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ABSTRACT. Let S be a positive self-adjoint invertible operator on an N-dimensional Hilbert
space Hy and let M > N. We give necessary and sufficient conditions on real sequences a; >
ag > --- > ay > 0 so that there is a frame {¢,}M ; for Hy with frame operator S and
lonll = an, for all n =1,2,... M. As a consequence, given any frame operator S as above, there
is a set of equal norm vectors in Hy which have precisely S as their frame operator.

1. INTRODUCTION

A sequence {p, }*, is a frame for an N-dimesional Hilbert space Hy if the positive self-adjoint
frame operator

S=> (P, om)Pm

m=1

is an invertible operator on Hy. A frame {p, }"=M is a A-tight frame if S = A\ and if A = 1, it is
a Parseval frame . If the frame vectors all have the same norm, this is an equal-norm frame. The
analysis operator of the frame is T : Hy — {5(M) given by: T'(p) = {{©, om) }_,. The synthesis
operatoris T* where T*({am }M_)) = M a,npm. So the frame operator is S = T*T. The Gram
matriz is the matrix of the operator T7*. For an introduction to frame theory, see [1, 5, 6]. In
2] there is given necessary and sufficient conditions on real sequences a; > ag > +-+ > ap > 0
so that there exists a tight frame {¢,,}_, for Hy with ||¢m|| = am, for all n =1,2,... M. The
condition for the existence of a A-tight frame given in [2] is that

M
_ 2 2
A= a,, > aj.

m=1
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One interpretation of this result is that it gives necessary and sufficient conditions on ||¢,,|| for
{omM_, to form a frame for Hy with frame operator S = AI. An alternative constructive proof
of this result appears in [4] where an algorithm is given for this construction.

In this paper we generalize these results to the case where A is replaced by any positive self-
adjoint invertible operator S on Hy. That is, for a given S and M > N, we give necessary and
sufficient conditions on a; > ay > --- > aj; > 0 so that there is a frame {gpm}%zl for Hy with
frame operator S and satisfying: ||@m|| = am, for all m =1,2,... M. We will then see that every
frame operator S can be realized as the frame operator of an equal norm frame with M-elements,
for any M > N.

2. MAIN RESULT

The main result in this paper is:

Theorem 2.1. Let S be a positive self-adjoint operator on a N -dimensional Hilbert space Hy.
Let \y > Mg > ... Ay > 0 be the eigenvalues of S. Fix M > N and real numbers a; > ag > -+ >
apr > 0. The following are equivalent:

(1) There is a frame {p; j]‘il for Hy with frame operator S and ||p,|| = a;, for all j =
1,2,.... M.
(2) For every1 <k <N,

k

M N
(2.1) Za? < Z)‘i’ and Za? = Z)‘i‘
' i=1 i=1

=1 i=1

Now we proceed to prove Theorem 2.1. To show that (1) implies (2) in the theorem we will
actually prove a more general result.

Theorem 2.2. Let {goj}gjw be a frame for Hy with frame operator S having eigenvalues Ay >
Ay > - An. If P is an orthogonal projection of Hy onto a k-dimensional subspace of Hy,
1<k <N, then
N M k
2
Do NS Pl <N
j=N—k+1 j Jj=1

J=1

Proof. Let {en}Zj]lV be an orthonormal basis for Hy with Se, = \,e,, n = 1,2,... ., N. Let P
be a rank k orthogonal projection on Hy and let {t;}*_, be an orthonormal basis for PHy. It
is known ( see e.g. [3, 5] ),that

(1) (©ns em)|? = A, for all 1 <m < N
(2) > {pn,e){pn,em) =0forall 1 <l#m<N.

