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ABSTRACT. The 1987 Bourgain-Tzafriri Restricted Invertibility Theorem is one
of the most celebrated theorems in analysis. At the time of their work, the au-
thors raised the question of a possible infinite dimensional version of the theorem.
In this paper, we will give a quite general definition of restricted invertibility for
operators on infinite dimensional Hilbert spaces based on the notion of density
from frame theory. We then prove that localized Bessel systems have large subsets
which are Riesz basic sequences. As a consequence, we prove the strongest possi-
ble form of the infinite dimensional restricted invertibility theorem for ¢;-localized
operators and for Gabor frames with generating function in the Feichtinger Alge-
bra. For our calculations, we introduce a new notion of density which has serious
advantages over the standard form because it is independent of index maps -
and hence has much broader application. We then show that in the setting of
the restricted invertibility theorem, this new density becomes equivalent to the
standard density.
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1. INTRODUCTION

In 1987, Bourgain and Tzafriri proved one of the most celebrated and useful
theorems in analysis [5]: The Bourgain-Tzafriri Restricted Invertibility Theorem.
The form we give now can be found in Casazza [6], Vershynin [22] (where the
restriction that the norms of the vectors T'e; equal one - or even are bounded below
- is removed), and Vershynin [23, 24] (also see Casazza and Tremain [11]).

Theorem 1.1 (Restricted Invertibility Theorem). There exists a function
c:(0,1) — (0,1) so that for every n € N and every linear operator T : {5 — (5
with ||Te;|| =1 fori=1,2,---,n and {e;}}'_, an orthonormal basis for {y, there is
a subset Jo C {1,2,---,n} satisfying

| Jel > (1 —;),
n 17|
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(2) For all {b;}jcj. € £2(Jc) we have

1> b5Tes|> > cle) Y [bl*.

J€Je J€Je

Throughout this paper, || - || represents the Hilbert space norm on vectors and the
operator norm for operators acting on Hilbert spaces.

In our proofs we will need a minor extension of Theorem 1.1 which is stated and
proved in the appendix (see Theorem 6.1). It is easily seen that (1) is best possible
in Theorem 1.1. Letting Tey; = €; = Teg;_1 for : = 1,2,---,n in E%n, we see that
1/||T||? is necessary. In [8] it is shown that the class of equal norm Parseval frames
{fi ?21 in /5 are not 2-pavable. In the current setting, this says that Theorem 1.1
(1) fails if e = 0.

In their paper [5], Bourgain and Tzafriri raised the question of a possible infinite
dimensional version of their theorem. They then gave a weakened version of this
for the special case of families of exponentials. Vershynin [24] proves an infinite
dimensional restricted invertibility theorem for restrictions of exponentials to subsets
of the torus.

In this paper, we will use the notion of density from frame theory to give a
precise definition for infinite dimensional restricted invertibility. We then prove a
very general theorem on restricted invertibility for classes of Bessel systems which
are f{1-localized with respect to frames. As a consequence, we obtain the general
restricted invertibility theorem for ¢;-localized operators on arbitrary Hilbert spaces.
We apply our general results to prove the restricted invertibility theorem for Gabor
systems with generator in the Feichtinger algebra as well as for systems of Gabor
molecules in the Feichtinger algebra.

Standard density theory requires an index map (see Section 2.) This can be
problematic in some applications. So we will introduce a new notion of density
which is independent of index maps and as a consequence should have much broader
application in the field. We will then show that in the presence of localization, this
form of density becomes equivalent to the standard form.

The notion of localization with respect to an orthonormal basis is not usable in
Gabor theory due to the Balian-Low Theorem [13]. This is why we have to move from
rectangular coordinate systems to overcomplete coordinate systems. This leads us
to introduce a new concept of relative density, because there, the overcompleteness
of the coordinate system factors out.

Balan, Casazza, Heil and Landau [2] show that ¢; self-localized frames are finite
unions of Riesz sequences. Also, Grochenig [14] introduces another notion of local-
ization and shows that frames which are localized in his sense are finite unions of
Reisz sequences. This shows that such sequences satisfy the requirements of the
Kadison-Singer Problem [9, 10, 17]. In these papers, it is actually shown that these
subsequences have the same uniform density and hence have positive density. One
can interpret these results as a type of “restricted invertibility theorem”. But there
are fundamental problems with using Kadison-Singer style results to get restricted
invertibility results. Namely, we loose all control over the number of subsequences
we obtain, and hence over the density of the subsequences. Also, as is seen in [2, 14],
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these results do not iterate to produce subsets of larger density. Finally, these re-
sults depend upon the localization function, which also does not follow the spirit of
the restricted invertibility theorem of Bourgain and Tzafriri. In this paper, we not
only produce the subset of largest possible density satisfying the restricted invert-
ibility theorem, but we also show that the Riesz constant which works in the finite
dimensional result works in the infinite dimensional result. Therefore, future im-
provements in the finite dimensional result will carry over to the infinite dimensional
result. Finally, let us point out that Grochenig and Rzeszotnik [16] show that ¢; is
the largest solid convolution algebra. This explains, in a sense, why #1-localization
is a natural setting for such infinite dimensional results and why it occurs naturally
in a wide variety of settings.

The paper is organized as follows. Section 2 contains the notation, the first form
of density and the statements of the fundamental results in the paper. Section
3 is a detailed discussion of localization with a number of examples. Here, we
also introduce our new notion of density which has the major advantage that it is
independent of index maps. We then show its relationship to the standard density
and show that in the setting of fo-localized frames, the two forms of density are the
same. We also restate our main results using the second notion of density. Section 4
contains the proof of the main results on restricted invertibility. Section 5 addresses
the restricted invertibility theorem for Gabor systems and Section 6 is an appendix
containing some intermediate results used in this paper.

2. NOTATION AND STATEMENT OF RESULTS

Hilbert space frame theory has traditionally been used in signal processing (see
[13]) but recently has also had a significant impact on problems in pure mathematics,
applied mathematics and engineering. (See, for example, [7, 9, 10, 12, 20] and their
references.)

