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Abstract

A celebrated classical result states that an operator U on a Banach
space is invertible if it is close enough to the identity operator I in the
sense that ||I — U|| < 1. Here we show that U actually is invertible
under a much weaker condition. As an application we prove new the-
orems concerning stability of frames (and frame-like decompositions)
under perturbation in both Hilbert spaces and Banach spaces.

1 Perturbation of operators.

In this section, X' and ) denote Banach spaces. The set of linear, bounded

invertible operators from Xonto ) is denoted by £(X,)), or L(X) if X = ).

We begin with a condition for an operator between Banach spaces to be
invertible. Most of the work involves showing that the condition implies that
the operator is surjective. This result is due to Hilding [H1]. Hilding was
only interested in the case of an operator on a Hilbert space, but his proof
actually works in the more general setting discussed here. For completeness
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we will give ( a slight simplification of) Hildings proof. For an operator the-
oretic proof and generalizations we refer the reader to [CK,E].

Lemma 1.1: Let U : X — X be a linear operator, and assume that there
ezist constants A, Ay € [0; 1] such that

Uz — z|| < A||z|| + Xeo||Uz||, V2 € X.

Then U € L(X), and

1—X
1+ X

14+ X
1— A

1+ A
2||z||, Vo € X.
A

1-2A
] < [[U"al| <

< |Uz|| <
lel] < [[Uz]] < - o

lz]]

1-)

Proof: To simplify notation, let A = maz{A;, Az}, and € = {75

lemma 1.1 in two steps.
Step I For any a < 0,

We prove

lax — Uz|| > ef|].
For the proof, we have
e Ual) < Al + AUz] < Moz — Us]| + A1 - o).
Similarly,
le = Uz|| = |1 — a)z + (az — Uz)|| = (1 — a)||z|| — [ax — Uz]].
Combining our two inequalities above we have,

- A1 —a)
14+ A

(1
oz — Uzl = [z]| = ell]].
Step II U is onto.

Let .
E={a<0:||az"—=U"z"|| > §||3:*||,Vm* € X"}

Now, E is closed and E is non-empty since « = —(1 + ||U*||) € E. Also, if
a € E, then (al —U)* is one-to-one and so ol — U is an onto isomorphism.
Thus, by step I,

—_

I(al” = w) 7| = [l = U)7H| <

p .



Therefore, for all z* € X* we have
[(aI” = U*)z*|| = e|="],
and so
(ot I = U] 2 @l = U] — Sl > Sl

The above shows that whenever o € E we have EN[a, ¢+ 5) C E. It now
follows that 0 € E, so U* is one-to-one and hence U is onto.
Now we finish by proving the norm estimates. Given z € X,

Uz]| <[[Uz = 2| + |lz|| < (A + M)l + X[ [Uz]|

which leads to the upper estimate for ||[Uz||. Similary the lower estimate
follows from

NUzl| = ]| = [|lUz — || = (1 = Ay)]lz(] = Ao |U]].

In particular U € £(X). By replacing x by U™z in the above inequalities,
we get the rest of the lemma. Q.E.D.

Remark: Observe that the result is much stronger than the classical re-
sult that an operator U is invertible if || — U|| < 1. We demonstrate this by
an example:

Example 1.2: Let {e;}3°;, be an orthonormal basis for a Hilbert space
H. We define an operator U : ' H — ‘H by Ue; := ¢e; + %ei_i_l,i =1,2,...
(extended by linearity). The action on an element f = Y, < f,e; > ¢; is
Uf = E;’il < f, €e; > (62‘ + %61'4_1). Now

> 1
0F = Fll= I < Fres > vewall < [IF]l V7 € M.
=1

Since Ue; — e; = ey, it follows that ||I — U|| = 1. So the classical result does
not show that U is in fact invertible. But we can show this using Lemma
1.1:



First observe that ||U|| < ||[U — I|| + ||I|| = 2 and that

s 1
||Uf|| = || <f781 >6z+2[< f,ez' > +: <f,81'_1 >]€Z||

1=2

> | < f,eg>|, VfeH.
So
< 1 1
[UF =P =215 < e > [P <[ < fer >+ [IfI]
=1

1 1
< WUAIP+ A7 < QA1+ 5111
It follows that .
WUf = Il < MU+ S

7 1 1 7 3
< - Z||U]| - ~fl] = = 211111
< SHUFI+ NI AT+ ST = U AT+ S 1A

So by Lemma 1.1, U € L(H). As a consequence, {€; + T€;1}2, is a Riesz
basis.

