Hilbert Space Frames Containing a Riesz Basis and
Banach Spaces Which Have No Subspace
Isomorphic to ¢,

Peter G. Casazza™
Department of Mathematics, University of Missouri, Columbia, Missouri 65211
and
Ole Christensen'

Mathematical Institute, Building 303, Technical University of Denmark,
2800 Lyngby, Denmark

Submitted by William F. Ames
Received September 28, 1995

DEDICATED TO KY FAN

We prove that a Hilbert space frame {f},c; contains a Riesz basis if every
subfamily {f},c;, J €1, is a frame for its closed span. Secondly we give a new
characterization of Banach spaces which do not have any subspace isomorphic to
cg. This result immediately leads to an improvement of a recent theorem of Holub
concerning frames consisting of a Riesz basis plus finitely many elements  © 1996
Academic Press, Inc.

1. INTRODUCTION

Let % be a separable Hilbert space with the inner product ¢ -, - ) linear
in the first entry. A family {(f}};. ; of elements of /# is called a frame for #
if

34,B > 0: AlfI* < L [<F. /O < BIfIP, Vfew

iel
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A and B are called frame bounds. If {f)};c, is a frame, then Sf:=
Yie 1S, [ f; defines a bounded invertible operator on #. This fact leads
to the frame decomposition: every f € # has the representation

f=S887f= Y Af, ST Df

iel

So a frame can be considered as a generalized basis in the sense that every
element of /# can be written as a linear combination of the frame
elements. Actually one has that

{f},<; is a Riesz basis

L e [{fi}iE, isaframeand Y c,f;=0=¢, =0, Vi.

iel

Recently more authors have been interested in the relation between
frames and Riesz bases. Holub [H] concentrates on near-Riesz bases, i.e.,
frames consisting of a Riesz basis plus finitely many elements. He is able
to give equivalent characterisations of such frames. Seip [Se] deals only
with frames of complex exponentials. Among his very interesting results
one finds examples of frames which do not contain a Riesz basis. On the
other hand he proves that all frames which have appeared “naturally”
until his paper contain a Riesz basis.

Using different techniques, the present authors have constructed a
frame not containing a Riesz basis [CC]. Furthermore one of the authors
gave the first condition implying that a frame contains a Riesz basis [C1].
The purpose of the first part of the present paper is to show that the
conclusion is true under weaker conditions than in [C1]. We also give an
example where the new theorem can be used, but where the condition in
the version of [C1] is not satisfied.

In the second part of the paper we present a new characterization of
Banach spaces which do not have any subspace isomorphic to ¢,. This is
important in itself, but the reason for combining it with the frame result
above is that it immediately leads to an improvement of a recent frame
result of Holub [H]. Holub shows that if a frame is norm-bounded below,
then it is a near-Riesz basis if and only if it is unconditional, which means
that if a series X, ,c;f; converges, then it converges unconditionally.
Actually we are able to prove the same without the condition about
norm-boundedness; however, this property follows as a consequence of the
situation.
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CASAZZA AND CHRISTENSEN
2. FRAMES CONTAINING A RIESZ BASIS

A frame {f};, is called a Riesz frame if very subfamily {flicsisa
frame for its closed span, with a lower bound A4 common for all those
frames. One of the main results in [C1] is

THEOREM 2.1. Every Riesz frame contains a Riesz basis.

The main ingredient in the proof is an application of Zorn’s lemma. Our
goal is to show that the conclusion actually holds without the assumption
about a common lower bound. This is important in practice, since one
might be in the situation that some theoretical arguments give the frame
property, but no knowledge of the bounds. However, the proof of this
more general theorem is much more complicated and in fact Theorem 2.1
is part of the results we use in the proof. We need a lemma:

LemMa 22. Let {f};c be a frame. Given € > 0 and a finite set Jcl,
there exists a finite set J' containing J such that

Y KPP <elfl’,  Vfespan{f}ics

iel-J'

Proof. Let {e;}_, be an orthonormal basis for span{f}); ;. Given € > 0
we take the index set J' containing I such that

€
Y [Kepfoff <=, foralljel.
iel-I n ,

Now take f € span{f};. ;. Writing f = L}_(f, ¢;)¢; we get

2

Y (freep i)

Y KHP= X

iel-J' iel-J'|j=1
n ) )
< ¥ Y [fepl L Kep £l
iel-J' j=1 j=1

= X f: [Ke;, i IF - IFIZ < e IIFIP.

iel-J j=1

PrROPOSITION 2.3. Let {f}),c, be a frame with the property that every
subset of {f}} is a frame for its closed linear span. Then there is an € > 0, and
finite subsets J € J' C I, with the property: For every J" C I —J', the family
{f}ic o has lower frame bound 2 e.
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Proof. We assume that proposition fails and construct by induction
sequences of finite subsets Jy,J,,... and Ji,J;,... with the following
properties.

