A Physical Interpretation
for Finite Tight Frames

P.G. Casazza®, M. Fickus®, J. Kovacevi¢®, M.T. Leon?,
J.C. Tremain ®

& Department of Mathematics, University of Missouri-Columbia,
Columbia, Missouri 65211, USA

b Department of Mathematics, Cornell University,
Ithaca, New York 14850, USA

¢Department of Biomedical Engineering, Carnegie Mellon University,
Pittsburgh, Pennsylvania 15213, USA

Abstract

Though finite tight frames arise in many applications, they have often proved diffi-
cult to understand and construct. We investigate the nonlinear problem of finding
a tight frame for which the lengths of the frame elements have been prescribed in
advance. Borrowing several ideas from Classical Mechanics, we show that this prob-
lem has a natural, intuitive interpretation. In particular, we show that such frames
may be characterized as the minimizers of a potential energy function, and justify
their interpretation as “maximally orthogonal” sequences. By exploiting this idea,
we are able to show that such frames always exist, provided the requisite lengths
satisfy a “fundamental inequality.” In so doing, we characterize those sequences of
nonnegative numbers which arise as the lengths of a tight frame’s elements.

1 Introduction

For over a century, orthonormal bases have proved invaluable to mathemati-
cians, scientists, and engineers, by allowing us to decompose vectors with ease.
In particular, if {e,}2_; is an orthonormal basis for a Hilbert space Hy, we
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have the Parseval-Plancherel identity,

[ = z_:1<f7 €n)€n, (1)

for all f € Hy. However, in many applications, orthonormality is never explic-
itly needed. Rather, what we truly care about is the decomposition formula
(1), and orthonormality is only a means to an end.

The theory of frames is an attempt to understand decompositions similar to
(1), but without having to prescribe orthogonality a priori. To be precise, we
say that a sequence of M vectors {f,,}M_, within an N-dimensional Hilbert
space Hy is a tight frame for Hy provided there exists an A > 0 such that,

1 M

I=1

{fs fin) s (2)

m=1

for all f € Hy. As we shall see in the following section, tight frames are a
nontrivial generalization of orthonormal bases, even in finite dimensions.

In recent years, great progress has been made in the understanding and imple-
mentation of tight frames, some of which is described in detail below. Never-
theless, many fundamental and important questions about tight frames remain
unanswered.

For instance, note that though the definition of an orthonormal basis requires
all vectors to be of unit length, the definition of a tight frame makes no
such a priori assumption. However, in the next section, we shall explicitly
demonstrate how (2) contains an implicit restriction upon the lengths of a
tight frame’s elements. One therefore asks the question:

Given positive integers M and N, for what sequences {a,,}*_, C [0,00) do
there exist tight frames {f,,}*_, for Hy, such that || .|| = a., for all m?

We answer this question completely. In particular, we shall demonstrate that
such a tight frame exists if and only if the sequence {a,,}M_, satisfies the
fundamental inequality,

Furthermore, when this inequality is violated, we determine the vector se-
quences of such norms which are as “close” to being tight frames as possible,
in a natural, intuitive sense.

Of course, this problem does not exist in a vacuum. Frames have been a subject
of interest for many years, both in theory and in applications. In recent years,



several inquiries have been made into some of the deeper issues of finite tight
frames.

The theory of frames was first introduced by Duffin and Schaeffer [13] in
the 1950’s, furthering the study of nonharmonic Fourier series and the time-
frequency decompositions of Gabor [17]. Decades later, the subject was rein-
vigorated following a publication of Daubechies, Grossman and Meyer [12].
Frames have subsequently evolved into a state-of-the-art signal processing tool.

There are many excellent sources for those interested in the mathematics of
frames, beginning with the original work of Duffin and Schaeffer [13], which
introduces frames for arbitrary Hilbert spaces. In addition, particular classes
of frames related to time-frequency and time-scale decompositions have also
been extensively studied. In particular, Gabor (Weyl-Heisenberg) frames, are
described by Heil and Walnut [24], while Daubechies [10,11] offers excellent
introductions to both wavelet and Gabor frames.

The theory of frames provides both great liberties in the design of vector space
decompositions, as well as quantitative measures on the computability and ro-
bustness of the corresponding reconstructions. As such, frames are increasingly
popular in both pure and applied contexts, appearing in many places, and in
many guises.

Frames are resilient against the corruptions of additive noise and quantization,
while providing numerically stable reconstructions [8,11,20]. Perfect recon-
struction oversampled filter banks have been extensively studied [5,9,27,30],
and are equivalent to translation-invariant frames in ¢*(Z). In general, appro-
priate frame decompositions may reveal “hidden” signal characteristics, and
have been employed as detection devices [2,4,33]. Though the Naimark® The-
orem [1] has been applied to frame theory for several years [19,23], researchers
have only recently begun to exploit this result to parse several results concern-
ing quantum measurement in terms of frames [16,29]. Frames have also been
used to design unitary space-time constellations for multiple-antenna wireless
systems [25].

Specific types of finite tight frames have been studied to solve problems in
information theory [26,32,36]. In addition, many techniques of constructing
finite tight frames have been discovered, several of which involve group the-
ory [34]. Researchers have also been interested in tight frames whose elements
are restricted to spheres and ellipsoids [3,14], as well as the manifold structures
of spaces of all such frames [15].

Many of our results followed from our study of John Benedetto and Matt

LA famous Russian mathematician, M.A. Naimark is often referred to by the al-
ternative spelling Neumark.



Fickus’ work on characterizing unit norm tight frames [3]. After making our
discoveries, we subsequently learned that some of the results that we present
here have been obtained independently, albeit in a very different setting, and
with a completely different rationale.

To be precise, in December of 2002, Jelena Kovacevi¢ presented our results
at the Department of Electrical Engineering at the University of Illinois at
Urbana-Champaign. In discussions with Pramod Viswanath, they came to
the understanding that our results are related to his work with Anantharam
on optimal sequences and sum capacity of synchronous CDMA systems in
the context of wireless communications [35]. Near the end of this paper, we
will provide greater details on the relationship between the two approaches,
and our belief that this work in a very practical setting is a validation of our
results.

We begin in Section 2 with the basic theory of finite tight frames. In Section 3,
we motivate our main results by introducing a physical interpretation of frame
theory, extending the frame-equivalent notions of force and potential energy
first introduced by Benedetto and Fickus. Section 4 contains several results
concerning the minimization of this generalized frame potential, which serve
to highlight the connection between optimal energy and tightness. These ideas
culminate in Section 5 with the establishment of a fundamental inequality on
the lengths of a tight frame’s elements, and the physical interpretation thereof.

2 Finite Tight Frames

We begin our investigation with a brief introduction to the main ideas of
the general theory of frames. By restricting ourselves to finite sequences of
vectors within finite-dimensional spaces, much of this basic theory reduces to
well-known concepts from numerical linear algebra. Working within this simple
setting allows us to focus all of our energy upon the nonlinear, nontrivial prob-
lem of finding tight frames of predetermined lengths. We then conclude this
section with the derivation of a “fundamental inequality” upon the lengths
of a tight frame’s elements. The remaining sections are dedicated to prov-
ing that this inequality indeed characterizes these lengths, and understanding
what happens when the inequality is violated.