More generally we can consider an operator V which is close to some in-
vertible operator U:

Theorem 1.3: Let U € L(X,)) and let V : X — Y be linear. If there
exist two constants A1, Ay € [0; 1] such that

(1) ||Uz = Vz|| < M||Uz|| + Aa]|Vz||, V2 € X

then V € L(X,)) and

-\ 1+ A\
1+/\2|| zl| <] 37||_1_)\2|| z||, Vz €
and
1% 1 1+ X
e — < V—1 < . U—l . ,V cy.
e vl < IVl < TS vy €



Proof: Define a linear mapping
L:Y—Y, Ly:=VUly.
Using (1) with z = U 'y we obtain that
[y = Ly|| < Allyll + Aol [Lyl], Vy € V.

So L € £()) by Lemma 1.1, and therefore V = LU € £(X,)). Furthermore,
the norm estimates in Lemma 1.1 give that
1— X
14+ X

1+ X
1— X

Uz[| < |[Val]| = [[LUz|| <

|Uz||, Vz € X.

Using those inequalities with = V~!y, where y € ), we obtain that
1—X
14+ X
from which the result follows. Q.E.D.

14+ A

< |UV~y|| <
[yl <] yll_l_/\1

Iyl

In a special case we are even allowed to take Ay = 1:

Corollary 1.4: IfU € L(X,)), V:X — Y is linear and bounded and if
there ezists a constant \; € [0; 1] such that

Uz — V|| < M||Uz|| + ||Vz||, Yz € X,

then V € L(X,)) and

2

VTl <
V< T

[l

Proof: Let € > 0. Repeating the proof of Theorem 1.3 we get
ly=VUy)| < Adllyl IV ]| < Qa+el VO Dyl [+ (1= VU], Vy € V.

If we choose € small enough, then \; + €||VU™!|| < 1, implying that VU™!
is invertible. Therefore V is invertible. Also, for those small e,

1+1—c¢

AL+ €| |[VU)

10U < 7
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from which the norm estimate follows by letting ¢ — 0. Q.E.D.

Remark: Condition (1) implies that U and V share many properties. For
example, if U has closed range, then V has closed range. Indeed, if Vz,, — y
as n — oo, then {Vz,} is a Cauchy sequence, implying that {Uz,} is a
Cauchy sequence by Theorem 1.3. So if U has closed range, Ux,, converges
to an element in the range of U, say, Uz. Since

14+ X\
1— X

|V — Va,|| < Uz — Uz,

we obtain that Vz, — y = Vz, so V has closed range. In a similar way one
can show that U has dense range iff V' has dense range, that U is a quotient
map iff V' is a quotient map, and so on.

Our frame applications concerns an even more general condition than (1).
Let U : X — )Y be a bounded operator, A, a dense subspace of X', and
V : X — )Y a linear mapping. If

2) Uz = Va|| < MUzl + Xo|[V]| + pllz]], Vo € X,

where Ay € [0, 1], then V extends continously to an operator on X satisfying
(2) on X. This is a consequence of the triangle inequality: (2) yields ||[Vz|| <
|Uz — V|| + ||Uz|| < (14 M\)||Uz|| + A||[Vz|| + p||z|| for all z € X, so

+ A

1 M
1—X

Vzl| <
vz < —y

|Uz|| +

|-

Now, V is a bounded linear operator on a dense subspace of X and hence
has a unique extension to a bounded linear operator (of the same norm) on

X.

2 Applications to frame theory.

Let us begin with a short introduction to the part of frame theory which we
need. For more information about general frame theory we refer to [HW, Y]

, and for information about the special topics we discuss here we refer to [H2
, C1,C2,CC1,CC2|.