1) U J <y, :
(2) For every f € span{f}e yr_ s, With Ifll =1,

* 1
2
T Kemls-,

iel-J,

(3) There is some f € span{f};c y»_,s, With Ifll = 1 and

1
r Kawfs—.

ie Ui,

We will quickly check the induction step. Assume J,J,,...,J, and
Ji, Js,...,J._, have been chosen to satisfy (1)—(3) above. By Lemma 2.2,
there is a finite set J, c I with U?_; CJ, satisfying (2) above with the
constant 1/(n + 1). Given € = 1/(n +1),and J=Uj} J; and JCJ,,
our assumption that the proposition fails implies there is a finite set
J.,1 €I —1J, so that (3) holds for 1/(n + 1). This completes the induc-
tion. We now let J = U%_,J,. It is easily seen from (2) and (3) above that
{f). _ . is not a frame for its closed linear span. That is, for each n, there is

ey B 2P e a2alt A0 2

a f € span{f};c yr_,y, With IfIl = 1 and satisfying (3). We now have by (2),

1 1 2
TRAEME= T KARP+ T KAaffs—+-==

ies ieUn,; i€ USapetd; n

This contradiction completes the proof of the proposition.

THEOREM 2.4. If every subset of {f}};c is a frame for its closed linear
span, then {f}; . ; contains a Riesz basis.

Proof. By Proposition 2.3, there exists an € > 0 and finite sets J and J'
with JcJ' so that whenever J" c I —J' the lower frame bound of
{f}csur is =€ Let P denote the orthogonal projection of H onto
span{f},c ;. Then for all J* cI—J’, if fe€ span{(I — P)f};c, then
fespan(flcsums0

df<s ¥ KAHfP= X KU-P). I

ieJury’ - ieJulJ”

Y. KU -P)f. il = T K =PI

ieJ” iel]”

A

ol bt

~ b el
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It follows that for every J* c I —J', the set {(I — P)f});c ,» has lower
frame bound € > 0. Obviously every frame {(I — P}f}};c , has the same
upper bound as {f}}; ;, so Theorem 2.1 applied to {(I — P)f}};c;_,» shows
that there exists a subset I’ ¢ I — J' such that {(I — P)f};c is a Riesz
basis for its closed span. Hence, for all sequences {c;} € I*(I"),

> cifi" 2 ieZI’Ci(I —P)fi” = 5‘/ i§,|cilz ,

ier
i.e., {f}; is a Riesz basis for its closed span. But since dim(P%) < = it
can be extended to a Riesz basis for /# just by adding finitely many
elements.

To prove that Theorem 2.4 really is an improvement of Theorem 2.1 one
needs an example of a frame, where every subfamily is a frame for its
closed span, but where there does not exists a common lower bound for all
those frames. We present such an example now:

ExampLE. Let {¢;J"_; be an orthonormal basis for # and define

L

1
{fitiex = {eiaei + Eel} .
i=2

First we show that every subfamily {f},.,, is a frame for its closed span.
For convenience, write the subfamily as

1
{fitier = ledics Y {ei + 5751}
ieJ
First we assume that I N J = . Then {¢};;; is an orthonormal basis

for its closed span. The idea is now to show that {f};., is a perturbation
of this family and thereby conclude that the family itself is a frame. Since

2
<1

T If~ el = Z[%]zs > [%

ieluJ ieJ i=2

we conclude by [C1, Corollary 2.3(b)] that {f;};, is a Riesz basis for its
closed span, as desired.

Now assume that I N J # &. Write

1 1
{filicL = {ei’ei + 5{31} U{e}icr-s Y {ei + ‘2—,-31} .
ierny iel-1
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Clearly span{f}},c, = span{{e,} U {e;};c;u ;). The sequence {f}c, is a
Bessel sequence (i.e., the upper frame condition is satisfied) so by [C2,
Corollary 4.3] we are done if we can show that the operator

T:1*(L) - span{f};c. T{e} = L ef:

ieL

is surjective. Now, let f & spanf}};.,. We want to write f as a linear
combination of elements f; with coefficients from [ 2(L). First,

f= E (f.ene; + Z (free; + Z (free +{f,epe

iel—-J ieJ—-I i€eInJ

1
- T Gt T edat ze

iel-J ieJ-I

1
- Z <f,ei>5,fel+<f,e1>e1+ Z (f,ei>ei‘

ieJ-1 ieInJ

Choose n € I N J. Then

1
f= Z (free; + Z <f’ei>(ei+§e1)

iel-J ieJ—-I

1
—(—2" ) <f’ei>§7 +2"(f,e1))e,,

ieJ-I

+ <fsen>en + Z <f’ei>ei

ieInJ—{n}

1
= Y (f.eve + )y <f’ei>(ei+5i'el)

ieluJ ieJ—-1

1 1
-2 ¥ <f,e.->§+2"<f,e1>)-(e,,+5”-el)

ieJ—-I

1
+(2" Y <f,€i>§7 - 2™(f,e) +{f, e,,))e,, + Y (f,epe;.