Definition 2.1. A family of vectors {f;}icr in a Hilbert space H is called a frame
for H if there are constants 0 < A < B < oo (called lower and upper frame
bounds respectively) if

AIFIP <D WE P < BIFIP, for all f e H.
i€l
If we only have the right hand side inequality, we call the family a Bessel se-
quence with Bessel bound B. If we can choose A = B in Definition 2.1, then we

say the frame is tight with tight frame bound A. If A = B = 1, it is a Parseval
frame. The analysis operator T : H — /¢5(I) of the frame { f;}icr is defined by

T(f) =Y (f. f)ei,
i€l
where {e;}icr is the unit vector basis of ¢o(I). The adjoint of T is the synthesis
operator given by

T*(BZ) = f;, foralliel.
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The frame operator is the positive, self-adjoint, invertible operator S : H — H
where S = T*T. That is, for all f € H,

S(f) =Y (. it
el
Reconstruction of f € H comes from

F=Y (f 1S H).
el
The family {S~1(f;)}icr is also a frame for H called the dual frame of {f;};c;.
A family of vectors { f;}icr in H is called a Riesz sequence with Riesz bounds
0 < A< B < oo if for all families of scalars {a; };c; we have

AZ Jai]* < || Zaifi”z < BZ |ai .
iel i€l iel

We will use the notion of density from frame theory to give the correct formulation
of restricted invertibility for infinite dimensional Hilbert spaces. In the following
section we will define the previously mentioned new notion of density which does
not require an index map and then show that for ¢5-localized frames, the two notions
of density are equivalent, a result which is interesting in itself.

Over the last few years, a considerable amount of work has been done on density
theory. We refer the reader to [1, 2, 3, 4] for the latest developments. The common
notions on density involve countable point sets in o-finite discrete measure spaces.
We follow this approach and, throughout the paper, I will denote a countable index
set and G will denote a finitely generated Abelian group G = Z% x Zy, x - X Zy, o

with di,dy € Nand Zy = {0,1,2,---, N — 1} being the cyclic group of order N.

Definition 2.2. Let I be a set and a: I — G (called a localization map). For
J C I, the lower and upper density of J with respect to a are given, respectively,

by

_ o laT (Br(k) N J|
2.1 D™ (a; =1 f inf
2.1) (;7) = lminf it —— 0 o

“L(Bgr(k))NJ
(2.2) D*(a;J) = limsupsup la” (Br(k) ‘,
R—oco keG |Br(0)]
where | - | denotes the cardinality of the set and
Br(k) ={9 € G; g — klloo = _max lg(j) —k(j)l < R}

is the box of radius R and center k in G. Note that |Bg(k)| = |Bgr(k')| for all
k,k' € G and R > 0.

If D~ (a;J) = D% (a;J), then we say that J is of uniform density and write
D(a;J) = D (a;J) = D% (a; J).

Remark 2.3. In the case that I = G and a = id, we write the lower and upper
density as D~ (J), D" (J) and these are called the Beurling densities of J [1, 2,
3, 13].
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The dependence of D™ (a;J) and D~ (a;J)/D~(a;I) on a is illustrated in the
following example.

Example 2.4. Let ] =G = Z and J = 27Z.

(1) For a = id, we have D~ (a;J)/D~(a; 1) = X2 = L.
(2) For a = 2id we have D™ (a;J)/D™ (a;I) = i% = %

(3) For a bijective with even numbers mapping bijectively to Z \ 4Z and odd

numbers to 47Z, we have D™ (a; J)/D~ (a;I) = # =3

Nonetheless, this dependence on a will not introduce ambiguity when combined
with standard localization notions from frame theory (see, for example, [1, 2, 3, 4]).

Definition 2.5. Letp=1orp=2. Leta:I — G, and let G = {gx : k € G} be
a frame for H and F = {fi}icr C H. We say that (F,a,G) is {,-localized if there
exists r € Ly(GQ) with |{fi, gr')| < r(k) whenever a(i)—k' = k. Also, G = {g : k € G}
is lp-self-localized if (G,id, G) is £p-localized.

The operator T : H' — H is {)-localized if there exists an orthonormal basis €
of H' indexed by I, a frame G of H indexed by the finitely generated Abelian group
G, and a map a : I — G so that so that (T'(€),a,G) is £y-localized.

As discussed in detail in Section 3, given F and G, D™ (a;J) and D" (a;J) do not
depend on the choice of a as long as (F,a,G) is £2-localized.

We can now state the main results of the paper. The first is the frame theoretic
form of restricted invertibility.

Theorem 2.6. Let ¢ be the function provided in Theorem 6.1. Let F = {fi}ier,
|| fill > w >0 for alli € I, be a Bessel system with Bessel bound B in a Hilbert space
H. Let G be a finitely generated Abelian group and assume either

(A) G ={gr : k € G} is a Riesz basis for H with Riesz bounds A, B,

or
(B) G ={gr : k € G} is a frame for H with {1- self-localized dual frame G = {gr :
ke G}.

Let a : I — G be a localization map with 0 < D™ (a;I) < DV (a;I) < oo. If (F,a,G)
is ¢1-localized, then for every ¢ > 0 and § > 0 there is a subset J = J5 C I of
uniform density satisfying

D(a;J) _ (1 —e)u?
(1) D= (a;1) = B 7

(2) For all scalars {b;};ec; we have
A
1D _bifill* > e(e)(1 = 8) 5 u? Y |bjf?
jedJ jeJ
with A = B in the case of (B).
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A special case of Theorem 2.6 is the restricted invertibility theorem (as envisioned
by Bourgain and Tzafriri) for ¢1-localized operators on infinite dimensional Hilbert
spaces. In fact, for an orthonormal basis & = {e; };c; in H and a bounded operator
T:H' — H, {Te;};cr is Bessel with optimal Bessel bound ||T||%.

The reader may substitute Z or even N for the finitely generated Abelian group
G = 7% x H, H finite Abelian, in the theorem below.

Theorem 2.7 (Infinite Dimensional Restricted Invertibility Theorem). Let
{ek}trea and G = {gr}trea be orthonormal bases for a Hilbert space H, T : H — H
be a bounded linear operator satisfying ||Tex|| =1 for all k € G and F =T(G). Let
a:G — G be a one to one map and assume that (F,a,G) is ¢1-localized. Then for
all €,6 > 0, there is a subset J = J5 € G of uniform density so that (with ¢ being
the function provided in Theorem 6.1),

1—c¢
(1) D(a; J) > T

(2) For all {b;};cs € €2(J) we have

1D biTejl? = ce)(1—6) Y [b]*
JjEJ JjeJ
Theorem 2.7 is best possible in the sense that the theorem fails in general if € = 0
in (1). This follows easily from the corresponding finite dimensional result discussed
after Theorem 1.1.
The density concepts outlined above were developed in part to obtain sophisti-
cated results on the density of Gabor frames for L?(R%) [2, 3, 4, 13].