Let 'H be a separable Hilbert space with inner product < -,- > linear in
the first entry. A family of elements {f;}2, C H is called a Bessel sequence
if

IB>0: S| <ffi>P<B-|lfI% VfeH.
=1

A Bessel sequence {f;}32, is a frame if
JA> 0 A-IfIPSY < S fi> P Ve
=1

If {f:}s2, is a frame (or just a Bessel sequence) one can define a bounded
operator

U:H— E(N), Uf ={< [, fi >},
The adjoint operator is

[e o)

T:0(N)—>H, T{c}2, = cfi
=1
One can show that the so called frame operator S := TU is invertible if

{fi}2, is a frame. This leads to the important frame decomposition:
f=88"f=3 <[f,Sfi>fi, V[ €eH.
=1

A Riesz basis is a family of the form {f;}2, = {Te;}2,, where {e;}$°, is an
orthonormal basis for H and T' € L(H). It is not difficult to prove that

{fi}2, is a Riesz basis

{fi}2, is a frame and Zc,fz =0,{c;}*, € A(N) = ¢; = 0, Vi.

i=1

In applications of frames it is important to know how far a frame is from
being a Riesz basis. One approach is due to Holub [H2], who defines a near-
Riesz basis as a frame consisting of a Riesz basis plus finitely many elements.
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A second can be found in [C1], where a Riesz frame is defined as a frame,
where every subfamily is a frame for its closed span, with bounds A, B which
are common to all those frames. Riesz frames share many properties with
Riesz bases, and they always contain a Riesz basis as a subfamily, cf. [C1,
CC1).

In this section we demonstrate how Lemma 1.1 leads to a significant im-
provement of a result previously published by the second named author. This
former result states the following, cf. [C2]: let {f;}$°; be a frame with bounds
A, B and let {g;}2; C H. If there exist A;, 1 > 0 such that A; + ﬁ < 1 and

2) 1 el = gl < MY efil| + ulX el
=1 =1 =1
for all finite sequences ¢y, ..c, (n € N), then {g;}52, is a frame.

As mentioned in [C2], this result is the best possible, in the sense that one
can construct examples where the conclusion fails already if (2) is only sat-
isfied for A\; = 1,4 = 0 (or Ay = 0, u = /A). From this point of view it is
very surprising, that we can prove Theorem 2.1 below, stating that we can
actually add a whole term on the right hand side of (2) for free:

Theorem 2.1: Let {f;}2, be a frame with bounds A, B.Let {g;}3°, C H and
assume that there exist constants Ay, Ay, p > 0 such that max()\l—i—ﬁ, Ay) <1
and

n

(3) 1Y cilfi = g)ll < MY cfill + Aol Y- cagal| + pld e

i=1 i=1 i=1 i=1
for all ¢1,..c, (n € N). Then {g;}2, is a frame with bounds

Mt At a,

A+ g+
)2, B(l_,_u?
14+ X

1—-X
Proof: {f;}2, is a frame, so we can define a bounded linear operator

T EZ(N) — H, T{C, '(i)il - Zc,ﬁ

=1



Furthermore ||T|| < v/B. As in the last remark of section 1, the condition
(3) implies that

n
HZCz'ng< ||Z cifill
=1

for all finite sequences, and we can define a bounded operator

14+ M

2]1/2

U:0(N)—=H, U{e}2 =) cg.

=1
Also, (3) holds for all sequences in £2(N), and

. 1+)\1
[U{ei 2]l <

Y, I Teki

2]

s(”f)*r”u{ il ez, € )

This estimate shows that {g;}:2, is a Bessel sequence with the upper bound

(1+A)VB+p

1—X

Mt ht UE
1— X

( )t =

Now we prove that {g;}°; has a lower frame bound. Since {f;}°; is a frame,
the frame operator S = TT* is invertible, and we can define

TV :H — C(N), T'f =TTT) "' f={< f,(TT)"fi >},

{(TT*)71f;}%, is the dual frame of {f;}2,, so |[|TTf]| <
Using (3) on the sequence {c;}52, = T'f we obtain that

HIfll, Vf e

1f = UT 1L < NI+ X [UTTF] + TP

< (M —=IFI+ 2 UTT ], VF € H.

f

By Lemma 1.1, the operator UT'" is invertible, and

1+)\1+ﬁ
1—X

14X

o] < —
1—(A\ + ﬁ)

OThHH] <



Every f € H can be written as
f=UTH(UT")" Z (UTHHf(TT 7 i > gs
implying that

It =< f,f>"= 3 <UT) 7, (TT) " i >< gi, f >

=1

<SS I<WTY (T > P30 < gif > P

i=1 =1

1 B o]
< L IUTH I3 < ginf > P

=1

1 14+ X 9 9 = 9
< [——T172 2. : <g,f> VfeH.
<Gy X <af > v
’ i| f |"’>A(—1_(A1+”ﬁ;‘))szH2
< 79 > =
i=1 g 1+)‘2
A+ A+ £
A 2
=A1- ——— Y& A .
(== A vr e nt
Q.E.D.

