jnj�N

k�[an;a(n+1)]gk
2
1 < �:

Hence, for any choice of yn 2 [an; a(n+ 1)] for jnj � N we have

bA �
X
n2Z

jg(t� yn)j
2 �

NX
n=�N

jg(t� yn)j
2 +

X
jnj�N

k�[an;a(n+1)]gk
2
1

� 3�+ �+
X
n2Z

ess inft2[an;a(n+1)]j�[an;a(n+1)]g(t)j
2:

Since � > 0 was arbitrary we have

bA �
X
n2Z

ess inft2[an;a(n+1)]j�[an;a(n+1)]g(t)j
2:

�

It is clear that if g is bounded below on an interval then P (x; y) =
P

n2Z
jg(x�

ny)j2 is bounded below on a box. We do not know of an example where P is
bounded below on a box while g is not bounded below on an interval. However,
we can show that there is a g 2 L2(R) and a y 2 R so that P (x; y) is bounded
below a.e. x while g is not bounded below on an interval. It is an exercise in a
point-set topology course to show that the interval [0; 1] can be written as the
disjoint union of two sets E;F so that neither E nor F contains an interval and
each of them is of measure 1/2. Now let

g = �E + �(F+1):

Then P (x; 1) = 1 a.e. x and g is not bounded below on any interval in R.
Acknowledgement: The authors are indebted to a well-known referee for

pointing out that parts of the original manuscript already existed in the litera-
ture.
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