For A = (z,w) € R?? we define modulation by w M, and translation by z T,
on L%(R%) by

Mo (0)() = 2™ ¢(), Tu(p)() = (- —12), ¢ LR
For ¢ € L2(R?) and A C R?? discrete, we consider the set (¢, A) = {m(\)p}ren C
L?(R%) where m(\)p = 7(z,w)p = M, Tpp, A = (r,w) € R?, The set (o, A) is called
Gabor system with generating function ¢, and if (¢, A) is a frame for L?(R%), then
we call (p,A) a Gabor frame
The Feichtinger algebra is given by

So®R?) = {f € L*(R?): (f,7()90) € L'(R*)},

with ¢g being a Gaussian [13]. Theorem 5.1 in Section 5 is Theorem 2.6 applied to
time—frequency molecules. In terms of Gabor frames and the lower Beurling density
D~ (A) (respectively uniform Beurling density D(A)), if A C R??, it reduces to the
following result.

Theorem 2.8. Let €,0 > 0. Let ¢ € So(R) and let the Gabor system (¢, A) have
Bessel bound B < co. Then exists a set A.s C A, of uniform density, so that
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D(As) > (1—¢)

1) Bz g el

(2) For all {b)\})\EA S 62(1\),

1D aar(Wel® > el —d)llell Y [ba®

AEA s AEAs

Note that Theorem 2.8 (2) states that (¢, As) is a Riesz sequence with lower
Riesz bound c(e)(1 — 6)||¢||. That is, the lower Riesz bound of (¢, Ass) depends
only on €, 4, and ||g||, but not on any geometric properties of A or other specifics
of g. Certainly, such properties of g and A affect the Bessel bound of (¢, A) and
therefore (1) in Theorem 2.8. Moreover, note that if (¢, A) is a tight frame, then
D~ (A) = B, and (1) in Theorem 2.8 becomes simply [3]

llell??
D(Aes) > (1 —¢).

Balan, Casazza, and Landau [4] introduced some of the tools used here to resolve
an old problem in frame theory: What is the correct quantitative measure for redun-
dancy for infinite dimensional Hilbert spaces? In [4], the following complementary
result to Theorem 2.8 is obtained.

Theorem 2.9. Let ¢ € Sp(R) and let (¢, A) be a Gabor frame. Then exists a set
Ac C A so that (@, A¢) is still a frame, while

DT (A) <1+e

To prove results as Theorem 2.9 one has to maintain completeness while removing
large subsets from frames. The challenge when proving Theorem 2.6 is to obtain a
given lower Riesz bound while choosing as many elements as possible from a Bessel
system.

3. RELATIVE DENSITY AND RESTRICTED INVERTIBILITY

Definitions 2.2 and 2.5 are based on the work of Balan, Casazza, Heil, Landau
[1, 2, 3, 4] (see also Grochenig [15]). They lead to a density concept of subsets of
F when (F,a,G) is ¢1-localized. The definition of density of F/ C F = {fi}ier
relies on the localization map a : I — G, as does the left hand side of (1) in
Theorem 2.6, while the right hand side of (1) in Theorem 2.6 does not depend on
a. In fact, as mentioned briefly in Section 2, in combination with localized function
systems though, D~ (a; J) becomes independent of a. This fact is well illustrated in
the following example.

Example 3.1. Let £ = G = {gk } ez be an orthonormal basis of H. Let 7' : H — H
be defined by T'g;, = 9k Let F =TG and a : Z — Z be so that
2

r(k) 2 [(fer, Gagrny k)| = K911y, Gagrny k)| = S([B] —a(k”) + k), keZ
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Clearly, r € ¢5(Z) then implies [%ﬁ] —a(k"), k" € Z, is bounded. Given aq, ag with
(B2 — a1(K"), k" € Z, and [%7] — as(k"), k" € Z, bounded, then a1 (k") — az(k"),
k" € Z, bounded, and, clearly D~ (a;;J) = D~ (ag;J) for all subsets J C Z. (See
Proposition 3.4 for a detailed argument.).

In general, for a family of functions F and a reference system G, each element
f € F is naturally placed within G as the coefficient sequence {(f, gr) }x decays away
from its center of mass as ||kl — 00 by virtue of {(f, gx)} € ¢2(G). The function
family F being fo—localized with respect to G simply means that the decay behavior
of {{f, gx)}x away from its center of mass is independent of f € F.

As each f € F is local within the coordinate system G, an explicit location map
a : I — G is not needed. Localization and density of F with respect to G are fully
determined by G. To address this, we give a definition of localization and density
which is independent of an explicit index set map a: I — G.

Definition 3.2. Letp=1 orp = 2. The set F C H is {,-localized with respect to
G = {9k }treq if there exists a sequence r € £,(G) so that for each f € F there is a
k€ G with (f,gn) <r(n—=Fk) for alln € G.

The operator T : H' — H is £,-localized if there exists an orthonormal basis €
of H' and a frame G of H so that T(E) is {p-localized with respect to G.

Note, that any diagonalizable operator, for example, a compact normal operator
on a separable Hilbert space is £1-localized.

Definition 3.3. The lower density and upper density of F with respect to G
are given, respectively, by

Zfe}' af ZnEBR(k) [(fs gn—r) I

2
@ y n—
(3-4) DY (F;G) = limsupsup ZfEf fZ”GBR(k) (f> gn—r)] ’
oo kel 1Br(0)]

where af = (Zneguf,gnHQ)il, feF. If D(F;G) = D" (F;G), then F has
uniform density D(F;G) = D~ (F;G) = D" (F;G) with respect to G .
Note that if G is a tight frame with upper and lower frame bound A, then ay =

(A||fII)~! for f € F. The following four propositions describe the relationship
between Definitions 2.2 and 2.5 and Definitions 3.2 and 3.3

Proposition 3.4. Let p=1 orp = 2. If (F,a,G) is {y-localized, | fi]| > v > 0 for
alli € I and G is a frame, then (F,b,G) is {,-localized if and only ifa—b: 1 — G
s bounded.

Proof. If a — b bounded, then clearly (F,b,G) is £)-localized.

To see the converse, let us assume that a — b is not bounded while (F,a,G) and
(F,b,G) are {,-localized. Choose r € £,(G) with |(f;, g)| < r(a(z) — k), r(b(i) — k)
for all ¢ € I,k € G. Observe that

> min{r(k),r(k —n)}> — 0 as |nfe — 0.
keG
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Let A be the lower frame bound of G. Choose M so that ), . min{r(k),r(k —
n)}? < L Au? for all n with ||n|o > M and choose i with [|a(i) —b(i) || > M. Then

0<A? < AIAI2< S WngdP < 3 minfr(al) — k), r(b(i) — k)Y

keG keG

= Z min{r(k),r(k — (a(i) — b(i))}? < %Auz,

keG

a contradiction. OJ

Proposition 3.5. If a — b is bounded, then D~ (J,a) = D~ (J,b) and D (J,a) =
DT (J,b) for all J C I.

