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Perturbations and Irregular Sampling Theorems for
Frames

Ping Zhao, Guizhong Liu, Chun Zhao and Peter Casazza

Abstract— This paper gives a perturbation theorem for frames
in a Hilbert space which is a generalization of aresult by Casazza
and Christensen. Then this result is applied to the Perturbation
of regular sampling in shift-invariant spaces. Irregular sampling
theorems for frames in wavelet subspaces are established for
which it is easy to derive explicit formulas and algorithms to
calculate the ranges of the perturbations for frames. Further-
more, improved estimates for the Perturbations are derived for
the Perturbations of regular sampling in shift-invariant spaces.

Index Terms—Riesz basis , frame , sampling , irregular
sampling, perturbation, wavelets.

I. INTRODUCTION

N digital signal and image processing, digital communica

tion, etc., a continuous signal is usually represented and
processed by using its discrete samples. For a band-limited
signal, the classical Shannon sampling theorem provides an
exact representation by its uniform samples with a sampling
rate higher than its Nyquist rate. The Shannon sampling theo-
rem is one of the most powerful resultsin signal analysis. This
classical theorem has broad application in signal processing
and communication theory and has been generalized to many
other forms. Recently it has also been extended to wavelet
subspaces in [1], [2], [3]. Irregular sampling is also useful in
practice. A reconstruction from more general sets of points
is necessary if the measurements cannot be made at uniform
points {n} . In [2], [4] and [5], irregular sampling theorems
in trandation invariant subspaces were proved. The authors
of [6], [7] studied an algorithm to treat the Perturbation of
regular sampling in wavelet spaces assuming ¢ is a stable
generator, i.e, {¢(- — k)}x is a Riesz basis. We will show
that the assumptions in these papers on the values {¢,} of
deviation from the integral points can be weakened.

In [8], [9] and [10] perturbations about frames have been
studied. Our objective in this paper is to find a generalization
of several perturbation results for frames. We find that the
result of Casazza and Christensen becomes a corollary of this
result. By applying this result to the Perturbations of regular
sampling in shift-invariant spaces, irregular sampling theorems
for frames in general wavelet subspaces are established. Based
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on these results, improved estimates for the Perturbations are
derived. The derived estimates are easy to calculate.

The following are some notations used in this paper. The
Fourier transform of f € L2(R) is defined by f(w) =
[ ft)e~dt. Let
R

(fr9) = [ F(D)g(t)dt
/

I f 1= VAL 1)

I F 1= / )Py 2,

Il. PERTURBATION THEOREMS FOR FRAMES

Let H be a Hilbert space and {f;}:cz be a sequence in H.
We say that { f;}icz is aframe for H with lower frame bound
A and upper frame bound B if for al f € H we have:

AIFIP < DS £a)? < BIFIZ
i€z
If only the right-hand inequality is satisfied for al f € H,

then {f;}:cz is called a Bessel sequence with bound B. We
define the synthesis operator 7' : ¢?(Z) — H by:

T{ci} = Z ci fi-

The conjugate operator T* : H — ¢2(Z) of T is caled the
analysis operator and satisfies:
T*f = {{f. fi) }iez-

If {f;} isaframe for H, the operator S = T'T* is a bounded,
positive, self-adjoint invertible operator on H called the frame
operator and satisfies

Sf= Z<f, fi) fi.

In this case, {S~!f;} is caled the canonical dual frame
for {f;}. The canonica dua frame gives the reconstruction
formula

F=Y 87 =D (L f)S7 .

% %

If {g;} is another sequence in H, define an operator L by
Lf=> (f fi)gi
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Lemmal: If L is a bounded operator on H then
L*f =Y (f,9)fi, foral feH

Proof: For al f,g € H we have

Theorem 1: Let {f;}:cz be aframe for a Hilbert space H
with frame bounds A, B and let {g;}:cz be a sequence in H.
If the operator L is invertible on H, then {g;}:cz has lower
frame bound m. Hence, if {g;} is a Bessel sequence
then {g;} is a frame.

Proof : For any f € H we have

1||HfH < L7/l

%

1L~

1/2
= |Z<fagi>fi||S\/§<2|<f,gi>|2> .

Hence, {g;}: has the the prescribed lower frame bound. O
We note that the assumption that {g,} is Bessel sequence
is necessary for us to conclude that {g;} is a frame.
Examplel: Let {e;};cz be an orthonormal basis for H and
define:

foi =€, faim1 =0,

and

92i = €5,  g2i—1 = €.

Then {f;} is aframe for H while {g¢;} does not have a finite
upper frame bound and hence is not a frame for H. But it is
immediate that

f=Lf=>Y (ff)g, foral feH,
i€EZ
and so L is an invertible operator on H.

The main perturbation theorem in [10] now follows from
Theorem 1.