2.1 The rudiments of the theory of frames

Let { f,n }mez be a sequence of vectors within a Hilbert space H, where 7 is any
countable indexing set. Intuitively, any vector f € H may be “decomposed”



in terms of {f,,}mer by applying the corresponding analysis operator,

F:H—UZ), (Ff)(m)={f, fm),

to f, where ¢(Z) is the space of all complex sequences indexed by Z. In order
to recover arbitrary vectors f € H from their decompositions {{f, fi) }mez,
F', at the very least, needs to be one-to-one.

For this recovery process to be numerically stable, we require the analysis
to be continuous. To be precise, {f,}mer is a Bessel sequence if there exists
B < oo such that,

> K £ < Bl

meZ

for all f € H. Under this assumption, F' is a bounded operator into ¢?(Z),
and therefore possesses a corresponding adjoint synthesis operator,

F*(*I)—H, Fg= Zg(m)fm

meZ

Having this operator, we may reconstruct f from F'f by first synthesizing the
coefficients into F*F'f, and then inverting the frame operator,

FP-H—-H FF=Y{f fu)fn

meZl

This method of reconstruction is more stable numerically than any attempt to
recover f from F'f directly. In particular, if numerical error perturbs F'f into
a sequence g which is no longer within the range of F', then no direct solution
of F'f = g will exist. However, the process described above will nevertheless
“reconstruct” f in the least-squares sense. That is, f is a solution to F*F'f =
F*g if and only if f is the minimizer of ||[F'f — g||.

In order to guarantee a unique, numerically stable solution to this least-squares
problem, we place an assumption upon {f,, }mer which is equivalent to the
continuous invertibility of the frame operator. Specifically, a sequence { f,, }mer
is a frame for H if there exists constants 0 < A < B < oo such that

AllFIP < 32 K fal* < BIFIP, (3)

meZ

for all f € H. Any such constants A and B are lower and upper frame bounds
for { fin}, respectively 2 . In such a situation, the corresponding frame operator
satisfies AI < F*F < BI, and is therefore a topological isomorphism from
H onto itself. Thus, any f € H may then be uniquely reconstructed from

2 Often, the optimal such constants A and B are referred to as the lower and the
upper frame bounds, respectively.



{{f, fm) }mez in the least-squares sense,

f=FF)FEf =3 (f fu) (FF) " fn. (4)

meL

The sequence of vectors {(F*F)~!f,,}mer used in this reconstruction is the
canonical dual frame of {{f, fm)}mez, while the operator (F*F)~'F*is the
psuedo-inverse of F.

To summarize, the assumption that { f,, }mez is a frame guarantees decompo-
sitions of the form (4). However, this assumption does not guarantee that the
(F*F)~! may be evaluated in a reasonable amount of time. That is, despite the
great theoretical value of (4), this formula may be of limited use in practical
applications, as the cost of inverting the frame operator may be prohibitive.

As a remedy, we focus upon a particular class of frames whose frame operators
are trivial. A tight frame is a frame whose lower and upper frame bounds are
equal. To be precise, given A > 0, a sequence { f, }mer is an A-tight frame for
H if
Al =32 KL
meZl

for all f € H. By polarization, this condition is equivalent to the frame oper-
ator satisfying F*F = Al. Thus, by (4), { fi}mez is an A-tight frame for H if
and only if the decomposition-reconstruction formula,

1

I=3

STEy fnd fos

mel

holds for all f € H.

Having introduced the main concept of the theory of frames in general, we
now narrow our focus to the issue at hand: finite tight frames.

2.2 The theory of finite frames

For our remaining work, we will consider only finite sequences of vectors within
finite-dimensional Hilbert spaces. That is, we consider sequences of M vectors
{fm}M_, within N-dimensional real or complex Hilbert spaces Hy, where M
and N are positive integers. With the indexing set fixed as Z = {1,..., M},
we regard £?(Z) as KM, where K =R or C.

Any finite sequence {f,}_, C Hy is necessarily Bessel, guaranteeing the
existence of the corresponding analysis, synthesis, and frame operators,

F:Hy - KM KM - Hy, F'F:Hy— Hy,



which may be represented as M x N, N x M, and N x N matrices, respectively.
To be precise, given an orthonormal basis {e, }2_, for Hy, the coordinate vector
of f € Hy with respect to {e,}2_, is the column vector,

TeXY, [fl(n) = (f,en).

With respect to this basis {e, }”_; for Hy, and the standard basis for KM the
matrix representations of the analysis and synthesis operators are,

LA
[Fl=1| |, [F]'= {[fl] [fM]}'
[fu]”

For example, the four vertices of a tetrahedron in R3,

1 —1 -1 1
AL UL sl [fa)) = 1], 11, —-11,[-1 )
1 -1 1 -1

have corresponding analysis and synthesis operators,

11 1
1-1-1-1
-1 1-1 .
[F] = , FI'=]1 1-1-1
—1-1 1
1-1 1-1
1-1-1

By computing the representation of the corresponding frame operator,

400
[FF) = [FI'[F] = |04 0],
004

we find that F*F = 41, that is, that these four vectors of length /3 form a
4-tight frame for R3.

Note that if rescaled by a factor of 1/2, these tetrahedral vertices become a 1-
tight frame of 4 vectors of R3. That is, this is an example of a vector sequence
for which the Parseval-Plancherel identity (1) holds for all f € R?, despite the
fact that {f,,}M_, is not an orthonormal basis for R?.

In general, we note that {f,,}mer is an orthonormal basis for H if and only
if the analysis operator F' is unitary, that is, if and only if F*is the inverse



of F. Meanwhile, { f,, }mez is a 1-tight frame for H if and only if F*is a left-
inverse of F'. Thus, in the finite-dimensional setting, tight frames are nontrivial
generalizations of orthonormal bases, allowing the possibility of M > N.

In fact, it is precisely the possibility of having M > N which has attracted
much of the applied community to frame theory in the first place. In this
setting, the action of the frame operator redundantly encodes N dimensions
into M, making the transformed signal resilient against the destructive effects
of additive noise.

In this setting, the problem of recovering f from Ff becomes the classi-
cally studied problem of solving overdetermined linear systems of the form
[F1[f] = lg], where [F] is an M x N matrix with M > N. Modern frame
theory borrows liberally from the classical approach, by first establishing the
“normal equations,”

and then attempting to invert the N x N matrix [F|*[F], which has the ad-
vantages of being square, positive semidefinite, and smaller than [F].

For that matter, in the finite setting, the optimal lower and upper frame
bounds A and B for a sequence {f,}*_, C Hy, are precisely the least and
greatest eigenvalues of [F]*[F], respectively. In other words, v/A and /B are
lower and upper bounds for the singular values of [F'], and their ratio is the
condition number of [F].