Proof. Let ||a(i) — b(i)||coc < M for all i € I and choose J C I.
Clearly,

— liminf inf b= (Brym (k) N J|

_ b H(Br(k)) N J|
5) D (b:J)=1 f inf
(3.5) D™ (b; J)=liminf in | Rooo keG |Br(0)]

R—oco ke@ |Br(0)
Choose k,, € G, R, € RT with

— 1 |b_1(BRm+M(km)) N J‘
mee [Br(0)]

Now observe that due to the boundedness of a — b, we have a(j) € Br(k) implies
b(j) € Bryam(k) and we conclude that

™ (BR,, (ki) N J| < |67 (BRy, 421 (km) N J|

o~ (B, (km)) N J]

—1
D (a;J) = liminf inf | (BR("?)TWJI

< liminf

Rooo keG |Br(0) n—00 |BR,, (0)]
P Brgenlka) 0T
< lim mw =D (b J).
n—00 |BR,, (0)|

The inequalities D~ (a; J) > D~ (b; J), DV (a; J) < D*(b;J) and D" (a;J) > DT (b;J)

follow similarly. O

Proposition 3.6. Let F be Bessel with || f|| > u > 0 and G be a frame. If (F,a,G)
is ly-localized, then DY (a; 1) < oc.

Proof. Let B be a Bessel bound of F and Ag, Bg be frame bounds of G. Choose
r € Ly(G) with [(fi, gn)| < r(a(i)—n)fori € I,n € G,and M with 3, o5 o) r(n)? <
$Agu?. Suppose D' (a;I) = co. Then exists for each m € N an element kn, € G
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with |~ (k)| > m. We compute

BrBg|Bu(0)| > Br > gal*=D> D fign)l

n€Bs (km) i€l neBpy(km)

> Z (Z‘ fz:gn - Z |<fz;gn>’2)
ica=1(km) neG n& By (km)

> > (AglflP- Y (e —n)?)
i€a=1(km) ng B (km)

> m(Agu2 - %Aqu) > %mAgu2.

As the left hand side above is finite and independent of m while the right hand side
grows linearly with m, we have reached a contradiction. O

Proposition 3.7. Let G be a frame and (F,a,G) be £a2-localized where || f;]| > u > 0,
i € I. Then for any J C I, Fj = {fj}jes, we have D™ (a;J) < D~ (F;G) and
D™ (a;J) = D" (F;G). If, moreover, F is Bessel, then D~ (a;J) = D~ (F;G).

Proof. Let r € £3(G) be given with |(fi, gn)| < r(a(i) —n)) for alli € I, n € G. Let
A be the lower frame bound of G. Then for all 7 € I,

0<u?A< Y [fisgn) <Y rlali) —n)® = |Ir)?,
nelG nelG
so ||r|7? < ay, <u2A~L. For € > 0 choose M so that
u AT Z r(n)? <e.
n¢ B (0)

For all ¢ € I this implies

L—as, > WhaglP=a; Y WumlP<e

n€Bys(a(i)) né¢ By (a(i))
Let J C I. For any k and R > M we have
(1=l (Br-m(k)) NJ| = > (1—¢)

EJa( )EBR ]u(k))

< S ey Y el

Jj€J,a(j)€EBRr— M (k) n€BR(k)

< Zaf] Z f])gn

jeJ  neBg(k)

Equation (3.5) implies then D~ (a;J) < D™ (F;;G) and D" (a;J) < DT (F; G).
Note that if D" (a;J) = oo, then DV (a; J) = DY (Fy; G) follows from DT (a; J) <
D*(F; ).
To obtain D" (a; J) > DT (F;;G) if DY (a;1) < oo and D~ (a;J) > D~ (F;G) if
F is Bessel, we may assume D (a;J) < oo (see Proposition 3.6). Then there exists
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K € N with |a7 (k)| < K for all k € G. For € > 0 and M sufficiently large, we have
for n € Bg(k), k € G,

> (fi gl < > r(a(j) —n)?
j€J,a(§)¢Brym (k) j€Ja(i)EBrin (k)
< K Z r(m —n)* <e.
mgBry v (k)
We conclude for k € G and R large that

Yoan > W < S Y P

jGJ nGBR(k) jeJ,a(j)EBR+]\/[ TZEBR(k)
LD DR T DN/ A
jE],a(j)%BR+M nEBR(k)

< |a™ (Brem (k) N J|

+ > > anllfy gl

n€Br(k) j€Ja(j)EBrym
< o Brew(k) (] + u? A7 Br(0)e,
and D~ (a;J) > D~ (F;G), D" (a; J) > DT (F ;G) follows. O

A

The following example illustrates the role of the Bessel bound of F to achieve

D™ (a;J) = D™(F;9).

Example 3.8. Let G = {ex}rez be an orthonormal basis, and let the members of
F begiven by fi = f =3 2-Imle,,, i € Z. Fora:Z — Z, i — 0, we have
(F,a,G) is £1-localized, D~ (a;Z) = 0, but

Zfe]—' EnGBR(k) ‘(f: enfk>‘2

D™ (F;G) = liminf inf

R—oo keZ |Br(0)]
4 9—|n—k|
= liminf inf 2iez ZneBR(k)
R—oo k€Z |BR(0)|
= liminf inf co = cc.
R—oo k€EZ

Definition 3.9. Let F be {1-localized with respect to G with 0 < D~ (F;G) <
DT (F;G) < co. The relative lower density, respectively relative upper den-
sity of F/ C F is

(3.5 R
S+
(37) R FG) = T

IfR~(F',F;G) = R™(F',F;G), then we say that ' has uniform relative density
R(F', F;G) = R (F', F;G) in F.
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Examples 3.12 and 3.13 below illustrate the interaction of density and localization.
We are now ready to restate the main result of the paper.

Theorem 3.10. Let ¢ be the function provided in Theorem 6.1. Let F C H be
01 -localized with respect to the frame G and assume that ||f|| > w for all f € F and
F is Bessel with Bessel bound Br. Assume either

(A) G ={gr: k € G} is a Riesz basis for H with Riesz bounds Ag, Bg,
or

(B) G ={gr : k € G} is a frame for H with {;- self-localized dual frame G = {gk :
ke G}.

If (F;G) is £1-localized with 0 < D~ (F;G) < DT (F;G) < oo. Then for every e > 0
and 0 > 0 there is a subset Fs C F of uniform density with

D(Fe:9) o (1—eu?