Theorem 2: Let {f;}:cz be aframe for a Hilbert space H
with frame bounds A and B. Let {g,};cz be a sequence in
H and assume there exist constants A1, Ao, x> 0 such that
max(A\; + ﬁ,Ag) <1and

l Zci(fi =gl

1/2
< MDD efill Xl gl e > |Ci|2‘|

%

for dl {c;};. Then {g;}; is a frame for H with frame bounds
A Ao+ 22\ ® A Ao+ 222
a2t va) gt TVAY
14 X
Proof: Let T' (respectively, U) be the synthesis operator for
{fi}i (respectively, {g;}). We compute:
[U{ci} < | Zczle\ +l th i — i) <

1D cifil + 2l Y D eafil + A2l Y cagall + ull{eddl.

Hence,
1 + A1

10fesl = T 1Tl + 5 )\ Heidll <

%H{ vl

It follows that {g;} is a Bessel sequence with Bessel bound
2 2
(14 \)VB + At + I

1— X
Let S be the frame operator for {f;};. Let TTf = T*S~1f.
So TT+f = f and

UT*f = Z £, 8
For f € H let {¢;} = T" f. We compute
If =TTl < Mllfl+ AllUT £ +

“fig

\/—Ilfll

= (M4 5 ) IS+ 2alOT 1L

By Lemma 1 of [10] it follows that UT+ is invertible and
14 X

1— ()\1 + ﬁ)

Since {S~!'f;} is aframe for H, an application of Theorem 1

shows that {g;} is a frame for H. O

Corollary 1 is a generdization of a classical result of Paley
and Wiener concerning perturbations of Riesz bases.

w7 <

I1l. IRREGULAR SAMPLING THEOREMS

We now introduce some notations used in the following. We
write

+oo
E, = {W S R| Z |¢(w + 2TL7T)|2 > 0}'
=( Y [p(w+2nm)?)/2.
n=-—o0
Z ot —k)p(s — k).
where »
_ ow)
é(w) - Zn [@(w+2nm)|?” w € ESO
0, w g Elp
Z(1,w0) = X, (x +n)e~" is the Zak transform of ¢
P*(w) = Z,(0,w).
|1, teFE
xe = 0, otherwise

In this section, let T (respectively, U) be the synthesis
operator for {q(k, )}« (respectively, {q(k + ok, ) }x)- Let

Sf=TT"f =Y (f,alk,)a(k,-).
k
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We consider the shift-invariant subspace V() generated by
o(t)
V(e) ={D_ erplt — k)|{ck}rez €1} C LP(R).
kER

First, we give a necessary and sufficient condition on the
samples {f (n + 0n) }n.

Theorem 3: Let V() be a closed subspace of L2?(R) and
{¢(- = n)|n € Z} be a frame for V() with bounds A and
B. Suppose that ¢ is continuous, Sup,cz >_,.c7 [¢(z+n)* <
400, and that there exist two constants c1, ca > 0 such that

axe,(w) < | (w)| < c2xr, (w), ae. weR

Suppose that there exist a sequence {4, } kez such that operator
Lf =3 (.5  q(n. ))a(n + 6, ).

is invertible, and {q(n + 0., )}, is Bessel sequence if and
only if there are constants C, D > 0 such that

CY NP <Y [fn+6)P <D [fm)]* (1)

holds for any f € V().
Proof: Let

alt,s) =Y olt = k)@(s — k).

k

We know that2{q(n, -)2} = {q(0,- —n)} is aframe for V(p)

with bounds % and 2 (reference [4]). On the other hand, for
anyteR

> ot — k)@(s — k) convergesto (t, )
k

in L%(R). Since {¢(- — n)} is the canonica dual frame for

{()0(' - n)}’ we have that <f7 q(t7 )> = f(t)
Necessity. The operator

Lf =) (.5  a(n.))a(n + 6, ).
isinvertible, {g(n+d,, )} is Bessel sequence. {S~1q(n, )},
is the canonical dual frame for {q(n,-)},, By Theorem 1,

we have that {q(n + d,,-)}» is a frame that there exist two
constants M7, My > 0 such that

M| £ S (fraln+ 80,002 < Mo || £ 12
holds for any f € V(¢). Then
My FIPSS I +62)2 < Mo || £ )12

n

holds for any f € V(y). Since {¢(n,-)} = {q(0,- —n)} isa
frame for V' (y), we have that

ﬁ 2. 2 o é 2
Bllfll_glf(n)l o A
holds for any f € V(). Then

A B
Mg SIS < 3100+ 80 < Mo 3 1)

holds for any f € V().
Sufficiency. Since

CY NP <D 1fn+8)P <D [f(n))?

holds for any f € V(y) and {g(n,-)} = {¢(0,- —n)} isa
frame for V (), we have that

A< SR < 2 5 2
B - ~ - A ’
holds for any f € V(). Then

2
C2 7 IP< ;u’,q(nm, )2

2
= Y lfn+o)P <D I

holdsforany f € V(y). So {q¢(n+0d,, )} isBessal sequence.
By Lemma 1,

L*f =3 f(n+06,)S "q(n, ).