Finite tight frames are therefore equivalent to matrices whose singular values
are identical, that is, matrices whose condition number is 1. Other trivial
characterizations of tight frames may be obtained by noting that the entries
of [F]*[F], are the inner products of the columns of [F]. Thus, a finite sequence
is A-tight if and only if its coordinate vectors in K™ are orthogonal and all
of norm vA. Even for the general Hilbert space case, a classical result of
Naimark [1] demonstrates that any A-tight frame is v/A times the projection
of an orthonormal basis of a larger space.

Thus, the problem of characterizing all finite tight frames is linear and trivial.
At the same time, many important issues concerning tight frames remain unre-
solved, both in theory and applications. These nonlinear, nontrivial problems
arise when looking for a particular tight frame which satisfies some additional,
application-specific conditions.



2.3 Classes of tight frames

From a purely mathematical point of view, the four vectors in R3 obtained by
taking the standard orthonormal basis along with the zero vector

1 0 0 0
{f17f27f37f4}: 0, 1], ({0Of, |0 s
0 0 1 0

is as equally valid as a tight frame for R? as the four vertices of the tetrahedron
discussed above. However, from an intuitive perspective, this sequence lacks
the beautiful symmetry of the tetrahedral arrangement. Furthermore, this
frame is inefficient from the applied point of view, as the last frame element
is effectively useless.

Real-life applications of this theory require sequences that are more than just
tight frames. In particular, these tight frames should be designed to produce a
specific, predetermined distribution of information. This may be accomplished
in part by prescribing the lengths of the tight frame’s elements in advance.

For example, a completely uniform distribution of information should involve
a tight frame whose elements are all of equal length. Unfortunately, there
have been many inconsistencies in the frame literature with regard to the
appropriate terminology for such objects. In May of 2002, at the DIMACS
Workshop on Source Coding and Harmonic Analysis at Rutgers University,
the self-elected “Frame Nomenclature Standardization Committee” consisting
of Matt Fickus, John Benedetto, Radu Balan, Carlos Cabrelli, Chris Heil,
Pete Casazza and Jelena Kovacevi¢, agreed to standardize their terminology
as follows:

(1) Equal-norm frame (ENF): A frame whose elements have the same norm,
that is || f || = || fo|| for all m,m’ € Z.

(2) Unit-norm frame (UNF): A frame where all elements are of unit norm,
that is || || = 1 for all m € 7.

(3) A-tight frame (A-TF): A tight frame with frame bound A; the definition
used in the discussion above.

(4) Parseval tight frame (PTF): A tight frame with frame bound 1, which
could also be denoted as a 1-tight frame.

At the time, this diplomatic solution was unanimously agreed to. Whether
this standard will be followed in practice remains to be seen.

Regardless of terminology, obtaining meaningful characterizations of some of
these classes has proven very difficult. For example, where M and N are



arbitrary positive integers, there is no known parametrization of all unit-norm
tight frames of M elements for N-dimensional spaces, despite the well-known
parametrization of all orthonormal bases of size N. However, Benedetto and
Fickus [3] were able to find a qualitative characterization of such frames, and
much of their work will be described in greater detail below.

In this paper, we investigate the natural generalizations of unit-norm tight
frames, namely tight frames whose lengths are predetermined, but of arbitrary
values.

2.4 The fundamental inequality

Given a Hilbert space Hy and a sequence of nonnegative scalars {a,, }_;,
we seek to characterize those sequences {f,,}M_, C H,,; which are both tight
frames for Hy and satisty || f,.|| = a,, for all m. At the same time, we wish to
characterize those sequences {a,, }}*_, for which such a frame exists.

As a first step in obtaining these characterizations, we use the frame bounds
of an arbitrary sequence® {f,,}*_, to obtain trivial bounds upon {|| f,.[|}2_,

Proposition 1 If {f,,}_, C Hy has frame bounds A < B, then,

M
L Ul < B AN < Sl < BN

PROOF. To prove the first inequality, note that for any m =1,..., M,

Thus, ||f||*> < B for all m = 1,..., M. To prove the remaining inequalities,
let {e,}_; be an orthonormal basis for Hy. By the Parseval identity,

DTS 9D WITARSIEES b W WA,

m=1n=1

Meanwhile, the definition of the frame bounds guarantees

NA = ZAHGHHQ < Z Z [(€ns frm) ’2 < ZBHGHHQ

n=1m=1

3 We do not require the sequences to be frames. In this context, frame bounds refer
to any constants A and B satisfying (3), allowing the possibility of A, B = 0.
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and the result is demonstrated. O

By letting A = B in the previous result, we find that a finite tight frame’s
frame constant is uniquely determined by the lengths of the frame elements.
At the same time, we find an implicit relationship that the lengths of a finite
tight frame’s elements must satisfy.

Corollary 2 If {f,}M_, is an A-tight frame for Hy, then,

2 1 A 2
swp [fall? € A= 5 X Il
m=1

m=1,...,

Thus, given positive integers M and N, the existence of a tight frame of lengths
{a, }M_, for an N-dimensional space necessitates these lengths satisfy,

1 M
2 L 2
W G S 3 2 i (5)

Though the process is long and difficult, we shall demonstrate that this in-
equality is sufficient as well. That is, for any sequence {a,,}*_, that satisfies
(5), we shall show that there exists a tight frame of these lengths for any
space of dimension N. As such, we refer to (5) as the fundamental inequality
on the lengths of a tight frame’s elements, or more simply, as the fundamental
inequality, when the context is understood.

Having concluded our preliminary discussion, we now concentrate upon the
proof of the sufficiency of (5), and the underlying intuition thereof.

3 A Physical Interpretation of Frame Theory

We continue our investigation into finite tight frames of arbitrary prescribed
lengths by first focusing upon recent developments in a special case of the
general situation. A wunit-norm tight frame (UNTF) is a tight frame whose
frame elements are all of unit length. Even in spaces of finite dimension, little
is known about such frames, despite the fact that they are perhaps the most
natural nontrivial generalizations of orthonormal bases.

Corollary 2 guarantees the frame constant of a UNTF of M elements for an N-
dimensional space is necessarily the redundancy of the frame, M/N. However,
only recently have such frames been found to exist for arbitrary M > N. One
proof of existence involves the direct construction of such frames as projections

11



of Fourier bases. This proof is efficient, yet unintuitive, and does not generalize
in any way that helps us solve the more general problem.

Another proof is given by Benedetto and Fickus [3], and is but one consequence
of their search for a deeper intuitive understanding of UNTFs*. Inspired by
the “classical” examples of UNTFSs, such as the vertices of the regular polygons
in R? and the vertices of the regular polyhedra in R3, their intention was to
pursue general connections between frame theory and geometric regularity.
Eventually failing in this pursuit, they were then led to explore connections
between UNTFs and classical means of equally distributing sets of points on
spheres. It was in this context that a particular idea from classical physics
caught their eye.