(1) R FaFO)= 5 pe 2 g

\Y]

(2) Fes is a Riesz sequence with Riesz bounds

(4) c(e)(1— 5)2? w2, Br.

(B) c(e)(1—6)u*, Br.
Proof. Note that for F = {fi}icr, Jes € I, and Fes = {fj}je.;, we have in general
D(a; Jes) > D(‘}—Jﬂs;g)
D~(a;1) = D~ (F;G)
But under the given assumptions, Proposition 3.7 implies equality above, and, hence,
Theorem 3.10 is a restatement of Theorem 2.6. ]

= R+(f55af; g)

Theorem 3.10 can be rephrased in terms of ¢;-localized operators. Again, given
an /1-localized operator T' : H' — H and respective orthonormal basis £ of H' and a
frame G of H with F = T'(€) being ¢;-localized with respect to G, then Theorem 3.10
holds verbatim with the Bessel bound Bz being replaced with ||T°||2.

Theorem 3.11 (General Infinite Dimensional Restricted Invertibility The-
orem). Let ¢ be the function provided in Theorem 6.1. Let €& and G = {gx }rec be
orthonormal bases for an Hilbert space H, let T : H — H be a bounded linear oper-
ator satisfying ||Te|| = 1, for all e € £. Assume that TE is {1-localized with respect
to {gx}keq. Then for all €,6 > 0, there is a subfamily E5 C £ of uniform density
with

(1) R™(T&s,TE;G) >
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(2) TE.s is a Riesz system with Riesz bounds c(e)(1 —§), ||T|]?.

We close this section with two examples displaying the interaction of density,
localization, and Theorems 3.10 respectively 3.11.

Example 3.12. In the following, we shall consider as reference system for H

e an orthonormal basis G = {gy, }nez of H;

e the system G’ = {g;,} given by g5, = g5,.1 = gn, 7 € Z, that is, G’ consists
of two intertwined copies of G;

e the system G” given by the sequence

,€e-7,€6.2,€_5,€_3,€_1,€p, €1, €3, €5, €2, €7, €9, €11, €4, €13, €15, €17, €6, €19, * * *

Moreover, we shall consider the operators 17,75, T3 : H — H given by

e Tie, =en, n € Z, that is, T = Id;

e The, = eo[n], M € Z;

o Tseq = e1, T3e, = e, for n € Z \ {0};
Clearly, |T1]] = 1 and ||Ty|| = ||T3]| = V2. Note that the right hand side in
Theorem 3.11 (1) is (1 —¢) for 71 and (1 — €)/2 for T5,T3. Set F = {en}nez,
Feven = {€2n}nez, and observe that they form orthonormal bases for their closed
linear span. Hence, we could choose F.s = F C F in case of 11, and F.5 = Feyen il
case of T7,T5. We now discuss strengths and shortcomings of Theorem 3.11 when
using as reference systems G, G’, and G”.

(1) Clearly, F is ¢1-localized with respect to G. Moreover D~ (F;G) = D(F;G) =
17 D(feven;g) = %7 and

R(F,F;G) = D(F;9)/D(F;9) = 1,

1
R(fe&f;g) = D(feven;g)/D(]:;g) = 5

So F, Feven satisfy the conclusions of (1) in Theorem 3.11 for T} respectively
T2 and T3.

(2) F is £1-localized with respect to G'. We have D~ (F;G") = D(F;G) =
3 and D(Feven; ') = 1, so again R(F,F;G') = D(F;G')/D(F;G") =1
and R(Fs5,F;G") = D(Feven; G')/D(F;G') = L for Ty, Tj, satisfying Theo-
rem 3.11 (1) for T3 respectively To and T5.

(3) F is also ¢1-localized with respect to G”. Now, D~ (F;G") = D(F;G") =1,
but D(Feven; G") = 1, consequently, R(F, F;G") = D(F;G")/D(F;G") =1,
so Theorem 3.11 (1) for T} is satisfied, but as

1
R(Fe&f; g”> = D(j:even; g//)/D(f, g”) = 17
50 Fe5 = Feven is not a valid choice satisfying Theorem 3.11 (1) for T3, T5.
Theorem 3.11 guarantees for any €,6 > 0 the existence of a Riesz sequence
Fes with R(Fe5, F3G") = D(Fe53G")/D(F;G") > (1—€)1, and clearly, in the
case of Ty and T3, we may choose Fes = Foqq = F \ Feven- Then we have the
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seemingly better result R(F.s = Foaa, F;G") = D(Foaa; ")/ D(F;G") =
3> (1-e)i.

(4) Note that regardless of how we adjust G, we will not be guaranteed a Riesz
system as large as the optimal one for T3, namely F5 = F \ {Teq}. Clearly,
this shortcoming is shared by the finite dimensional version of Bourgain-
Tzafriri.

The following example illustrates that the possible choices of index set G of G is
strongly influenced by F in Theorem 3.10 respectively T in Theorem 3.11.

Example 3.13. Consider the operator Ty : H — H given by Tyie, = e, + eap,
n € Z. We have ||Tye,|| > u = /2 for n € Z and

”T4(Z cnen)| = || chenJchnean < chenll + |l ZCne?nH =2 chen\l-
n n

As ||Tyeo|| = ||2€e0|| = 2, we have || T4]| = 2. Note that also
N

HT4(N7% Zegn)H = Nﬁé Heg + 2e4 + 2eg + -+ 4+ 2e9v-1 + 62NH = % — 2
n=1

as N — oo.

The right hand side in Theorem 3.10 (1) is (1 — €)/2 for T4, and the orthogonal
family Fos = Tu{€on+1}nez satisfies the conclusions of Theorem 3.10 (2). But T4(€)
is not ¢;-localized with respect to G whenever G is a linear ordering of £ = {e,, }nez.
To see this, presume that Ty is {1-localized with respect to G = {gn = €g(n)}nez
where o is a permutation on Z. Let r € ¢1(Z) be the respective bounding sequence
and choose N so that r(k) < 1 for |k| > N. Now, for some kon € Z, we have

0oN,o(n) T Oan,o(n) = (T'e2n, gn) < T(koy —a(n)), n€Z.

Inserting n; = o~ 1(2N) respectively ny = o~ }(4N), we obtain 1 < r(kay — 2N)
respectively 1 < r(kay — 4N), and, by choice of N, |kon — 2N/, |kany — 4N| < N,
leading to the contradiction 2N < 2N.