{S~1q(n, )}, isthe canonical dual framefor {q(n,-)},, with
bounds 4 and £. Then

« A A c?
120 12 4 S i+ 80P > A | 72
2 o 5

A 2

C

Lf|*>Cc52 2,

ILfl _chB 1

Hence, the operator Lf is invertible. a

We now look for agorithms to reconstruct a continuous
signal f € V(p) by using its discrete samples { f(n + 05) }n-
Obviousdly the samples cannot be arbitrary; that is, some con-
straints should be imposed on the sampling points {n 4+, }.
or the samples {f(n + 6, )}». The weaker the constraints are
the better the reconstruction method is evaluated. For irregular
sampling on more general wavelet subspaces, we have the
following theorem.

Theorem 4: Let V(¢) be a closed subspace of L?(R) and
{¢(- = n)|n € Z} be a frame for V() with bounds A and
B. Suppose that ¢ is continuous, SUp,c p > ez [e(z+n)? <
400, and that there exist two constants c1, co > 0 such that

cixp, (W) < @7 (W)] < coxp. (W), ae wER

Suppose that there exist a sequence {d, } ez and two constants
C, D > 0 such that

CY IfMIP <D 1fn+6,)P <D [f(n)

holds for any f € V(y). then there exists a frame {S,,} ez
for V() such that for any f € V(y)

F) =Y f(n+62)Sa(t) (2)

where the convergence is both in L2(R) and uniform on R.
Proof: {S~'q(n,-)}, is the canonica dua frame for
{q(n,-)}n. By Theorem 3 and Theorem 1, Hence {q(n +
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dn,-)}n is aframe for V,,. Due to Theorem 1 of [2], there
isadua frame {S,(t)} of {g(n+ d,,-)}, such that

F@&) =" (fra(n+6,)) Zf 1+ 62) S

forany f e V,. a

Our objective is to find explicit formulas and algorithms to
calculate the ranges of the perturbations for frames. So we
now discuss a special case of the irregular sampling Theorem.

Theorem 5: Let V() be a closed subspace of L?(R) and
{¢(- = n)|n € Z} be a frame for V() with bounds A and
B. Suppose that ¢ is continuous, Sup,cz ..z [¢(z+n)* <
~+o00, and that there exist two constants ¢, co > 0 such that

axe,(w) < @7 (W) < coxp, (W), ae weR

Suppose that there exist a sequence {d;}rez and there is a
positive number 6 < 1 such that

Do If(n+8) = f)F <62 |f(n))? 3)

holds for any f € V(y). then there exists a frame {S,, } ez
for V() such that for any f € V(y)

= Z f(’I’L + 67L)Sn(t)

where the convergence is both in L2(R) and uniform on R.

Proof: If
(> <> ()

holds for any f € V(y), then
(1-0> [f(n)* < Z|f (n+8,)* < (1+6) Z|f

By Theorem 4, Theorem 5 is shown. d

IV. IRREGULAR SAMPLING THEOREMS AND ALGORITHMS
FOR WAVELET SUBSPACES

In order to establish the algorithm for perturbations of
regular sampling in shift-invariant spaces, we need to introduce
the function class L)[a,b] (A > 0,0 € [0,1),0 € [a,b] C
[—1,1]) defined and used in [6] and [7].

Definition 1: L)[a,b](A > 0,0 € [0,1) and 0 € [a,b] C
[—1,1]) consists of al the measurable functions f, for which
the norm

I f L2a,n

_ >plf(k+o+r)— flk+0)

= SUPsyy.Clasb] Supk|rk|)‘ < 0.

Theorem 6: Let V() be a closed subspace of L?(R) and
{¢(- —n)|n € Z} be a frame for V() with bounds A and
B. Suppose that ¢ is continuous, sup,cz ..z [¢(z+n)* <
+00, ¢ € Lj|a,b] and that there exist two constants C'y, Cy >
0 such that

Cixg, (w) <l ae. weR

(W) < Caxg, (W),

Then for any {r,}, C [T,
{Sn}n for V(y) such that f
L?(R) for every f € V(yp) if

,7o]Nla,b], there is a frame
Zn (n + TTL)S” hOldS |n

T ()

ro < (
v (K% HL@[a,b]

