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Abstract:
Unit norm tight frames provide Parseval-like decomposi-
tions of vectors in terms of possibly nonorthogonal collec-
tions of unit norm vectors. One way to prove the existence
of unit norm tight frames is to characterize them as the
minimizers of a particular energy functional, dubbed the
frame potential. We consider this minimization problem
from a numerical perspective. In particular, we discuss
how by descending the gradient of the frame potential,
one, under certain conditions, is guaranteed to produce a
sequence of unit norm frames which converge to a unit
norm tight frame at a geometric rate. This makes the gra-
dient descent of the frame potential a viable method for
numerically constructing unit norm tight frames.

1. Introduction

The analysis operator of some finite sequence of vectors
{fm}Mm=1 in an N -dimensional Hilbert space HN is the
operator F : HN → CM , (Ff)(m) := 〈f, fm〉. The
corresponding frame operator is F ∗F : HN → HN ,

F ∗Ff =
M∑
m=1

〈f, fm〉fm.

Generally speaking, frame theory is the study of how
{fm}Mm=1 may be chosen in order to guarantee that F ∗F
is well-conditioned. In particular, {fm}Mm=1 is a frame for
HN if there exists frame bounds 0 < A ≤ B < ∞ such
that AI ≤ F ∗F ≤ BI, and is a tight frame if A = B, that
is, if F ∗F = AI.
Typically, one’s choice of fm’s is restricted according to
some nonlinear, application-specific constraints. Of par-
ticular interest is the case of unit norm tight frames, that is,
tight frames for which ‖fm‖ = 1 for all m = 1, . . . ,M ;
such frames, known to exist for any M ≥ N , provide
Parseval-like decompositions in terms of vectors of unit
length, even though these vectors are possibly nonorthog-
onal. Despite an ever-growing list of specific construc-
tions of such frames, little is known about the manifold
structure of the set of all unit norm tight frames.
In the hunt for unit norm tight frames, the frame potential,
specifically defined as:

FP({fm}Mm=1) :=
M∑

m,m′=1

|〈fm, fm′〉|2

for any sequence {fm}Mm=1 ∈ HM
N , is a useful tool.

Specifically, the frame potential quantifies the total or-
thogonality of a system of vectors by measuring the to-
tal potential energy stored within that system under a cer-
tain force which encourages orthogonality. Regarded as a
functional over

SMN =
{
{fm}Mm=1 ∈ HM

N : ‖fm‖ = 1, m = 1, . . . ,M
}
,

one may show that when M ≥ N , the local minimizers of
the frame potential are precisely the unit norm tight frames
of M elements for HN . In particular, as the frame poten-
tial is continuous and SMN is compact, one may conclude
that such frames indeed exist for any M ≥ N .
In this paper, we consider the minimization of the frame
potential from a numerical perspective. In particular, in
the next section, we compute the gradient of the frame
potential, namely a specific direction {gm}Mm=1 ∈ HM

N

in which to push {fm}Mm=1 so as to achieve the greatest
instantaneous decrease of FP. Then, in an improvement
over typical uses of gradient descent, we compute an exact
step size in which to travel in this direction so as to pro-
duce a certain decrease in potential. In the third section,
we estimate the size of this decrease in relation to how far
the frame potential is from its minimum; under sufficient
conditions, this estimate may be used to show that by de-
scending the gradient of the frame potential, one may pro-
duce a sequence of unit norm frames which converge to a
unit norm tight frame at a geometric rate.
The frame potential was introduced in [1], with its domain
of optimization being later generalized in [4]. It has been
used to characterize tight filter bank frames [5, 6]. The
frame potential may also be used to prove the existence
of tight fusion frames [3], and the local minimizers of the
fusion frame potential are themselves a subject of inter-
est [7, 9]. Further generalizations of the frame potential
are considered in [2, 8].

2. The gradient of the frame potential

Our goal is to numerically minimize the frame potential
over SMN . As our domain of optimization is a product of
spheres as opposed to the entire space HM

N , our approach
departs from the classical theory of gradients. In particu-
lar, given {fm}Mm=1 ∈ SMN and any {gm}Mm=1 ∈ HM

N such
that 〈fm, gm〉 = 0 for all m = 1, . . . ,M , we shall com-
pute the rate of change of the frame potential as each fm



is pushed along a great circle with tangent velocity gm.
We then define the gradient of FP to be that particular
{gm}Mm=1 which makes this directional derivative as large
as possible. We begin with the following result, which
gives the first two derivatives of the frame potential of a
single parameter family of frames:

Lemma 1 (Lemma 2 of [3]). For any set of twice-
differentiable parameterized curves {fm(·)}Mm=1 in HN ,
the first two derivatives of ϕ(t) := FP({fm(t)}Mm=1) are:

ϕ̇(t) = 4ReTr
(
Ḟ (t)F ∗(t)F (t)F ∗(t))

)
,

ϕ̈(t) = 4ReTr
(
F̈ (t)F ∗(t)F (t)F ∗(t)

)
+ 4‖Ḟ (t)F ∗(t)‖2HS

+ 2‖Ḟ ∗(t)F (t) + F ∗(t)Ḟ (t)‖2HS,

where Ḟ (t) and F̈ (t) are the analysis operators of
{ḟm(t)}Mm=1 and {f̈m(t)}Mm=1, respectively.

We now use Lemma 1 along with Taylor’s theorem to
asymptotically estimate the change in frame potential one
obtains by perturbing a given {fm}Mm=1 ∈ SMN along any
choice of great circles. To be precise, letting:

⊕f⊥m :=
{
{gm}Mm=1 ∈ HM

N : 〈fm, gm〉 = 0, ∀m
}
,

we have the following:

Theorem 2. For any {fm}Mm=1 ∈ SMN , {gm}Mm=1 ∈ ⊕f⊥m,
let:

fm(t) := cos(‖gm‖t)fm + (sin(‖gm‖t)/‖gm‖) gm

whenever gm 6= 0 and let fm(t) := fm otherwise. Then,
{fm(t)}Mm=1 ∈ SMN for any t ∈ R, and satsifies:

M∑
m=1

‖fm(t)− fm‖2 ≤ t2
M∑
m=1

‖gm‖2, (1)

as well as:

FP({fm(t)}Mm=1) ≤ FP({fm}Mm=1)

+ 4tRe
M∑
m=1

〈F ∗Ffm, gm〉

+ 8Mt2
M∑
m=1

‖gm‖2. (2)

Proof. It is straightforward to show that ‖fm(t)‖ = 1 for
all m = 1, . . . ,M and all t ∈ R. To show (1), note that
for any m such that gm 6= 0, we have:

‖fm(t)− fm‖2 =
(
cos(‖gm‖t)− 1

)2 + sin2(‖gm‖t)
= 4 sin2(‖gm‖t/2)

≤ ‖gm‖2t2. (3)

As (3) also immediately holds for anym such that gm = 0,
we may sum (3) over all m to conclude (1). To show (2),
we apply Taylor’s theorem to ϕ(t) = FP({fm(t)}Mm=1) at
t = 0:

ϕ(t) ≤ ϕ(0) + tϕ̇(0) + 1
2 t

2 max
s∈R
|ϕ̈(s)|. (4)

To compute the terms in (4), note that

ḟm(t) = −‖gm‖ sin(‖gm‖t)fm + cos(‖gm‖t)gm (5)

for any m such that gm 6= 0. As (5) also immediately
holds when gm = 0, we have ḟm(0) = gm for all m.
Thus, by Lemma 1,

ϕ̇(0) = 4ReTr
(
Ḟ (0)F ∗(0)F (0)F ∗(0)

)
= 4ReTr

(
Ḟ (0)F ∗FF ∗

)
= 4Re

M∑
m=1

〈Ḟ (0)F ∗FF ∗em, em〉

= 4Re
M∑
m=1

〈F ∗Ffm, ḟm(0)〉

= 4Re
M∑
m=1

〈F ∗Ffm, gm〉. (6)

Next, as taking the derivative of (5) yields f̈m(t) =
−‖gm‖2fm(t) for any m, we have:

Tr(F̈ (t)F ∗(t)F (t)F ∗(t))

=
M∑
m=1

〈F̈ (t)F ∗(t)F (t)F ∗(t)em, em〉

=
M∑
m=1

〈F ∗(t)F (t)fm(t), f̈m(t)〉

=
M∑
m=1

〈F ∗(t)F (t)fm(t),−‖gm‖2fm(t)〉

= −
M∑
m=1

‖gm‖2‖F (t)fm(t)‖2. (7)

In particular, combining (7) with Lemma 1 gives:

ϕ̈(t) = −4
M∑
m=1

‖gm‖2‖F (t)fm(t)‖2

+ 4‖Ḟ (t)F ∗(t)‖2HS

+ 2‖Ḟ ∗(t)F (t) + F ∗(t)Ḟ (t)‖2HS. (8)