M
>
n=1
M
>
n=1



Now we compute

M M k
S IPeall” = D (i, Poa)?
n=1

n=1i=1

= > D Wi en)f

n=1i=1

2>

n=1i=1

= 33D s ) s o) (i e o )

n=1i=1m=1[=1
N M k

2

Z Vi em){Pn, €m)

m=1

= ZZZ| djhem | | Pny Em | +ZZ ¢zvem ZZJz,ez Z<90nael><90n7€m>

m=1n=1 i=1 i=1m=#l
M

=ZZWMWZWMM

N k
= DD Wi en)l’ M
m=11i=1
Since {1;}¥_, is an orthonormal basis for its span, we have that

k
Z|<¢i,em)|2§1, forall 1<i<k, 1<m<N

=1

and

ZZWWH—ZZWWM—ZWM%

m=1i=1 i=1m=1

Hence (See Lemma 4.1 in the Appendix),

k N k N N
S > (zuwi,emw) M= S 1Pl 3 A
m=1 =1 m=1

m=1 m=N—k

We now give two corollaries. The first is the implication (1) = (2) of Theorem 2.1.

Corollary 2.3. Let {gpj}jj‘il be a frame for Hy with frame operator S having eigenvalues Ay >
Ao > Ay > 0. If||erll = g2l = -+ > |lewmll, then for every 1 < k < N,

k k
D il <N
P =1



Proof. Given k, let P be an orthogonal projection of rank < k on Hy so that ¢; € PHy , for
all 1 < j < k. By Theorem 2.2 we have :

k k M k

2 2 2
D leill® =D 1Pel” < D IPeill* < YA
i=1 i=1 j=1 ‘

O

Corollary 2.4. Let S be a positive self-adjoint operator on Hy with eigenvalues Ay > Ay >
-+ Ay > 0. If P is a rank k orthogonal projection on Hy then

k
r(PSP) <) )\
j=1

Proof. If {e;}7, is an orthonormal sequence in Hy with Se; = Aje;, then {¢; = \/Aje;} 0L, is a
frame for Hy Wlth frame operator S. Hence, PSP is the frame operator for { Py, ;\/:r Applying
Theorem 2.2, for every 1 < k < N, we have

r(PSP) Z 1Peil? < A,

=

3. EQuAL NORM FRAMES

We'll start with a frame {¢;}72, with frame operator S. The vectors used in Corollary 2.4 can
be extended to a frame on Hy Wlth frame operator S. More generally, since S is symmetric,

S=VAV*

where V is a unitary matrix and A is a diagonal matrix with diag(A) = Aj, Ao,..., Ay. Let

Ay be such that its top N rows equal Az and all remaining entries are zero. Let Wy s be
unitary, and let ¢; = j* row of F' = WAV*. Then

F'F = (WAV)*WAV* =VAV* =8
The Gram operator is given by G = F'F*, and
diag(G) = (Jonl -, o).
Then (See e.g. [7]) there is an orthogonal matrix Upsx s and an diagonal matrix A such that
G =U"AU, where diag(G)= (A1,...,An,0,...,0).
Let Virxa be (see Lemma 4.2 in the appendix ) an orthogonal matrix such that if
T =VAV*, then, diag(T)= (a3,...,d3,).

Let 1p; = j™ row of H = VUF. Then {t;}}L, is a frame, since rank(H) = rank(F) = N. Its
frame operator is given by

H*H=(VUF)'VUF = F*F =85,
and the diagonal of its Gram matrix is
diag(VUF(VUF)*) = diag(VUFF*U*V*) = diag(VAV*) = (a}, ..., a3},).



Now we check that the requirements of Theorem 2.1 are always met for equal norm frames.

Corollary 3.1. Let S be a positive self-adjoint operator on a N-dimensional Hilbert space Hy .
For any M > N there is an equal norm sequence {p,}M_, in Hy which has S as its frame
operator.

Proof. Let \y > Ag > ... Ay > 0 be the eigenvalues of S. Let

N
1
(3.1) @ = MZAi.
i=1

Now we check the conditions of Theorem 2.1 (2) to see that there is a sequence {¢,}M_, in
Hy with ||f]| = a for all m = 1,2,..., M and having frame operator S. We are letting
a; = as = ---apy = a. For the second equality in Theorem 2.1, by Equation 3.1,

M M N
(32) S llenmlP = 3 a2 = Ma2 =S
m=1 m=1 i=1

For the first inequality in Theorem 2.1, we note that by Equation 3.1 we have that

1N 1N
2 2
hh=a MZ,1 Ni1 !