Remark: For readers familar with operator theory we mention that the
operator T from the proof of Theorem 2.1 is in fact the pseudo-inverse of T.
By stressing this point we are able to show a stronger version of the theorem
in section 3. The reason for stating Theorem 2.1 in the way we have done
it is that this form is more applicable to other areas of research - especially
to wavelets. Already the “old version” (with Ay = 0) has been shown to be
very useful in connection with wavelet frames and Weyl-Heisenberg frames,

cf. [FZ].

In the case p = 0 there is a long tradition for studying the condition (3).
Pollard ([P], see also [B, p.488]) showed that completeness of { f;}32, implies
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completeness of {g;}°,, but only for the case maxz(Ai, As) < % Hilding
([H1]) relaxed the condition to maz(A1, A\2) < 1. From our point of view the

problem with the case pu = 0 is that the condition

n

1> cilfi = gill <MD afill + Xl D cagill, Vet
=1 =1

=1

(still with maz (A1, A2) < 1) implies that {f;}3°; and {g;}°, have the same
linear dependence in the sense that

doafi=0&> cgi=0.
i=1 i=1

This is a very inconvenient restriction in the context of frames.

Corollary 2.2: If {f;}3°, is a Riesz basis and the condition in Theorem
2.1 is satisfied, then {g;}5°, 1s a Riesz basis.

Proof: Let A denote a lower frame bound for {f;}3°;. Then || >, ¢; fi|| >
VA|[{e:}2, |, Y{e}e, € £2(N). Given {c;}2, € £2(N),

1Y gl > (1D afill = 11D el fi — 90)]
=1 =1 =1

>IN afill = MDD afill = Xl D gl | — wl[{ei} 24|
=1 =1 =1
> (11— M) Zczsz — Ag| ZCiQiH — pll{ei} |
=1 =1

> (1= 2)VA = pw{ed2il] = Aol D cigil -
=1
So

1+ X
So Y2 cgi=0=¢=0,v.. Q.E.D.

1S eigil| > ——————YA VA {e}2 .
=1

Our result in example 1.2 (that {e; + Tei11}32, is a Riesz basis) could also

11



have been obtained using Corollary 2.2. We leave the details to the reader.

We now turn the attension to the question about excess of frames. First
we extend Theorem 12 from [CC2] to the setting where the Ao-term is present:

Theorem 2.3: The assumptions in Theorem 2.1 implies that
{fi}32, is a near-Riesz basis < {g;}:2, is a near-Riesz basis

in which case {f;}2, and {g;}$°, have the same excess.

< 1. By [CC2, Prop. 11], there
with

Proof: Choose € > 0 such that A\; + \/L

exists a number m such that {f;}°  is a Riesz basis for span{ f;}2
lower bound A — €. Define an operator

i=m)

T : span{fi}2,, — spanf{g;}o,., Tfi:==¢9;, i=mm+1,..

extended by linearity. Every f € span{f;}°, has a unique representation
as f = Y0, ¢if; where only finitely many of the coefficients {¢;}$°,. are

nonzero, and
oo

1f=TAl =11 X alfi — gl

i=m

oo

IIZczfz||+Az IIZ cigill + - [{e} 2]

<M+ \/—)H Z cifill + X -] Z cigil|

=M+ A+ 22 - [T

/ A —
So T extends to a bounded operator from span{f;}°,, into span{g;}2,.,,
which we again call T'. The above extimates still holds, and as in the proof
of Lemma 1.1, it follows that

1— (M +
Out 78 < s <

1+ “_6 ~
. T2 11|, € spam{ )

1—X

T has closed range, so T'(span{ f;}5°,,) = span{g;}:2,,- By [CK], codim(span{ f;}3°

codim(spandg;}22,,), that is, we need to add the same numbers of element

12

m)_



to {fi}52,,, resp. {g:}52,, to get Riesz bases for H, from which it follows that
{fi}2, and {g;}$2, have the same excess. Q.E.D.