iel-1 ieInJ—{n}

So every f € span{f}};c, can be written as a linear combination of the
elements in {f};.,, and obviously the coefficient sequence is in I*(L).
That is, T is surjective, and the proof is complete. Now we show that there

P o)
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is no common lower bound for all subframes. Let n € N and consider the
family {e,, e, + (1/2"}e,}, which is a frame for span{e;, e,}. Since
2
I <el’ en> l2 + =

1
(e e, + E;el)

2
>on “Neyll

the lower bound for this frame is at most 1/2%". Hence there is no
common lower bound.

- 3. BANACH SPACES HAVING A UNCONDITIONAL BASIS
AND NEAR-RIESZ BASES IN HILBERT SPACES

In this section we prove the following:

TueoreM 3.1.  Let {f,}°_, be a frame for the Hilbert space 7. Then {fif-1
is unconditional if and only if it is a near-Riesz basis.

With the additional assumption that the f;’s are norm bounded below
the result is proven by Holub [H] using a result of Heil [He, p. 168}
Theorem 3.1 shows that this assumption is superfluous. However, it is a
consequence of the situation, since every near-Riesz basis is norm-bounded
below. The “if” part above follows from this property and the original
result of Holub. The “only if” part is more complicated, but actually we
prove a much more general result concerning abstract Banach spaces. This
result has independent interest in Banach space theory in that it classifies
those Banach spaces which do not have any subspace isomorphic to ¢;.

TugoreM 3.2. Let X be any Banach space. The following are equivalent:

(1) No subspace of X is isomorphic to ¢.

(@) If{yY., S X is a sequence, so that whenever Yr_,a;y; converges
for some coefficient sequence {a;}, the series must converge unconditionally,
then there is some ny € N so that {(y);., is a unconditional basis for its
closed span.

The “only if” part of Theorem 3.1 is a consequence of Theorem 3.2.
Actually a Hilbert space satisfies (1) of Theorem 3.2, so if {ff-.,isa
near-Riesz basis for a Hilbert space 7, then there exists a n, such that
{fi¥i-n, s 2 unconditional basis for its closed span and a frame for its
closed span. Here we used the fact that if one deletes finitely many
elements from a frame, then one still has a family which is a frame for its
closed span ((C3, Lemma 2] or [CH, Theorem 7] for a more general
statement). So by the characterization of Riesz bases in the Introduction,
{f-n, is a Riesz basis for its closed span. This space has finite codimen-
sion, so adding finitely many elements we obtain a Riesz basis for #, and
Theorem 3.1 follows.
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The proof of Theorem 3.2 requires some preliminary results.

LeEmMMA 3.3. If X is a Banach space, {y);-, € X, and {c};., are scalars
so that ¥5_,c;y; converges unconditionally in X, then

oo

Z €CiYi

i=n

= 0.

lim,, _, . SUP, - 11

Proof. If the conclusion of the lemma fails, then there is some € > 0
and natural numbers n, <n, < -~ and some ¢/ = +1, j=1,2,... and
i=n,n;+1...,with IIZL,,ieijc,.y,-II > €. Since 2} ,c;y; converges uncon-
ditionally, £7_, €/c;y; converges in X, and hence lim, _, JIZ;_ €/c;yll =0

* for all j. Therefore, by switching to a subsequence of n; (let us call it n;
again), we have for all j = 1,2,...,

nj -1
Y eley

i=n;

€
=
2

Letting d; = €/c;, for n; <i <n;,; — 1 we have that
njq—1

Z Z Eijciyi:: Zdiyi
j=1 i=n;

i=n,

converges in X, since it is just a change of signs on the unconditionally

convergent series X7_, c;y;. However,

" m n

nj—1

L ey,

l='lj

nj—1

Z d;y;

l=nj

>

N m

implies that X7_, d;y; does not converge in X. This contradiction com-
pletes the proof of Lemma 3.3.

Next we introduce the notation needed for the proof of Theorem 3.2. If
{x)r_, is a basis for a Banach space X, n; <n, < :- are natural
numbers, and y; = E:-’g,,lj'lc,-xi are vectors in X, we call {yJ_; a block
basic sequence of {x;}_,. If {x;}"_, is a unconditional basis for X, then it is

_easily seen that a block basic sequence {y,};-; is a unconditional basis for
its closed span with unconditional basis constant less than or equal to the
unconditional basis constant for {x;}_, in X.