So our inequality holds for m = 1. Suppose there is an 1 < m < N for which this inequality
fails, and m is the first time this fails, and we will come to a contradiction. So,

m—1 m—1

Za? = (m—1)a* < Z/\i,

i=1 i=1
while

It follows that
at =a®> >\, > Ama1 = AN
Hence,

=
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m=1 i=1 i=m-+1
N
=1 i=m-+1
N
> > N+ D> N
=1 i=m+1
N

But this contradicts Equation 3.2. ([l



4. PROOF OF THE MAIN THEOREM
Now we complete the proof of the main result by showing that (2) implies (1).
Lemma 4.1. Assume we have two sets of numbers {c,, }_, and {\n}N_, satisfying:
1AM > X+ > Ay

2. We have 0 < ¢,, <1 and ZﬁX:l Cm = k.
Then

k N

N
A2 D Cwdm 2 D A
1 m —N—

m= 1 m k

Proof. We will check the first inequality. The second will follow similarly. Choose non-negagtive
numbers {b,,}* _; so that ¢,, + b, = 1, for all m = 1,2,... k. We first observe that

k N N k k k
Zcm+ Z cm:Zcm:k:Z(0m+bm):Zcm+me.

m=1 m=k+1 m=1 m=1 m=1 m=1

That is,

Since { A\ }NV_, |, we have

1=

k N
Cm)\m S Zcm)\m + < Z Cm> )\kJrl

m=1 m=k-+1
k k
= Z Cm>\m + (Z bm> )\kJrl
m=1 m=1
k
= Z(Cm)\m + bm)\k—i-l)
m=1
k
< ) (CmAm + bnAm)
m=1
N
= Z(Cm + bm))\m
m=1

k
= D
m=1



Every matrix in O(M) ( the orthogonal group ) is obtained as a product of Givens rotations

0(t,j,k) € O(M),j < k, where

;0 0 0 0 0
0 cos(t) 0 sin(t) 0
0t,j,k) = 0 0 In—j—p—onmi—j—k—2 0O 0
0 — sin(t) 0 cos(t) 0
0 0 0 R -

It is clear that
Ot j, k)t = 0(—t, 5, k)

Lemma 4.2. Let \,..., Ay and ay, ..., ay be real numbers such that a® > a3 > -+ > a2, and
for every 1 < k < M,

k k M M
(4.1) Za? < Z)‘i’ and Za? = Z)‘i‘
i=1 i=1 i=1 i=1

Let A be a diagonal matriz with diag(A) = (A1, ..., A\u). Then there is a matriz O € O(M) such
that

diag(ONO*) = (a2, ..., d3,).

Proof. We’ll prove the lemma by induction on M. If M = 2, let t = arcsin(\/ Ay — a3/ Xy — a?
and O = 0(t,1,2,2), and we are done. Now, assume the result holds for M — 1. From the
hypothetsis, A\; > a?, let k be such that A\; > a? for j =1,...,k — 1 and a? > A\;. Let

t = arcsin(y/A1 — a?/A — A and Oy = 0(t, 1,k, M),
Then

a? %0...0
*

O1AO7 =
0
Let A; be the (M — 1) x (M — 1) bottom right box of O;AO;. Then, A; is a diagonal matrix
and, since Tr(A) = Tr(O,AO7),
dZClg(Al) = ()\2, ey )\kfl, )\k + )\1 - a%, )\k+17 ey )\M)

Now we’ll verify that A; and ao, ..., ays satisfy the hypotheses of the lemma.
Ifm <k,

M+t F A >(m—1)*al>(m—1)%a2>a3+---+ad,.
Ifm >k,
Mo+ XA34 A+ A=A+ A+ M F NN =@ F N+ Ay =

MA X+ A —a2>a3+---+ad2,



thus giving
MAXA+-+ Ay >al+a3+--+al,
Then, by our induction hypothesis, there is an Oy € O(M — 1) such that
diag(OaNo03) = (a3, ..., a3,).

1 0
O: (O 02) 01.

will satisfy the claim 0

Then
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