Remark: It is important that Theorem 2.3 is restricted to the case of finite
excess. In fact, as shown in [CC2] there exist examples where the perturba-
tion condition is satisfied and {f;}$2, has infinite excess, but where {g;}2,
does not contains a Riesz basis. As we show now, this can only happen if
the p-term is present:

Proposition 2.4: Let {f;}2, be a frame containing a Riesz basis and let
{9:}2, CH . If there exist constants Ay, Ay € [0; 1] such that

11> cilfi = g)ll < MD- efill + Xl D cigil|
=1 =1 =1

for all ¢i,..c,(n € N), then {g;}2, is a frame containing a Riesz basis. Fur-
thermore {f;}5°, and {g;}2, have the same excess.

Proof: Choose I C N such that {f;}ic; is a Riesz basis. Then {g;}icr
is a Riesz basis by Corollary 2.2, from which the result follows. Q.E.D.

For Riesz frames the problem mentioned can not occur:

Proposition 2.5: Let {f;}3°, be a Riesz frame with lower bound A, and
let {g:}32, C H satisfy the hypotheses of Theorem 2.1. Then {g;}2, contains
a Riesz basis and {f;}2,,{9:}32, have the same excess.

Proof: By [C2] the frame {f;}$2, contains a Riesz basis {f;}ic; with lower
bound A. By Corollary 2.2 , the corresponding family {g; }ics is a Riesz basis.
Q.E.D.

Remark: For families {g;}°; which are known to be Bessel sequences, the

results presented here can be slightly extended. The reason is, that in this
case the operator

U:C(N)—H, U{al2, =) cg

=1

13



is bounded, so we are allowed to work with Corollary 1.4 instead of Lemma
1.1. So in this case we can take Ay = 1.

Although the results in Section 1 are stated in a Banach space, we have
restricted us to the Hilbert space setting in the present section, to make the
theory direct applicable. But in fact, as shown by Grochenig the notion of a
frame can be extended to Banach space. Corresponding to a Banach space
X we denote the dual space by X”.

Definition: Let X be a Banach space and X); an associated Banach space
of scalar-valued sequences. Let {y;}3°; C X" and T : X3 — X be a bounded
linear operator. If

(a) {<z,yi >}2, € Xy, Vo e X

(b) 34,B > 0: Allz|| < |[{< 2,5 >}2,|| < Bllz|[,Vz € X

(c) T{< z,y; >}, =z, Vx € X,

then ({y;}2,,7) is a Banach frame for X with respect to Xy.A, B are
called frame bounds. Note, that in the case of a frame in a Hilbert space,
they are the squareroots of the usual frame bounds. The analogue of Theo-
rem 2.1 now reads

Theorem 2.6: Suppose that ({y;}2,,T) is a Banach frame for X with
respect to Xy. Denote the corresponding bounds by A, B. Consider an op-
erator S : X3 — X and suppose that there exist Ay, Ao, > 0 such that
maz(Ag, A1 + pB) < 1 and

[ T{e:}2i=S{e}Z ]l < Ml[T{akZ ][+ Ael[S{aZl [ +ull{a}2ill, V{a}E € X,
Then there ezists a sequence {z;}52, € X' such that ({z:}2,,5) is a Banach

- 1-2 142
frame for X w.r.t. Xy, with bounds A1+A1+2;LB’ Bl—(A1+2,uB)'

Proof: We check the conditions in the definition. Let z € X. We use
the assumption on the sequence {¢;}$2, = {< =, y; >}2;:

lz = S{< 2,4 >} < Mllzf| + Aol [S{< 2,95 >332, || + pBl|z]].
By our Lemma 1.1, the mapping Lz := S{< z,y; >}3°, is an isomorphism
of X onto X, and
1— Ay

R ——— Z||.
L+ M\ +uB el

1+ A
<||L7lz|] < —————
el < 12711 < =y gy

14



So
r=LL 'z =S{< L 'z,y; >}, Vz € X.

The mapping x —< L™'z,y; > is an element of X', which we call z;. Clearly
{< w2 >}, ={< L7z, y; >}, € Xy, and z = S{< 7,2, >}2,, Vz € X.

Finally,
{< 2,2 >3] = [{< L7025 >3] > AL 2] > A Lo |||
X,z 2l = x,Y; . x T —
and
14+ X
< x,zi > < B||L 'z <B z||, Vo € X.
{ Yill < BJ|IL™ ] (/\IJWB)II |

Q.E.D.