To bound (8), note that by (5),

‖F (t)‖2HS =
M∑
m=1

‖fm(t)‖2 = M,

‖Ḟ (t)‖2HS =
M∑
m=1

‖ḟm(t)‖2 =
M∑
m=1

‖gm‖2,



and thus, taking absolute values of (8), we have:

|ϕ̈(t)|

≤ 4
M∑
m=1

‖gm‖2‖F (t)fm(t)‖2 + 4‖Ḟ (t)F ∗(t)‖2HS

+ 2‖Ḟ ∗(t)F (t) + F ∗(t)Ḟ (t)‖2HS

≤ 4
M∑
m=1

‖gm‖2‖F (t)‖22‖fm(t)‖2 + 4‖Ḟ (t)F ∗(t)‖2HS

+ 2
(
‖Ḟ ∗(t)F (t)‖HS + ‖F ∗(t)Ḟ (t)‖HS

)2
≤ 4

M∑
m=1

‖gm‖2‖F (t)‖2HS + 12‖Ḟ (t)‖2HS‖F (t)‖2HS

= 16M
M∑
m=1

‖gm‖2. (9)

Substituting (7) and (9) into (4) yields (2).

In light of the Taylor expansion (2), one, in light of
Cauchy’s inequality, might expect the gradient of FP,
namely the {gm}Mm=1 ∈ HM

N which maximizes the linear
term

Re
M∑
m=1

〈F ∗Ffm, gm〉,

to be given by gm = F ∗Ffm for all m = 1, . . . ,M . In-
deed, one may show that this would be the correct gradi-
ent if the frame potential was being regarded as a func-
tional over the entire space HM

N . However, as we are
optimizing over SMN , we require that {gm}Mm=1 ∈ ⊕f⊥m,
and as such, instead take {gm}Mm=1 to be the projection of
{F ∗Ffm}Mm=1 onto ⊕f⊥m. In the next result, we formally
verify that such a choice is indeed optimal.

Theorem 3. For any {fm}Mm=1 ∈ SMN , the minimizer of
the bound in (2) over all t ∈ R and {gm}Mm=1 ∈ ⊕f⊥m is
given by t = −1/(4M) and

gm = F ∗Ffm − ‖Ffm‖2fm, m = 1, . . . ,M.

In particular, there exists {f̃m}Mm=1 ∈ SMN such that:

M∑
m=1

‖f̃m − fm‖2

≤ 1
16M2

M∑
m=1

(
‖F ∗Ffm‖2 − ‖Ffm‖4

)
, (10)

and such that:

FP({f̃m})Mm=1)− FP({fm}Mm=1)

≤ − 1
2M

M∑
m=1

(
‖F ∗Ffm‖2 − ‖Ffm‖4

)
. (11)

Proof. We seek to minimize:

4tRe
M∑
m=1

〈F ∗Ffm, gm〉+ 8Mt2
M∑
m=1

‖gm‖2

=
2
M

M∑
m=1

Re〈F ∗Ffm + 2Mtgm, 2Mtgm〉 (12)

over all {gm}Mm=1 ∈ SMN and all t ∈ R. We note imme-
diately from (12) that the optimal {gm}Mm=1 and t are not
unique, though we now show that their product is. Indeed,
for any fixed m, letting Pm denote the orthogonal projec-
tion of HN onto the orthogonal complement of fm, we
have:

Re〈F ∗Ffm + 2Mtgm, 2Mtgm〉
= Re〈F ∗Ffm + 2Mtgm, 2MtPmgm〉
= Re〈PmF ∗Ffm + 2Mtgm, 2Mtgm〉
= 1

4

(
‖PmF ∗Ffm + 4Mtgm‖2 − ‖PmF ∗Ffm‖2

)
≥ − 1

4‖PmF
∗Ffm‖2,

with equality if and only if PmF ∗Ffm + 4Mtgm = 0.
Thus, to minimize (12), and consequently to minimize the
upper bound in (2), we may take t = −1/(4M) and

gm = PmF
∗Ffm

= F ∗Ffm − 〈F ∗Ffm, fm〉fm
= F ∗Ffm − ‖Ffm‖2fm, (13)

as claimed. Moreover, in light of (13), we have:

‖gm‖2 = 〈F ∗Ffm, gm〉
=
〈
F ∗Ffm, F

∗Ffm − ‖Ffm‖2fm
〉

= ‖F ∗Ffm‖2 − ‖Ffm‖4,

which, when substituted into (1) and (2) yields (10)
and (11), respectively, where f̃m := fm(−1/4M).