Proof: Forany f € V(y),thereisascalar sequence {cy }x €
I? such that f = >, ckp(- — k) holds in L?(R). Let t;, =

k+rg
A = Z|f(tk
= Z|Zcz (tr = 1) — (k=)
= Zchcl (tn — k) —p(n —k))
X(w(tn =) —pn—1)
= D cka) (plta —k) —p(n—k))
k,l n
X(p(tn = 1) = @(n —1)).
Take
ki = _(p(tn — k) = p(n = k) (@(tn — 1) = p(n —1)).
Then ar; = a; holds for any k,I € Z. Following the

argument in [6], we have

A= Z aRICRCl < (Z ci)sup; Z |
k.l p 1

and
supy > lar| < (I @ llzafas SUPslrs*)?
l
Hence
A< (Z &)l e 23 1a0] supg|rs)*)?
k
Since

1 —tkw
QWP = o 122 aplh—De ™ |12
k l
1 ik —ikw ||2
= e Tac™
CIQZC%.
k

By Theorem 5, we only need to show

v

(1 Il 30 SUPSlTslY)® < 62CF.

But this is the assumption in the theorem. So Theorem 6 is
shown. O

If ¢ ¢ L{[a,b],we use another algorithm to calculate the
ranges of the perturbations for a frame.

Theorem 7: Let V(¢) be a closed subspace of L?(R) and
{¢(- —n)In € Z} be a frame for V() with bounds A and
B. Suppose that ¢ is continuous, SUp,c p >-,.c7 [o(z+n)? <
~+o00, and that there exist two constants C', Co > 0 such that

Cixe, (W) < [¢*(w)| £ CoxE, (W), a6 weR
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Moreover, supposethat {¢’(-—n)|n € Z} isaBassel sequence
with bound M. Supposethat § > 0 and §[28] < C?/M. Then,
for any sequence {d,,} with sup,,|d,,| < 9, there exists aframe
{S,} for V(¢) such that for any f € V(y)

7 =3 F(n+6.)8(0)

where the convergence is both in L2(R) and uniform on R
and [z] is the smallest integer that is larger than or equa to
x.
Proof: For any f € V(y), there is a scalar sequence
{ck}r € 1?2 such that f = Y, ckp(- — k) holds in L?(R).
Following the argument in [4], we have

Z |f(n+0d,) — f(n)|2 < 0M[26] Z |Cn|2-

Recalling the proof of Theorem 6, we know
CEY lenl® <D IR
k k

Therefore, by Theorem 5, we only need to show that for some
0 <6 <1 wehave

SMT261 ) len|® < 02CF Y enl?

That is, 0M[25] < 62C%. Again, this inequality is our
assumption in the theorem which completes the proof. O

Compared to the estimate §[26] < AC?/BM derived in
[4], since lower frame bound A and upper frame bound B
satisfies A < B, the present result does improve the result of

[4].

V. APPLICATIONS OF THE ALGORITHMS

Example 2 (see [12]): Consider the B-spline of order 1
scaling function

Ni(t) = txpo,1) + (2 = 1)x[12)-
In this case, Ni = e, G, (w) = (1/3+2/3 cos?(w/2))"/?,
Ci=0Cy =1. A= % and B = 1. Since || Ny ||L(1)[—1,1]: 3,
by Theorem 6, we derive an estimate ry, < 1/3.

ExampIeQS: Consider  the Gauszsian kernel K =
1/v2me /2. Inthiscase, K = e~ /2 and

G% = z:(f(“’JFQkW)2 e + Qi e~ (wH2km?
k k=1
For any w € [0, 27], we derive
G2 > eV 2/e_x2d:c et 4 Vor/e?
2
and

G3 < 1+2/e‘w2d:c =1+ 2
0
By the Poisson summation formula, we know that

Rv* — 1/ /QWZe—(w—f—QkTr)?/Q.
k

Then we have e =27 /\/271 + 2/e < K* < 1/y/27 + 2 and
|5 logpor < 1/V2R(V2e 1 4 aem172),
By Theorem 6, we derive an estimate
rie < (eY272 4 2e7Y2/om) /(V2el* + 4) =~ 0.35.
Exampled: Let p(w) = X[—2ax,24m)(w), 0 < a < 3. Then
Gy(w) = X[-2ar,24m) (W) ON [T, T).

Since ¢*(w) = Y, ¢(w + 2km) in L?(0,2m) (see reference
[14]), we derive

A~k

¥ (W)X[*ﬂ',ﬂ‘) = X[72a7r,2a7r)(w)-

Then C; = Cy = 1. It iseasy to verify that {o(- —n)n € Z}
is a frame for V() (see reference [15]). By reference [14],
{¢(-—n)|n € Z} isnot aRiesz basis for the subspace V().
Since f/(w) = iwf(w), M = sup, 3, ¢ (w + 2k7)]> =
(2am)?, 0 < a < . By Theorem 7, we derive an estimate

1
On| < —.
Supn | | < (20/71’)2
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