For more results about perturbation of Banach frames we refer to [CHJ.

3 Extension of frame theory.

The main feature of a frame {f;}2°, in a Hilbert space H is that every ele-
ment in H can be represented as a linear combination of the frame elements.
But there exist natural examples of families {f;}5°; which have this property
without beeing a frame. A theory for such famlhes has been developed in
[C3]. The aim of the present section is to show how the results from section
1 can be used in this setting.

Let us briefly recall the situation from [C3]. Given a family {f;}2; C H
we consider the -maybe unbounded- operator

T:D(T) CA(N)—H, T{c}2, = icifia

=1
where the domain D(T) = {{c;}2; € *(N) | 32, cif; converges}. We as-
sume that 7T is closed and surJectlve. Then there exists a unique operator
Tt :H — D(T) C £*(N) such that
Nyt =0 (= Rrt), Ryt = Nptand TT'f = f, Vf € H.

15



Tt is called the pseudo-inverse of T. As shown in [C3, Th. 4.1] , T has
the form TTf = {< f, h; >}, where {h;}32, is a Bessel sequence in H. In
particular, T is bounded, and since Ny+ = 0, T is injective. The generalized

frame decomposition is s immediate consequence of th definition of 7" and
the form it has:

f:TTTf:i<f,hz’>fia VfeH.

=1

It is not difficult so show that the theory described here can be used for any
Schauder basis satisfying the extra condition that the expansion coefficients
are square summable. Now let {g;}2, C H. We assume that Y} 2°, ¢;g; is
convergent for all {¢;}°, € D(T') and define the operator

U:DU):=D(T)—=H, U{c}2, = Z Cigi-
=1
In the present setting, the question is to find conditions such that U is closed

and surjective. As we shall see now, the analog of Theorem 2.1 is true:

Theorem 3.1: Assume that T is closed and surjective. Let {g:}2, C H
and define the corresponding operator U as above. Suppose that there exist
A1, Az, it > 0 such that maxz(A + p- ||T7]], A9) < 1 and

(| T{ei}i2 =U{e 12l < MllT{ e 2y [+ UL e 2y ||+ pl{a b2, ek, € D(T).
Then U 1is closed and surjective, and

L= Qu+ullTT)y, 1
1+ X, 1772

Dl <gnf>]=( I£I12, Vf € H.
=1

Proof: By [K, p.191], U is closed. Observe that we can use the assumption

[e o]

on {¢;}2, := T'f since Ry+ C D(U). We obtain that
1F = UTH I < MUl + M llUTT 1]+ - [T £, VS €
So UTT is invertible and therefore surjective. Also, by Lemma 1.1

T+ A +p- T
1— X ’

IOTH 7 < = 1UT7| <

(A + - [ITH]])’
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This leads to
IfI|* = <UTHUTY  f, f > P

<|IT'OTHT P Y < g0, f > P

=1
1+ /\2

1— (A +
from which the estimate for the lower bound follows. Q.E.D.

< (|- 1 £11*( T ) Z|<gz,f>|2 VfeH.

Since UTT(UT')~! = I, it is natural to ask whether the operator TT(UTT)~!
is the pseudo inverse of U? It is immediate, that

Nriwriy-1 ={f € H | (UT")™'f € Npi = Ry = {0}} = {0} = Ry~

and that

Rriqwrin-1 = Rrt = N~
So Ut = TH(UTT)~" if and only if Ryt = Ny, ie., iff Np = Ny.

In applications of the generalized frame theory, the most difficult point is to
show the closedness of the operator 1. Here we present a few results related
to this question. For later convenience (and since the proof does not use the
Hilbert space structure) we state the main result in the Banach space setting:

Theorem 3.2: Let X' be a Banach space, and let Xy be a Banach sequence
space of scalars. We assume that convergence in Xz implies coordinatewise
convergence, and that Xy contains the canonical unit vectors. Then, given a
family of elements {f;}2, C X, (1) and (2) below are equivalent:

(1) There exists a number m such that {f;}3°,. is a basis for its closed span.

i=m

(2) For every choice of numbers o; € R, the operator

T, : D(T,) := {{c:}2, € Xa| Zciaifi convergesy — X, T {c;}2, = Zciaifi

=1 =1

17



15 closed.