Note that as ‖Ffm‖4 = |〈F ∗Ffm, fm〉|2 ≤ ‖F ∗Ffm‖2
for allm = 1, . . . ,M , Theorem 3 provides a direction and
step size in which to travel from a given {fm}Mm=1 ∈ SMN
so as to produce a concrete decrease in frame potential.
In the next section, we estimate the size of this decrease
in terms of how far the current potential is from its mini-
mum, and in so doing, provide an upper bound on the rate
at which repeated applications of Theorem 3 will asymp-
totically produce a unit norm tight frame.

3. Gradient descent of the frame potential

We now consider the gradient descent of the frame po-
tential: by repeatedly applying Theorem 3, we hope to
produce a sequence of unit norm frames which are con-
verging to a unit norm tight frame. Here, the main idea
is to estimate the right hand side of (11) as a proportion
of the difference between the current value of the frame
potential and its minimum.
To be clear, in [1], the minimum value of FP over SMN
is found to be M2/N ; we now show how the quantity
FP({fm}Mm=1)−M2/N is a good metric on the tightness
of {fm}Mm=1. Indeed, letting {λn}Nn=1 be the eigenvalues
of the corresponding frame operator F ∗F , we have:

N∑
n=1

λn = Tr(F ∗F ) = Tr(FF ∗) =
M∑
m=1

‖fm‖2 = M.

(14)



In particular, (14) implies that {fm}Mm=1 ∈ SMN is tight if
and only if λn = M

N for all n = 1, . . . , N . Moreover, as

FP({fm}Mm=1) = ‖FF ∗‖2HS = Tr
[
(F ∗F )2

]
=

N∑
n=1

λ2
n,

another consequence of (14) is that:

FP({fm}Mm=1) =
N∑
n=1

(λn − M
N + M

N )2

=
N∑
n=1

(λn − M
N )2 + 2(0) + M2

N ,

and thus:

FP({fm}Mm=1)− M2

N =
N∑
n=1

(λn − M
N )2. (15)

That is, the difference between the frame potential and its
minimum is the square of the distance of the eigenvalues
of F ∗F from their optimal values. Using this fact, one
may show:

Theorem 4. For any {fm}Mm=1 ∈ SMN ,

M∑
m=1

(
‖F ∗Ffm‖2 − ‖Ffm‖4

)
≥ δ2

(
FP({fm}Mm=1)− M2

N

)
, (16)

where δ is defined as:

δ := inf max
m

min
n
|〈fm, en〉|, (17)

where the infimum is taken over all orthonormal bases
{en}Nn=1 of HN .

For sake of space, we omit the complete proof of Theo-
rem 4; the main idea is to let {en}Nn=1 be an orthonormal
eigenbasis of F ∗F , and note that for any m = 1, . . . ,M ,

‖F ∗Ffm‖2 − ‖Ffm‖4

=
∥∥∥F ∗F N∑

n=1

〈fm, en〉en
∥∥∥2

−
∣∣∣〈F ∗F N∑

n=1

〈fm, en〉en, fm
〉∣∣∣2

=
∥∥∥ N∑
n=1

λn〈fm, en〉en
∥∥∥2

−
∣∣∣ N∑
n=1

〈fm, en〉〈λnen, fm〉
∣∣∣2

=
N∑
n=1

λ2
n|〈fm, en〉|2 −

∣∣∣ N∑
n=1

λn|〈fm, en〉|2
∣∣∣2 (18)

=
N∑
n=1

∣∣∣λn − N∑
p=1

λp|〈fm, ep〉|2
∣∣∣2|〈fm, en〉|2, (19)

where the equality of (18) and (19) arises from the fact that
they both represent the variance of the random variable
{λn}Nn=1 with respect to the probability density function
{|〈fm, en〉|2}Nn=1.

The significance of Theorem 4 is that it bounds the de-
crease in frame potential given in Theorem 3 in terms
of (15), that is, how far {fm}Mm=1 ∈ SMN is from being
tight. Indeed, using Theorem 4, one may show:

Theorem 5. For any {fm}Mm=1 ∈ SMN , there exists
{f̃m}Mm=1 ∈ SMN such that:

M∑
m=1

‖f̃m − fm‖2 ≤ N+1
16M

(
FP({fm}Mm=1)− M2

N

)
, (20)

and such that:

FP({f̃m})Mm=1)− M2

N

≤
(
1− δ2

2M

)(
FP({fm}Mm=1)− M2

N

)
, (21)

where δ is given in (17).

By repeatedly applying Theorem 5, one produces a se-
quence of unit norm frames whose tightness, measured in
terms of (15), improves at a geometric rate, provided all
δ’s remain above some positive lower bound; finding such
a bound is a subject of current research.
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