By adapting this classical idea, Benedetto and Fickus were able to provide
a qualitative characterization of UNTFs as sets of unit vectors which are
“optimally orthogonal.” After a brief review of the physical concepts that
motivated their work, we extend their concepts of the frame force and frame
potential to the general setting, laying the foundation upon which we shall
later build our main results.

3.1 A classical motivation

Imagine a finite number of electrons placed upon a metallic spherical shell,
repelling each other according to Coulomb’s law. If the excess energy of the
system begins to dissipate due to friction, each particle will further distance
itself from the others, eventually leaving the points in a stable equilibrium.
The final arrangement of points is considered “well-distributed > .”

Mathematically, the electrons are represented as vertices { f,,}¥_, C R3, with
| fmll = 1 for all m = 1,..., M. Each point f,, pushes against distinct points
fm according to the central, inverse-square Coulomb force,

_ fm_fn
Hfm - fn”3

The dissipation of energy due to friction corresponds to a loss of total potential
energy, which is computed by summing the distinct pairwise potentials,

CF(fin, fn)

P =Y 5

4 Unit-norm tight frames are referred to as normalized tight frames in [3].
> Though not necessarily optimal, as discussed below.
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Viewing the total potential as a function of the M vertices restricted to the
unit sphere, the loss of energy corresponds to a descent in the direction of
the potential’s gradient. Upon encountering a local minimizer of the potential
function, a stable equilibrium is achieved, while the global minimizer is the
optimal means of distributing points equally in this context.

Benedetto and Fickus investigated whether this classical notion of equidis-
tribution could be used to characterize UNTFs. They noted that no direct
correlation between such sets may be made, as most of the known optimal
arrangements of electrons do not yield tight frames, and even simple examples
of UNTFs, such as orthonormal bases, are far from being well-distributed.

Instead, they observed that optimal arrangements of electrons are sets of
points which are “as far away from each other as possible,” while UNTF's are
sets of vectors which are “as orthogonal to each other as possible.” Though,
the classical formalism was the correct approach philosophically, the applica-
tion of the theory to the Coulomb force lead to the wrong notion of “distance.”
Instead, the classical theory needed to be applied to a new, nonnatural force.

3.2 The frame force and frame potential

For the sake of simplicity, the discussion below is given in terms of real Eu-
clidean spaces. However, our subsequent definitions and results will be valid
for arbitrary finite-dimensional real and complex Hilbert spaces. For a positive
integer N, the frame force of f,» € RY upon f,, € R is,

FF(fmafm’) ERN: FF(fmafm’) :2<fm7fm’>(fm_fm’)' (6)

This is essentially the same definition that appears in [3], but without the
restriction of f,,, and f,,» to the unit sphere.

Recall that the Coulomb force is central, that is, the force between two points
is directed along their axis. Clearly, the frame force is central as well. However,
while the scalar portion of the Coulomb force depends only upon the distance
between the points, the scalar portion of frame force is a function of their
inscribed angle. As a result, the frame force acts quite differently than forces
found in nature.

For a better idea of how the frame force behaves, consider the vector field
created on R? by fixing f, as (0,1). A radial sampling of a rescaled version of
this field is pictured on the left in Figure 1. As demonstrated in the figure, the
frame force is defined with respect to a translation-variant coordinate system.
That is, unlike “natural” forces, there must be a fixed origin that serves as
a reference for measuring the angle between points. Furthermore, the frame

13
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force between identical points is well-defined, being zero. Most importantly,
the frame force “encourages orthogonality,” in that the force is repulsive when
the angle between the points is acute, attractive when the angle is obtuse, and
zero when the points are orthogonal.

Paralleling the intuition from the Coulomb case, an “optimally orthogonal”
sequence may be found by minimizing the associated total potential energy
function. We now compute this potential using classical techniques.

A slight complication arises from the fact that the frame force field generated
by a point is not conservative, that is, the work required to travel between two
points depends upon the path taken. Fortunately, the force becomes conser-
vative provided the movement of the points is restricted to concentric spheres
centered at the origin.

This novel property of the frame force is exemplified by the second graph of
Figure 1, in which only the portion of the frame force which lies parallel to
the possible direction of movement is shown. Physically, this means that the
work required to travel along a sphere is independent of path, but the work
required to travel to other spheres is path-dependent.

Mathematically, this phenomenon is represented by the relative ease with
which the anti-gradient of the frame force is computed after making the re-
strictions ||f|l = am and || for|| = any. In particular, a correspondence is
established between the distance of two points and their inner product,

fon = Fo I = 1 fnll® = 2(foms firr) + | o I* = @y = 2{fons fiw) + (7)

allowing us to write the scalar part of the force in terms of || f,, — furll,

F(fmafm’):(a%m—i_a%m’_”fm fm H )( fm)

14



Taking the antigradient of this conservative field then reduces to antidifferen-
tiating the “scalar force,”

1
p(z) = — /(ai1 +a2, — 2*)vdr = 112[12 —2(a2, + a2,)).

The pairwise potential P(f,,, f) between f,, and f,, is obtained by evaluat-
ing at * = || f,, — fur||, and using (7) to simplify,

P for) = D= Futl) = U Fur) = @2+ a2 (®)

The total potential energy TP contained within a system of points {f,, }}_,
restricted to spheres of radii {a,,}*_, is found by summing the distinct pair-
wise potentials,

TP Sl = 30 3 (o S = (6 + %) ©

m=1m/#m

As additive constants within a potential energy function are physically mean-
ingless, there is no harm done in omitting the terms (1/4)(a2, + a2,)* from

(9). Similarly, we choose to include the diagonal terms (f,, fm) = al .

Taking the natural extension of this idea to arbitrary real or complex finite-
dimensional Hilbert spaces, we define the frame potential of { f,,}M_, C Hy,

PP o) = 2 3 U Sl (10)

||M§

Physically, this potential function determines the amount of energy required
to change states under the effects of the frame force. To be precise, given any
two sequences { f, }M_, and {g,,}_, with || fn|| = @m = ||gm]| for all m, the
quantity FP({gm})— FP({fm}) is the work required to deform { f,,,} into {gm},
while remaining on spheres of radii {a,,} at all times.

As the frame potential is the potential energy function of a force which en-
courages orthogonality, we are justified in referring to the minimizers of this
function as maximally orthogonal sequences. Indeed, even without discussing
the underlying physical intuition, the definition of the frame potential of a
sequence is clearly a measurement ot its “total orthogonality.”

Though our immediate priority is the continued development of this intuitive

picture, we shall eventually demonstrate that the minimizers of the frame
potential have great significance in terms of finite frame theory.

15



Fig. 2. A weighted frame force field created by a point, and its effective component.

3.8 How one charge, many radiz becomes many charges, one radius

As described in detail above, the frame potential (10) is the total potential
energy of a system of points under the frame force (6), where the movement
of each point is restricted to a sphere of a certain radius.

To further develop this intuition, we must first admit the inherent difficulty
in trying the visualize the effects of the frame force between points on many
spheres of different radii. Fortunately, this intuitive picture may be simplified
by “projecting” the dynamics onto the unit sphere. To be precise, we shall
demonstrate how the action of the frame force upon {f,,}¥_, restricted to
spheres of radii {a,,}}_, may be related to the action of a modified frame
force upon the projected vectors { fu. /| fnll }2_, .