As an alternative to linear orders on &, consider the following as reference system

Gy2

€208 €-104 €-52 €-26 €-13 €13 €26 €52 €104 €208 €416
€144 €-72 €36 €-18 €-9 €9 €18 €36 €72 €144 €288
€80 €40 €-20 €-10 €-5 €5 €10 €20 €40 €80 €160
€-16 €-8 €4 €2 €1 € €1 €2 ¢4 €8 €16

€48 €24 €-12 €. €3 €3 € €12 €24 €48 €96

€-112 €-56 €-28 €-14 €7 €7 €14 €28 €556 €112 €224
€176 €6-88 €44 €22 €_11 €11 €22 €44 €88 €176 €352
€-240 €-120 €-60 €-30 €-15 €15 €30 €60 €120 €240 €480

Clearly, Ty is ¢1-localized with respect to Gz2. In fact, we can choose 1 = §(g ) +
5(0’1) S 61(22).
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Theorem 3.10 guarantees for J,¢ > 0 the existence of a Riesz sequence F.5 with
R(Fes, F3Gz2) = D(Fes;972)/D(Fes3Gz2) = (1 —€)/2. We have D(F;Gz2) = 1,
but for the natural choice Fos = Ty{eon+t1}nez, we have D(Fe5;Gz2) = 0. For
Fes = T4{€22k(2n+1)}nez7keNO, we have D(Fes5;Gz2) = %, therefore satisfying the
conclusions of Theorem 3.10.

For completeness sake, note that Ty (&) itself is not a Riesz sequence. To see this,
observe that

| Z )" Tyeqnl|® =

while SN |(=1)"2 = N.

€2n + €2n+1)“2 = H —e1 + (—1)N€2N+1H2 =2

an

4. PROOF OF THEOREM 2.6

Note that the generality assumed here, namely that G is any finitely generated
Abelian group, is quite useful in practice as the group is often given by the structure
of the problem at hand. For example, in time-frequency analysis, the group G = Z2¢
is generally used when considering single window Gabor systems. If we consider
multi-window Gabor systems, then an index set Z2? x H with H being a finite
group is natural. (Also, see Example 3.13 for the dependence of G on T and F.)
The following proposition will allow us to consider in our proofs only localization
with respect to G with G = Vil

Proposition 4.1. Let H be a finite Abelian group of order N and G = Z% x H.
Choose a bijection w: {0,1,---, N—1} — H and

U:2¢— G, (ki, -, kg) — (k1,--,kq_1, |ka/N|,u(kq mod N)).

Fora:1— G setb=U"1oa:1— 7% Then

(1) D=(b;J) = D~ (a;J) and D*(b;J) = D% (a;J) for all J C I.
(2) (F,a,G) is ly-localized if and only if (F,b,G') is {1-localized where G' =
{QU(k)}keZd-

Proof. First, observe that for all P € N we have

-1 —1
D™ (a;J) = liminf inf o™ (Br(k) 0 J| = lim inf inf o (Bup (k) N ]
R—oo keG ’BR(O)’ M—oo keG ‘BMP(O)‘
where M — oo, M € N.
Note that for R=MN, M € N,
b (BE (k) NI| = |a ' oU(Bfn(k)) N1

= ’a_l(BZd l(kl,' kd I)XBM(L J)XH ﬂI’
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Now, compare

D~ (b;J) = liminf inf bt (BEin (k) N1

Moo kezt|Bipy(0)]
— d—1 k
— imiaf iup 1 Barn (k1 kaoa) x B (L)) x H) 01|
M—oo kezd (QMN + l)d

o (BZz () 0 1]

D™ (a;J) = liminf  inf

M—oo (k,h)eZdx H \B]Z\/E)\;H(O)’
_ d—1
= bming i 19 (BE (k1 Ra) x Bl (k) x H) 01|
M—oo kezd N(QMN + 1)d .

As the sets Br(k) = RB;1(0) 4+ k in Definition 2.2 can be replaced by sets of the
form Dgr(k) = RD + k if D is a compact set of measure 1 and 0 measure boundary
(Lemma 4 in [19]), we conclude that D~ (b; J) = D~ (a; J), and, similarly D (b; J) =
D™ (a; J).

The second assertion is obvious. O

Lemma 4.2. Let (F = {fi}ier,a,G = {gr}req) be {1-localized with DT (a; 1) < co.
For M™ : (5(G) w— (o(I) given by (M™)ix = (fi,gr) if lla(i) — k[l > R, and
(M), ), = 0 otherwise, we have

lim ||M*|| = o0.
R—oo
Proof. As (F = {fi}ier,a,G = {gk}rec) is ¢1-localized, there exists r € ¢1(G) with
r(k) > |(fi,gr)|  if a(i) — K =k

Hence,
sup > |(MF)ixl = swp > [{fugdl<sup Y r(al)—K)
el ke L ki) =K ||o >R L ki) =K |eo >R
< sup Z r(k) =: Ay (R).
El ko> R

Similarly, setting K = maxyeq |a~1(k)| (it is finite since D" (a; ) < 00) we obtain

sup » [(M%);x| = sup > [{figwe)| < sup > r(ali) —F)

keG et KEG i la(i)—k [leo>R KEG i la(i) =k |lse>R
< supK > r(k)=KA(R).
FEG  Llkllo>R
The result now follows from Schur’s criterion [18, 21] since A, (R) — 0. O

The following lemma is similar to Lemma 3.6 of [4].
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Lemma 4.3. Let G = {gi }peza be a frame for H with dual frame G = {Gi }rega and
let a: I — G be a localization map of finite upper density so that the Bessel system

({fitier,a,G) is £1-localized. For R > 0 set
f’iR - Z <fugn>§n

neZd: ||a(i)—n|cc <R

and set
Lr:H— €(I), h— {{h, fi)} and Lig : H — (1), h— {(h, fir)}-

Then

lim ||L; — Lg| =0.

R—o0

Proof. For h € H, we compute

I(Lr = Lip)hll7, = D Uh fi) = b fi)P =D b, fi = fir)?

iel iel
= D Kb D> FagddP =21 D fug)(hgn)l?
iel  Jla(i)—nlleo>R i€l la(i)—nlleo>R

= |M™{{h, Gn) bneaal®,

with M given by M;n = (fi,gn) if ||a(i) — nljcc > R and M;, = 0 otherwise.
Since ({fi}ier,a,G) is £1-localized, we can apply Lemma 4.2 and obtain || M| —
0 as R — oo. The result now follows from the boundedness of the map h —

{(h, gn) tn- O

4.1. Proof of Theorem 2.6, assuming (A). Fix €, > 0. As c given in Theo-
rem 6.1 is positive and continuous, we can choose ¢ > 0 with ¢ < e and

c(e)(1—06) <c(e)(1 - g)
Choose a > 0 satisfying o < g and

—a)?