Proof: First assume that (1) is satisfied. From
{2 € D(To), [{e}E —{edZill = 0, [[T{cf'}Z1 =gl = O forn — o0

we want to conclude that {¢;}$2, € D(T,) and that T{c;}32, = g. Choose m
such that {f;}2,, is a basis for its closed span. Then

o] m—1
Zaic?fi — g — Z a;c; f; for n — oo.
i=m =1

For suitable coefficients d;, i« = m,m + 1,.. we have g — X" ucifi =
Y, difi, and o — d;. It follows that d; = a1 = mym +1,.., s
{0,0,...m, Cmy1, .-} € D(Ty,). It follows that {¢;}3°, € D(T,) and that
T, {Cz} =1—9-

Now we prove (2) = (1). Suppose the result failsi.e., {f;}2,, is not a
basic sequence for any choice of m. By induction there exist numbers

n0=0<m1<n1<m2<n2...

and a sequence {c¢;}3°, such that

mj41
(5) Vi: |l Z afill =1
i:nj—I—l
and
' j+1 1
©) Vi |l X il < 5
1=n;+1

We only give the induction step, since the first case follows from the same
argument. So assume that we have choosen {n;},_, and {m;},_, satisfying
(5) and (6). By [LT prop.1l.a.3] there exist natural numbers m;; and n;44
and scalars {d;};2} L po41 such that nj <mj; <mnjiq and

mj41 ) Tj+1
Yo difill =2 Y difill.
i:nj—l—l ’i:nj+1
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If we divide this inequality by || z;’;f;; 11 di f;|| and relable the resulting scalars
as ¢;, we get the result.
Now, let {e;}$2, denote the unit vector basis of X; and choose

njt1

a; =2 Y cel

i:nj+l
and consider the family

{a0f15---:a0fn15a1fn1+1:"aalfnw """ } = {le}fil

and let

T :D(T) — X, T{e}2, =) of.
=1
We now show that 7" is not closed. For k € N, define
G fm Gt Om Gt e ),

c
) 30 )
&) (%)) aq aq (6773 (6773

z =A

{zr} is a Cauchy sequence: if k < [ then

l
Cpp: Cp.
|z =zl < Y [[{0,0, ..., ’;“,...., ’(’;1,0,0,,,}”

i=k+1 1 7
11
< Z — < —=—0as k — oco.
- 2t — 2k
i=k+1
So by assumption,
C1 Cny Cny+l Cny Cnp+1 Cngyq
zp —mxi={—, .., — —— ., ., =, L} for k — 0.
&%) Gy g aq O O

The sequence {T"z;}%2 , is convergent. To prove this we only need to observe,
that if £ <, then

I Mt . o ni41
IX Y Zafll<yll Y afl
i=k j=n;+1 i=k j=n;+1
1 1
Si:2k2i+2 =W—>Oask—>oo.
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Now we finish the proof by showing that z is not in D(T") For each k,

m mg

1Y Zafill=1 Y afil=1

i=ni+1 @k i=ng+1
Therefore the series
“T'{z}“ = gozofl + C—2a0f2 + ...
ag o
is not a Cauchy sequence in X, hence z is not in D(7"). Q.E.D.

In a Hilbert space, Theorem 3.2 can be interpreted as a statement about
near-Riesz bases:

Corollary 3.3: Let {f;}°, be a frame for the Hilbert space H. Then (1)

and (2) below are equivalent:
(1) {f:}32, is a near-Riesz basis .
(2) For every choice of numbers «; € R, the operator

Ty : D(Tw) := {{c;}2, € (N) | Y ciaifi converges} — H, To{c;i}i2, = ciaifi

=1 =1

18 closed.

Proof: We only need to prove (2) = (1). Choose m such that {f;}$2,.
is a basis for its closed span. By [C4], {f;}$°,, is at the same time a frame

for its closed span, and therefore a Riesz basis for its closed span. Q.E.D.

Corollary 3.4: Let {f;}2, be a near-Riesz basis. Then, for every choice
of numbers «;such that c; > € for some € > 0, the operator

T, : D(T,) := {{c;}2, € £2(N) | Z cia;fi convergest — H, T{c;}2, = Z ;i f

18 closed and surjective.
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