Being inspired by the appearance of multiplicative charge terms in the classical
Coulomb force between particles of distinct charges, we consider the weighted
frame force between gy, gy € SV = {f € RY : ||f|| = 1} of corresponding
ChCLT’g@S Qm Gm/ Z 07

WFF(qm: dm’ s 9m, gm/> = QQm: qm’ <gm: gm’> (gm - gm/>-

Figure 2 depicts the weighted force field created by a single point on the unit
circle, contrasting with the nonweighted complexity of Figure 1. The length
of the force vectors is now a bilinear function of the charges.

To determine the precise way in which the weighted projected dynamics are
made equivalent to the nonweighted, nonprojected case, we first compute the
total potential energy contained within a system of points {g,, }_, ¢ S&=1
of corresponding charges {q,, }*_,. The computation is the same as that used
above for the nonweighted frame force, except for the presence of multiplicative
constants of the form ¢,,q,,, and the fact that a,, = 1 for all m.
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In particular, the pairwise frame potential (8) becomes,

WP(Qm: QW’agTngn) - QQO’(<gmvgm’>2 - 1)7

leading to the weighted frame potential,

WEP({gm b m—1; {gmtme1) = 2_: E; o | (G Gomr) |-

To see how the weighted potential relates to the nonweighted version (10),
note that for any {f,,}}*_, C Hy of respective lengths {a,, }M_,,

P({fm Z Z | fmafm Z Z CL2CL ’| gmagm>| )

m=1m/=1 m=1m/=1

where {g,,}M_, is the projected sequence of { fu, }

m=1

{gntma CS) ={f €Hn: [Ifl =1}, gm = fu/ |l fnll-

Thus, the frame potential of the sequence of points {f,,}M_, C Hy lying on
concentric spheres of radii {a,,}*_, is equivalent to the Welghted frame poten-
tial of the projected sequence {g,,}*_,, provided the corresponding charges
{gm }M_, are chosen as the squares of the radii. That is,

P({fm %:1) = WFP({G2 m= 17{gm} )

As a consequence, we forego the idea of the frame potential as the energy of
points of equal charge on many spheres, in favor of the more intuitive concept
as the energy of points of many charges on a single sphere.

To tantalize the reader, we note that the fundamental inequality (5), whose
sufficiency we endeavor to prove, may now be interpreted as a measurement
on the uniformity of the charges {a2 }M_,

Before continuing our exploration of the physical theory, we note the corre-
spondence above is only possible due to the frame potential’s unique ability
to absorb multiplicative scalars, and is yet more evidence of the mathematical
simplicity of the frame force, despite its bizarre natural behavior. For the sake
of contrast, we observe that the Coulomb potential contained within a set of
points of equal charge on concentric spheres is not at all equivalent to the
potential contained within points of varying charge on a single sphere.

3.4 The effective component of the frame force

Physically, a change in energy requires work, and work requires movement.
For example, though an object at rest on the ground experiences the force of
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gravity, no work is done, as the ground restricts its downward movement.

As with our computation of the frame potential above, we now restrict the
movement of {f,,}¥_, to spheres of radii {a,,}}_,. The only physically sig-
nificant portion of the frame force of f,, upon f,,,

FF(fm7 fm/) = 2<fm7 fm/>(fm - fm/)a

is the component which lies parallel to the surface of the sphere of radius a,, at
fm- We may explicitly compute this effective component of the frame force by
subtracting the normal component from the whole. In particular, we remove
the projection of the force onto the axis spanned by f,,,

<FF(fma fm/)a fm>

2
U,

FF(fm7 fm’) - PI‘OjfmFF(fm, fm’) = FF(fma fm’) -

fm

and simplify to obtain the effective frame force of f,, € RY upon f,, € RY,

EFF(fmyfm’) = 2<fm7fm’> (W.}Cm - fm’) .

m

A scaled version of effective frame force field generated in R? by (0, 1) is pic-
tured on the left in Figure 1. Adding such fields corresponds to finding the
net effective force created by several points, with the “perfectly balanced”
arrangements leading to perfect cancellation. We now characterize such ar-
rangements, and in so doing provide the first glimpses of a deep connection
between our physical theory and the theory of finite tight frames.

Proposition 3 A nonzero sequence { f }M_, CRYN satisfies,

M

m=1

for all f € RN if and only if { fm}M_, is a tight frame for RV .

PROOF. We first note that,

0= ZIEFF(fa fm) = 212<f7 fm> <<J’(‘.n}’ug>f - fm) >

for all f € RY if and only if,

Hf”2 z_:l<fafm>fm: z_:l|<fafm>|2f7 (11)

for all f € RY. This condition holds provided {f,,}*_, is an A-tight frame,
as the sum on the left of (11) is Af, while the sum on the right is A| f]|?.
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For the converse, let F' be the analysis operator of {f,,}*_,. Under this nota-
tion, (11) becomes,

IAIPEEf = | EfIPf,
for all f € RY. Thus, every vector is an eigenvector of the frame operator
F*F. This is only possible if F*F = AI for some A € R. A is nonnegative
since F*F is positive semidefinite, and is nonzero since { f,, }22_, is nonzero by
assumption. Thus, {f,}_, is an A-tight frame for RY. O

Effective forces may be also be used to reaffirm our intuition from the previous
subsection. In particular, the effective component of the weighted frame force
is the component of the force vector which is tangential to the surface of
the unit sphere. The explicit computation of this vector is the same as that
given above, except for the presence of a multiplicative constant ¢,,q,, and
that a,, = 1 for all m. To be precise, the effective weighted frame force of
Gy € SN of charge ¢,y against g, € SOV=Y of charge g, is,

WEFF(Qma dm’ s 9m, gm’) = QQQO/ <gm7 gm/> (<gm/: gm>gm - gm/) .

By letting ¢,, = fm/am and ¢, = a2, for all m, we discover that the effective
weighted force is equal to the effective force dilated by a,,:

WEFF(@EW @7271/7 9m, gm’) = 2<@mgm7 CLm/gm/> (<@m/gm/a amgm>gm - CLm@m/gm/) ;

= 2(fm, for) <w@mfm - @mfm’> )
= @ EFF(frn, fru). (12)

In accordance with Newton’s Laws of Motion, the corresponding “accelera-
tion” vectors are obtained by dividing the force vectors by the charge®. As
fm lies on a sphere of radius a,,, and is of charge 1, the acceleration of f,, due to
fms is simply EFF(f,,,, fis). Meanwhile, as g,, lies on a sphere of radius 1, and is
of charge a?,, the acceleration of g, due to g, is WEFF(a2,, a2/, fom, frr) /a2,
Therefore, by (12), this acceleration is equal to EFF(f,,, fi)/am.