Recall that for R € N,
“L(Bgr(k))NI “YBgr(k)NI
D~ (a;I) = liminf inf o7 BrED O] _ o g 197 B ))d |
R—oo keZd | Br(0)] R—oo kezd  (2R+1)

where Br(k) = {K : ||k — k'||o < R}. Hence, we may choose P > 0 such that for all
R> P, k€ Z% we have

la="(Br(k))NI| > (1—a)D (a;I) (2R + 1)%.
Let {gn}nec be the dual basis of {g, }neq. For any R > 0, set
fir = > (fis 9n)9n-

nezZd: ||a(i)—n|lco<R
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For
Ly :H — (1), h—{(h, fi)} and Lig : H — lo(I), h— {(h, fir)},

Lemma 4.3 implies that there is Q > 0 with the property that for all R > @ we
have

- A5 c()uy b
) _ < A§e(e)u? |
(4.8) ILr — Lig| < mm{o‘“vaHTH, ( i ) }
Also, since
“YBrk)NI
D" (a;I) = limsup sup ’a (Br(k)) } < o,
R—o0 kel | Br(k)|

we can pick K > 0 with |a~!(k)| < K, for all k € Z%.
By possibly increasing P and (), we can assume P > () and

K (2P+1)*—(2(P-Q)+1)%
o (1 =€) —a) D (a;I)(2P + 1)*
(1+a)? 17|12

(4.9) <au
Set Fi, = {fi : a(i) € Bp(k)} and correspondingly Fro = {fig : a(i) € Bp(k)}.
Equation (4.8) implies
1fi = fiQll = IL1{0i} — Lig{di}|l = (L1 — Li@)™ {0}l < [[L1 — Ligll < au,

and, therefore, | fig| > (1 — a)u. Similarly, we conclude for Ty : e; — fig, that
T —Tgl|l < a||T|| and for h =) ae; € H,

(T =Tkl = 1) ai(T = Toeill = | Y ailfi — fig)ll
= (L1 — Lig){ai}l| < ol T[[{ai}| = ol T|[[A]-
Applying Theorem 6.1 to the finite sets Fjo with cardinality
n>(1—a)D (a;I) (2P +1)¢
and €, we obtain Riesz sequences ]:,QQ C Frg with
Figl = (1=¢)?(1—a) D™ (a;1) (2P +1)4/|| Tg|f?

(1-€)1-a)

(4.10) > oy

uw? D™ (a; 1) (2P 4+ 1)/||T?

and lower Riesz bounds c(¢')(1 — a)?u?.

We further reduce f,’CQ C Frg by setting

(4.11) Fio = FigNa ' (Bp_q(k)).
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Now,
ol > S o Py
~ K(@P+ 14— 2P - Q) +1)9)
A=D1 =9) 2 e 1y 2P + 1) T
- (1+a)? ’
1-e)1-a) o5
m e W DT (@ DEP YT
(4.12) A== > b a1y 2P 4 1Y/|T

- (1+a)?

Foth= U Fo
k2P+1Z

then Fg(J) is a Riesz sequence with lower Riesz bound %c(e’)(l —a)?u?.

Proof of Claim 1. To see this, consider G, = {Gw : ||K'—k||sc < P} which are disjoint
subsets of G. Furthermore, (4.11) ensures that for & € (2P + 1)Z%, the set Fro i
a Riesz basis sequence in span Gy, where the lower Riesz constant c(e')(1 — a)?u?
is given by Theorem 6.1 and does not depend on k or P. For {a;}je;s € f2(J) we

have, using Lemma 6.2,

H ZajijH2 - H > 2 anJQH = Zi 1> aifjol®

e(2P+1)z4 jeJk ke(2P+1)zd  jEJk
A
2 3 . )1 - )PP {as}jenl?
ke(2P+1)z4
Ac(€)
= 52— a)u{a}e

We conclude that Fg(J) is a Riesz sequence with lower Riesz bound

c(€)(1 — a)u?,

ol

so Claim 1 is shown.
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It remains to show that we can replace Fq(J) by F(J) = {f;, 1 € J} ={fi, fig €
Fq(J)}, while controlling the lower Riesz bound. For {a;};c; we have

1D aifill = 1) aifiol =1 ai(fi = fio)l

(Bete))? (1= a)ul{ag}l - I (L = Lig) {ad} ]

(@)1 - ) g}u—(m) I{ai}]
e(@i((1 - - ) ar}
(e (1~ 20 ‘;> {I]

N
e}l = ((1 = d)e(e) u? ) [{ai}.

AV v

v

v

v
/N 7N N N

Clearly,

D(a;J) = D (a;J)
-1 —a)? 5D (a;l)

" o D™ (a; 1)
- (1+a) T2 '

17

>(1—-¢u

4.2. Proof of Theorem 2.6, assuming (B). The only arguments in the proof of
Theorem 2.6, assuming (A), that require adjustments are Claim 1 and the subse-
quent computations.

Let K, P e, €, be given as in the proof of Theorem 3.10, assuming (A). Choose
Q as in (4.8) with 4 replaced by 1. Let 1 € ¢1(Z%) with |(gn, Gn)| < 7'(n —n’). Let
B’ be the optimal Bessel bound of {g,}. Choose R’ > 0 so that

|T|1” B’
c(e)u?

Set W = 2P + R'. Similarly to (4.9), we increase P so that

Ar’(R )

o
2
K2(2Q +1)% <3z

K- 2p - @)+ 1)) < a2 b er + 09T,

while maintaining W = 2P + R'.
Define J and Ji, k € Z¢ as done in the proof of Theorem 3.10, assuming (A). Let
T = ZjeJk ajfig, k € Z% and z = Y xy.
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Then

> (g, 21r)

k k'#k
=202 > S @il 90) Firs ) G G
b Kk €Tk '€y nella(i)—nl|<Q n':|a(i)—n'||<Q
=222 > S agap(fgn)Fin g MY,
ko Kk Gy 5 €T nilla(f)—nl|<Q n':|la(i) —n'|| <Q
= ZZ Z Z aﬂj/(fj,gn><fj/,gnf)Mf,;/
noow jedia(j)—nl<Q i€t a(i)—n'|<Q
= (5, MT'S),
where

S={ > aj(fj, gn)}, -

jeJ:lla(G)—nll<Q

We now compute the norm of S.