A series ¥, x, is a Banach space is said to be weakly unconditionally
Cauchy if given any permutation  of the natural numbers, (Z}_ 1%, ) is
a weakly Cauchy sequence; alternatively, X,x, is weakly unconditionally
Cauchy if and only if for each x* € X*, T, lx*(x,)l < o (see [D, Chap. VD.
Let N denote the family of all finite subsets of the natural numbers. We
will need a result which follows immediately from Theorem 6 of [D, p. 44].
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PROPOSITION 3.4. The following statements are equivalent:
(1) X,x, is weakly unconditionally Cauchy.
@ SUPs e A?”En e Axn" <.
Also, we will need Theorem 8 from [D, p. 45], which we now state for
completeness.

PROPOSITION 3.5. Let X be a Banach space. Then, in order that each
weakly unconditionally Cauchy series in X be unconditionally convergent, it is
necessary and sufficient that X contains no copy of c,.

Now we are ready to prove Theorem 3.2

(2) = (1). It suffices to show that ¢, fails property (2). Let {e,}; - be the
unit vector basis of ¢, and define

Yan = €p> y2n+1=en’n=1’27""
We will show that {y,} satisfies the hypotheses of (2) but fails the
conclusion. So assume that ¥°_,c,y, converges in ¢,. Since ||y,|l = 1, for
all n, it follows that lim, _, lc,| = 0. Given any €, = +1, [} _ €,y Yalls
< 2sup,, < | €. |- Hence,

oo
Z €.CpVn

n=m

< 2lim,, _, , SUp,, < klcil = 0.

o0

lim,, .

So X_,€,c, Y, converges in c,. That is, whenever Y _,C,y, converges in
c,, then the series converges unconditionally. So the hypotheses of (2) in
Theorem 3.2 are satisfied. But clearly the conclusion of (2) fails since any

subset of {y,}, which contains all but a finite number of the y,, must

contain two equal elements and hence cannot be independent.

(1) = (2). We proceed by way of contradiction. So assume (1) and the
hypotheses of (2) are satisfied, but the conclusion of (2) fails. Alternately
applying this assumption and Lemma 3.3, we find natural numbers
Ny, Ny,..., and € = +1, and scalars {c;};, so that for all j,

) IZfs el < 1/27,
@ 172 <(1/Dsup,,- lIZFi5 1 € eyl < ”E;'Qn‘j+1€ijci}’i" =1

We let z; = L7is j€le;y, for j=1,2,....

Claim. sup, < ﬁHZie A Zi” = @,

This claim follows quickly. That is, if this sup were finite, then X,z
would be unconditionally Cauchy by Proposition 3.4. But then since we
assumed ¢, does not embed into our space, by Proposition 3.5, it would
follow that this series is unconditionally convergent. But this is ridiculous
since ||zl = 1, for all i = 1,2,... . This completes the proof of the Claim.

By applying our claim and choosing successive subsets A € N, and
reindexing we have the following. There are natural numbers 7y, Bg,.. .5
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natural numbers 0 = my; < m; <m, < -+, a sequence of scalars {c;}, and
choices of signs €/ = +1, so that
6) Xk 16 il <124,
(6) 1/2 < (1/2)sup€ —:{:1”21 n; +1E ¢ yz” < |IE"’+n1 +1€]ctyz” = 1
(7) ”Z;"kmk+1(zx n; H 16 /c; yl)" Kk > k.
We will now show that the series
(8) Em l(l/Kk)[Z;nkm1,‘+ I(Zn 16 yz)]

converges in X as a series in c;y;, but the series does not converge
unconditionally.

That the series does not converge unconditionally can be proven easily.
For any k = 1,2,...,

1 My Bj+1 1 My 1 Pj+y
Supei=ilz— Z Z lyl K Z Z 6 xyi =1.
kllj=mg+1 \i=n;+1 kllj=mg+1 \i=n;+1
k j k J

That is, the series in (8) fails Lemma 3.3 and hence is not unconditionally
convergent. To prove that the series in (8) converges, we must check that
the “tail end” of the series converges to 0 in norm. So consider ¥;_.c;y;,
and fix k with m;, + 1 <l<m,, ,and n,+1<s <n; ;. Then

1 M1 1 M+t Bjvy o 1 My Rty
Yoyt X Yoean|+ X X )) Y
j=m,+1 i=n]-+1

Kk i=s Kk j=i+1\i=n;+1 t=k+1 "™t
1 || P+ 1 P+ Rjeq
< X, Yoey| + ' X Y oy
k|li=s kj=i+1|li=n;+1
o 1 [ ma Rjs
+ Z = Z Z 934
t=k+1 | j=m+1[i=n;+1
2 ny © Rjs+1
=< K, SUPe=z:1 Y eyl + X Y oy
k i=m+1 j=l+1|i=n;+1

S—+ Y =<—+ =

Hence, our series (11) converges. This contradiction completes the proof
of Theorem 3.2.
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