However, as EFF(f,,, fi) 18 a vector tangential to the surface of the sphere
of radius a,,, the quantity EFF(f,,, fu)/am also represents the “projection”
of this acceleration onto the unit sphere. That is, the projection of the frame
force acceleration between points on arbitrary spheres is equal to the weighted
frame force acceleration between the projected points on the unit sphere.

For an illustration of this phenomenon, consider the two images in Figure 3.
The image on the left depicts three points on concentric spheres of distinct

6 Here, the charge plays the role of the mass in Newton’s Second Law. In fact,
from this perspective, the frame force is better interpreted as a generalization of
gravitation, instead of electromagnetism.
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Fig. 3. Equivalent notions of acceleration.

radii. The two vectors based at each point are the acceleration vectors created
by the push of the frame force from the other two. The image on the right
depicts these points projected to the unit sphere, and the acceleration vectors
created by the push of the weighted frame force. Note that for each point
on the left, the proportion of the vector length to distance from the origin is
preserved in the image on the right.

As a consequence, the frame force dynamics of a physical system on many
spheres can always be understood in terms of the equivalent weighted frame
force dynamics on the unit sphere. That is, the weighted frame force is truly
the “projection” of the frame force.

Armed with this intuition, we now turn to a rigorous analysis of the “max-
imally orthogonal” minimizers of the frame potential. Though the results of
the next section are near immediate consequences of the definition of the
frame potential, the subsequent work requires a thorough understanding of
the physical theory.

4 The Frame Potential

In the previous section, we introduced the frame potential of {f,,}M_, C Hy,

fm,fmﬂ,

HM§

({fm}m 1 = Z

as the total potential energy contained within the sequence under the frame
force (6), provided the vertices were restricted to spheres of radii {a,,}2_;.
Intuitively, the minimizers of the frame potential over a given subset of HY =
Hpy x --- x Hy are the elements of that set which are as close as possible to
being an orthogonal sequence.

We now begin the process of demonstrating that this physical generalization of
orthogonality leads to many of the main ideas of frame theory. This process will
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continue into the next section, where eventually the physical interpretation is
used to motivate, prove and explain new results in frame theory. In particular,
the frame potential is used to show the existence of tight frames whose lengths
are any sequence satisfying the fundamental inequality (5).

For now, we focus upon how alternative representations of the frame potential
may be used to great effect in certain minimization problems. These represen-
tations are given in terms of the trace of an operator 1 : Hy — Hy,

N
Z Ten, en),

where {e,})_, is any orthonormal basis for Hy. In particular, we rephrase
a classical, trivial result to show that the frame potential is the trace of the
square of the frame operator.

Lemma 4 For any sequence { f,}M_, C Hy with corresponding analysis F,

FP({fin}mer) = Tr((FF)?).

In particular, if {\,}_, are the eigenvalues of F*F, then,

P({fm}m=1) = Z:fi-

PROOF. For the first identity, observe,

M M

P({fm %:1) = Z <fm’7fm><fm7fm’>7

Im/=1

3
I

M:
M:

Z fm’:en en:fm><fm7fm>

N
’ -1

1 1

3
[

3

M
Z enafm Jm <€n7fm >fm >=

ml

I
WE
WE

3
I
—
3
I
—
—

(F*Fe,, F*Fe,) = Tr((F*F)?).

I
WE

Il
—

n

For the second result, compute the trace with respect to the orthonormal
basis of eigenvectors for the self-adjoint positive semidefinite frame operator
F*F. O

Thus, the frame potential is the square of the Hilbert-Schmidt” norm of the

frame operator. Having these alternative representations, we show how a cou-

7 Also known as the Frobenius norm.
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ple of minimization problems naturally lead to the concept of the canonical
dual frame, and to that of Parseval frames.

4.1  Minimizing the dual energy

Given any frame {f,,}}_, for Hy, a corresponding dual frame is any frame
{hm }M_, for Hy such that,

M
f=2_Af fuh
m=1

for all f € Hy. Equivalently, {h,,}*_, is a dual frame for {f,,}M_, if H*F = I,
where H and F' are the sequences’ analysm operators, respectlvely

Meanwhile, the canonical dual frame of {f,}M_, is the sequence {fn,}M_,
that arises by solving the normal equations in a corresponding least-squares
problem F'f = g. Specifically, f,, = (F*F)~'f,, for all m, and has the analysis

operator F' = F(F*F)~'. As we now demonstrate, the canonical dual is the
unique dual frame which is as orthogonal as possible.

Proposition 5 Given a frame {f,,}M_, for Hy, the unique minimizer of the
frame potential restricted to the dual fmmes of F,

FP: {{h,}M_  CHy: HF =1} — R,

is the canonical dual frame {(F*F)~ 1fm

PROOF. Let F be the analysis operator for { f,,}*_,, while F and H are the
analysis operators of the canonical dual and an arbitrary dual, respectively.
Note the frame operator of the canonical dual is the inverse of the frame
operator for { f,,}M

m=1
F'F = (F'F) '\ FF(FF)™ = (FF)™

Therefore, the frame operator of the arbitrary dual may be decomposed as,

H'H = (F+ (H — F))(F + (H — F)),
= F'F+(H - F)(H - P),

as the middle terms vanish,

(H—F)'F = HF(FF) ' = FF = (FF)™ = (F*F)"" = 0.
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By properties of the trace, the frame potential of the arbitrary dual {h,, }}_,
satisfies,

Tr((H*H)?) = Tv((F*F + (H — F)'(H — F))?),
= Te((F"F)?) + 2Te( (H — F)F*) ((H — F)F)),
+Tr(((H - F)(H - F))?),
> Tr((F*F)Q)

with equality if and only if H — F=0. Thus, the minimal frame potential
is achieved by letting H = F', that is, by choosing the arbitrary dual as the
canonical one. 0O

Having computed the unique dual of minimal energy, we now characterize
those sequences for which the sum of their energy with their dual energy is
minimal.

Proposition 6 The frames {fn}_, for Hy for which,

FP({fm}mer) + FPE(FF) ™ funt )

1s minimaized are precisely the Parseval frames for Hy.

PROOF. Let F be the analysis operator of {f,,}M_, and let {\,})_, be
the eigenvalues of the correspondlng frame operator F*F. The frame opera-
tor of the canonical dual {(F*F)~1f,,}M_ is then (F*F)~!, with eigenvalues
{1/X}Y_,. By the Lemma 4, we may express the potentials in terms of these
eigenvalues,

PP + FRUER) i) = S04 S g (19

For any n, the minimal value of A2 +1/)2 is achieved by letting A, = 1. Thus,
(13) is bounded below by 2N, and this bound is obtained provided A, = 1 for
all n. In other words, the lower bound is achieved if and only if F*F' = I. As
such frames always exist for any M > N, the lower bound is a minimal value,
and is obtained if and only if {f,, }}_, is a Parseval frame for Hy.