1912200 = D21 3wl <D0 D0 lallfllllenl]

nojedila(i)—nl<Q njetiai)—nl<Q

2
< |TI*PB") | > ;]|
n o jeJla(i)—nl<Q
< TIPBEEQ+1DYY. > gl
n jedila(f)—n|<Q
< ITPPBEEQ+DY . Y oyl
J nfla(i)—nl<Q
< |TIPB'K(2Q +1)**) " |a;?
< TIPB'KQRQ+1)*) 0> ayl?
k jEJk
< |TI’PB'K(2Q +1) 2dz ) AL
HTHQB/ 2 2
(e KA Tl

Here, we used that for each n at most K (2Q +1)¢ indices j satisfy ||a(j) — 1| < @,
and, for each j there are at most (2Q + 1)¢ indices n with [|a(j) — nlleo < Q. Recall
that B’ is the Bessel bound of {g,,} which therefore bounds {||gn|| }»-
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We conclude that for z;, = EjEJk a;fio, k € Z4,

DIRETE!

< IS s

Ktk
IT|I*B’ . 2 /
< 2 1) KA R
S E: K(2Q +1) Z 1) K A (R')
)
< gz 1.
P
Now,
1> aifiol® = HZ%HQZZZ<%7%'>
JjeJ k!
= Z [ENR +Z > wg ) > Z il =D Kk, wwr)|
K kiZk p k’;ﬁk
> >l - 3 Z 2k ]|* > e(e)u?(1 - a)?(1 - g) > lagl?
p P jeJ

For F(J)={f;, j€J} ={fi, fig €j€ Fo(J)} and {a;} € l2(J) we compute
1> aifil = 1D aifioll = 11D a;(f; — fia)l
> (el — )= ) aghl = (L = Lig) {as}]

> (c(e’)u2(1—a)2(1 ) — 5C() )II{ a;}|

> el (- 98- 2) ulap

> c(e')%(1—3g )%H{aj}ll

> o(@)H1- Dhulia}l = (1 - 8e(9u) Ial

5. GABOR MOLECULES AND THE PROOF OF THEOREM 2.8

Similarly to the notion Gabor system (y;A) in Section 2, we define a Gabor
multi-system (¢!, 02, -, " AL A% ... A™) generated by n functions and n sets
of time frequency shifts as the union of the corresponding Gabor systems

(@ AN U (9% A%) U= U (9™ A7),

Recall that the short-time Fourier transform of a tempered distribution f €
S'(RY) with respect to a Gaussian window function gg € S(R?) is

V%f(wi) = <f,7r(33aw)90> = <f7 Mwa90>a for A= (wi) € RQd'
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A system of Gabor molecules {y)}rca associated to an enveloping function
I:R2 — R and a set of time frequency shifts A C R24 consists of elements whose
short-time Fourier transform have a common envelope of concentration:

Voo (4,€)| < T(y — x,€ —w), for all A = (z,w) € A, (y,£) € R*.

For 1 < p < 0o, the modulation space M? (]Rd) consists of all tempered distri-
butions f € S'(R%) such that

1/p
513 Il = Wt = ([ [ 1M TPl dw) <o

with the usual adjustment for p = oo. It is known [13] that MP is a Banach space
for all 1 < p < oo, and any non-zero function g € M! can be substituted for the
Gaussian go in (5.13) to define an equivalent norm for MP. It is known (see [3]
Theorem 8 (a)) that in case (¢, A) is a frame, ¢ € Sp(RY), then (p,A) is £1-self-
localized.

Theorem 2.8 is a special case of the following, more general result.

Theorem 5.1. Lete,§ > 0. Let {gx}ren € So(R?) be a set of £1-self-localized Gabor
molecules with ||gx|| > u and Bessel bound B < co. Then exists a set Aes C A so that
Diha) _ (1=0)

W o2 B

(2)  {gr}ren,; is a Riesz sequence with lower Riesz bound c(e)(1 — §)u?.

Proof. Set

a:A—7Z?* X\ arg min ||\ — 31| oo-
nez2d

Now, D~ (a,Z*!) = 272D~ (A). Choose g € Sp(R?) with G = (g, 1Z°?) = {m(3n)g}
being a tight frame. As g € So(R?), we have (g, %Zm) is /1-self-localized and
{eata, a, (g, %ZQd)) is ¢1-localized [3].

A direct application of Theorem 3.10, assuming (B), guarantees for each ¢, > 0
the existence of Acs € A with {px}rea,, is a Riesz sequence and

I . l—e¢ ., . (1—e _
(5.14) D (AG)—22dD(a,A€)222d?D (a:1) = =——=D~(A).

6. APPENDIX

We will need a minor extension of Theorem 1.1. Its proof is based on the formu-
lation of Casazza [6] and Vershynin [22].

Theorem 6.1 (Restricted Invertibility Theorem). There exists a continuous
and monotone function c: (0,1) — (0,1) so that for every n € N and every linear
operator T : Uy — £y with || Te;|| > w fori=1,2,---,n and {e;}_; an orthonormal
basis for Uy, there is a subset J. C {1,2,---,n} satisfying
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| Je| (1 — €e)u?

) Pl O-owt
n 1T

2) 1 bTei|> = c(e)u® D b7, {bj}jes € La(J).
jE€Je jeJe

Proof. Theorem 1.1 does not assert continuity of ¢. Due to the defining property
of ¢, we can choose ¢ monotone, and replacing ¢ with c¢, ¢ > 0, with c¢(e) =
fein{O ¢y €(€') de’ ensures continuity of c.

m
Next, we want to replace the traditional assumption [|Te;|| = 1 with || Te;|| > w.
Given T', define an operator S by
Te;
Sej=—— i=12--,n.
C 1Tl
Now,
a;Seil| = H Y el < ) ‘ i < S~Na2)
[Zesell = 1% meqmel < (Elres o\

Hence,

1s) < =L

u
Applying Theorem 1.1 to the operator S with ||Se;|| = 1, i = 1,--+,n, we obtain
JC{1,---,n} with

(1 — e)u?

L [J= n,
1712

2 2
@) (1D obiTe||” = 11D biliTesl1Ses]|” = c(€)* D> [b;P1Tes|1> > ele)®u® > [y
jeJ jedJ jeJ jeJ
O
We will also need a simple inequality for Riesz sequences.

Lemma 6.2. Let {f;}icr be a Riesz basis sequence with bounds A, B. Then for any
partition {I;};cy of I we have for all scalars {a;}icr,

A
I whl < 1wl < 5 SN skl

jeJ i€l; el jeJ i€l;
Proof.
A A
SN @kl < SBY Y el =AY |al <Y aiil
Jj€J i€l; jeJ iel; el icl
B
< BY |al’=BY Y laf* < ZZ 1 aifill?
iel jediel; jeJ i€l
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