These results are but two of several that demonstrate the value of studying
the frame potential as a quantity unto itself. However, the main purpose of
this paper is the development of the physical interpretation that was intro-
duced in the previous section. Therefore, we now return to this intuition, and
continue to make the connections between finite tight frames and the optimal
arrangements of points under the influence of the frame force.
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4.2 Tight frames as maximally orthogonal sequences

Inspired by the way in which electrons on a sphere will naturally seek their
optimal distribution, we, in the previous section, defined a force that causes
points on spheres to seek an optimal degree of orthogonality. We then com-
puted the total potential energy contained within such a system to be the
frame potential (10), and intuitively indicated how the minimizers of this po-
tential are “optimally orthogonal” sets.

We now begin the formal process of characterizing these minimizers. Though
the physical motivation was presented in the context of real Euclidean spaces,
we may generalize the concepts so that the results apply to arbitrary finite-
dimensional real or complex Hilbert spaces.

To pose the problem rigorously, given an N-dimensional Hilbert space Hy,
and a > 0, let S(a) denote the generalized sphere of radius a, namely S(a) =
{f € Hy : ||f]| = a}. Furthermore, given any positive sequence {a,, }}_;,
let S(ay,...,an) be the Cartesian product of the corresponding sequence of
spheres: S(ay,...,ap) = S(a1) x -+ x S(an).

We seek a characterization of the minimizers of the frame potential, regarded
as the function FP : S(ay,...,ay) — R. Providing a complete characteriza-
tion requires much effort, and as such, is not presented until the next section.

For now, we content ourselves by finding lower bounds for this restricted frame
potential. The argument is essentially the same as that of [3]. Nevertheless,
we present the proof, as our result is slightly more general, and is crucial to
motivating the work in the next section.

Proposition 7 Let Hy be any N-dimensional Hilbert space, and let {a, }M_,

be any finite sequence of nonnegative numbers. If M < N, the values of the
restricted frame potential FP : S(aq,...,ay) — R are bounded below by,

3 ahy < FP({fudil)

where the lower bound is achieved if and only if {fn}M_, € S(a1,...,an) is
an orthogonal sequence. If M > N, the values are bounded below by,

lZa ] < FP({fn}M_)),

where the lower bound is achieved if and only if {fm}M_, € S(ay,...,an) is
a tight frame for Hy.

24



PROOF. If M < N, then,

PP = 3 S

”Mz

M M
fmafm Z fmafm - Zaifu
m=1 m=1

with equality if and only if the “off-diagonal” terms in the summation are
zero. Thus, we have equality if and only if (f,,, fr) = 0 for all m # m/, that
is, if and only if {f,,}M_, is an orthogonal sequence.

Note that we have not used the assumption M < N. Indeed, the value in
question is a valid lower bound for the frame potential regardless of the size
of M. However, if M > N, there is no orthogonal sequence {f,,}_, C Hy,
to yield this bound, and an improved bound is given by the second statement.

For M > N, take any {f.}»_, € S(ay,...,ay) with corresponding analysis
operator F'. Letting {\,}_, be the eigenvalues of F*F', the trace of the frame
operator is,

N N N M
Z)\n:Tr(F*F):Z< *F€n7€n> Z Z enafm fmaen>
n=1 n=1 n=1 m=1
M N ) ) M ,
=2 > Wfmen)’ = Z 1fmll* = D" ap.
m=1n=1 m=1 m=1
Meanwhile Lemma 4 states that,
FP({fmn}M_)) = Tr(( Z A2

A lower bound for the frame potential may therefore be obtained by finding
the point on the plane {{\,}Y_, : N X, =M 421 which lies closest to
the origin. This classical problem is solved using Lagrange multipliers, with

the coordinates of the optimal point found to have equal value,

1 M
A== N:NZG7

m=1
leading to the bound on the frame potential,

2

SSUSERES S ES ool ISR DS

n=1

Note this lower bound is achieved if any only if all of the eigenvalues of the
frame operator are constant, that is, if and only if the frame operator is a
constant multiple of the identity, which is equivalent to the sequence being a
tight frame. O
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We take care to note that Proposition 7 is a statement about lower bounds
as opposed to minimal values. Of course, as orthogonal sequences of arbitrary
lengths {a,,}}_, always exist provided M < N, the first bound is actually
achieved, and is therefore a minimum.

However, while Proposition 7 guarantees that tight frames would be the min-
imizers of the frame potential, provided they exist, it does not guarantee their
existence in the first place. Indeed, it is impossible for a tight frame to exist
if the requisite lengths violate the fundamental inequality (5). This begs the
questions: “What is the minimal value of the frame potential when the fun-
damental inequality is violated?” and “Provided the fundamental inequality
holds, is the existence of a tight frame guaranteed?”

We answer these questions in the following section. Inspired by the approach
of Benedetto and Fickus, we find the global minimizers of our frame potential
by first characterizing the local minimizers. We now state their main result.

Theorem 8 (Benedetto & Fickus [3]) Given positive integers M and N,
consider the frame potential restricted to M copies of the unit sphere, FP :
S(1,...,1) = R. For this function,

(1) every local minimizer is also a global minimizer,

(2) if M < N, the minimum value is N, and the minimizers are precisely the
orthonormal sequences in Hy,

(3) if M > N, the minimum value is M? /N, and the minimizers are precisely
the unit-norm tight frames for Hy.

Thus, in the special case when all the spheres are radius 1, this theorem shows
that the physical generalization of orthonormal bases is equivalent to their
algebraic generalization. That is, that the minimizers of the frame potential
correspond to tight frames, provided M > N.

By removing the restriction upon the radii, we are able to not only generalize
this result, but also exploit the generality to characterize the lengths of a tight
frame’s elements.

5 The Physical Interpretation of the Fundamental Inequality

In the previous sections, we established how the intuitive concept of the frame
force lead naturally to the definition of the frame potential. We subsequently
made a case for the study of the frame potential in its own right, though in
point of fact, none of those results truly exploited the physical interpretation
of frames.
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We consequently shift our focus in this section towards addressing some in-
triguing results that clarify the intuition, and, more importantly, use the phys-
ical rationale as a means of obtaining new results in frame theory. Our greatest
success lies in the characterization of the lengths of the elements of finite tight
frames, a result which superficially appears unrelated to the frame force, but
is nevertheless only fully explained in that context.

To this end, we study how the theory of frames is connected to the application
of several standard notions of classical mechanics to the frame force.

5.1 Points at equilibrium

Intuitively, a system of particles is in equilibrium under a force when no small
perturbation of the system results in lesser potential energy. In this respect,
the sequences of points in equilibrium under the frame force are precisely the
local minimizers of the frame potential. Having restricted the movement of
our points to spheres of fixed yet arbitrary radii, we now characterize the local
minimizers of the frame potential on the corresponding restricted domain.

To be precise, though the frame potential

PULI) = 3 3 [ ol

m=1n

may be defined for any sequence {f,}M_, C Hy, we instead restrict the
domain to be S(ay,...,ay), as defined in the previous section,

Sla,...,an) = S(ar) x ---Slam),  Slam) ={f € Hy : |f]| = an}.
We endeavor to characterize the local minimizers of FP : S(ay,...,ay) — R.

We note that on the surface, finding a nontrivial characterization of the mini-
mizers seems like an impossible task, since the parallel problem corresponding
to the more intuitive Coulomb force has never been solved. However, as we dig
a little deeper, we will see that the frame potential is mathematically much
easier to understand than the Coulomb potential. Even more remarkably, the
qualitative character of the local minimizers is completely determined by the
distribution of the requisite lengths {a,,}.

We begin our formal investigation with a trivial result that concerns nothing
more than sequences of real numbers.

Proposition 9 Given any sequence {cm}n]‘f:1 CRwithe, > -+ > ¢y >0,
and any N < M, there is a unique index Ny with 1 < Nog < N, such that the
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inequality

M
(N=n)e, > > Cm (14)
m=n+1
holds for 1 < n < Ny, while the opposite inequality

(N—n)c, < _z: 1cm (15)

holds for Ng <n < N.

PROOF. Let Z be the set of indices n such that (15) holds, namely Z = {n :
(N —n)e, <N 1cu}. Clearly T # 0, since N € Z. Also, if n € Z, then
n+ 1€ Z, since,

[N—(n+1)]cps1 = =1 + (N — n)epa,

—Cpy1 + (N —n)en,
M

—Cn+1 + Zm:nJrl Cms

M
- Zm:nJrZ Cm-

Thus, Ny is uniquely defined as the minimum index in Z. O

IN

IN

Heuristically speaking, this result provides a means of measuring how evenly
distributed the magnitudes of a sequence of scalars are. To be precise, given a
nonnegative decreasing sequence {c,, }}*_,, one compares the individual terms
¢ to the “average”® of the subsequent terms Y0° . c,/(N —m). Thus,
the index Ny provided by the previous result corresponds to the precise point
in the sequence where the terms cease to be larger than the smaller terms
on “average.” Generally speaking, one expects the index Ny to be small if the
magnitudes of the scalars {c,,} are somewhat evenly distributed. On the other
hand, when the values {¢,,} are widely varying, the index Nj is typically large.

Returning to the search for a characterization of the local minimizers of the
frame potential, we recall the physical intuition that originally inspired this
problem. In the context of the weighted frame force, a vector f,,, on the sphere
S(a,,) is identified as being a particle of mass a2, located at the “projected”
vector fo./||fm|| on the unit sphere. Given any sequence {a,,}*_, with a; >
- - > a,, > 0, we apply Proposition 9 to the corresponding sequences of masses
{a? }M_ . In so doing, we divide the masses into two categories, namely those
that are stronger than their lesser masses on average, and those that are not.
The specific characterization of the local minimizers is given in terms of these

two categories.

8 Of course, this is not a true mean average unless N = M.
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Theorem 10 Given a sequence {a,,}M_, C R such that a; > -+ > a,, > 0,
and any N < M, let Ny denote the smallest index n for which |

M
(N — n)ai < Z afn,

m=n+1

holds (cf. Proposition 9). Then, any local minimizer of the frame potential
FP: S(ay,...,an) — R is of the form

{fm}n]\le = {fm}%o;ll U {fm}n]\i{:Noa

where { fm, No=1is an orthogonal set for whose orthogonal complement

{fn}_n, forms a tight frame.

The proof of Theorem 10 heavily relies upon a deep intuitive understanding
of the frame potential. Thus, we recommend a careful study of the proof
to anyone interested in understanding the subtleties of the frame force. We
nevertheless relegate the proof of Theorem 10 to the appendix, due to the
length and technical nature of the argument.

In any case, the strength of the result of Theorem 10 is well worth the time
and energy required for the proof. Indeed, the remaining significant results
of this paper are near immediate consequences of Theorem 10. However, we
reserve our further comments about the intuitive interpretation of Theorem
10 until after we have stated its corollaries.

5.2 Optimal energy

Generally speaking, there is no single, well-defined “optimal” means of dis-
tributing points on spheres. That is, even in the low-dimensional real case of
distributing points on the unit sphere S(1) C R3, there are many competing
notions of what it means to be optimally distributed. Each one of these notions
is worthy of study in their own right, with the differing notions of equality
arising from different applications.

With respect to Coulomb’s Law, the “optimal” means of distributing M elec-
trons on a conductive spherical shell corresponds to a minimization of the
potential energy

M

I I
m=1n#m me - x”“
Of course, any global minimizer of this potential is necessarily a local mini-

mizer, so that the optimal arrangement is necessarily in equilibrium.

However, not all arrangements of points in equilibrium under Coulomb’s Law
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are necessarily optimal. For an intriguing example of this phenomenon, it
is known that the twenty vertices one obtains by inscribing a dodecahedron
inside the unit sphere are in equilibrium under Coulomb’s law. Nevertheless,
it is also known that there are other arrangements of twenty electrons on the
sphere that possess a lesser potential value.

Indeed, when dealing with an arbitrary force, one should not foolhardily pre-
sume that a characterization of sets in equilibrium should in any way lead to
a subsequent characterization of optimal arrangements.

We were therefore quite surprised to discover that this is precisely what we
could do when dealing with the frame force. In fact, every arrangement of
points which is in equilibrium under the frame force is necessarily an optimal
arrangement. That is, every local minimizer of the frame potential is also a
global minimizer. Consequently, the characterization of Theorem 10 applies
to all minimizers, as summarized in the following result.

Corollary 11 Given a sequence {a,}Y_, C R with a; > -+ > ap > 0, and
any N < M, let Ny denote the smallest index n such that,

M
(N —n)a;, < Z

holds. Then, for the frame potential FP : S(ay,...,ay) — R,

Nol 1 M

2

U + N— N0+1< m=Np a%@) ’

(2) any local minimizer is also a global minimizer,

(3) the minimizers are precisely those sequences where {fm
thogonal set for whose orthogonal complement { f,,}M

frame.

(1) the minimal value is >,

No—1
m=1

forms a tight

18 an or-

m=Np

PROOF. To begin, we compute the frame potential for any sequence of the
form {f,, }20 N U { £ b0 Ny» Where { fra N0t g an orthogonal sequence for
whose orthogonal complement the sequence { f,, }A_ N, 18 a tight frame. Thus,

form=1,..., Ny — 1, (fm, fn) = 0 for n # m, and so,
No—1

m=Ng n=Ny
No 1

Z CL +FP {fm m= NO)

In accordance with Corollary 2, the fact that {f,,}5_y, is a tight frame for
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the (N — Ny + 1)-dimensional orthogonal complement implies that

2
No—1 ( Mo 2 )
m=Ngy “m

PPl = X ah e (16)

In light of Theorem 10, we observe that any local minimizer of the frame
potential is necessarily of this form, and consequently attains the potential
value given in (16).

Next, we note that S(ay,...,ay) is compact, being a Cartesian product of
spheres. The continuity of the frame potential upon this compact domain
then guarantees that a global minimizer exists. As any global minimizer is
also a local minimizer, the value given in (16) is indeed the global minimum,
yielding the first claim.

Since all local minimizers attain that same value, the second claim is demon-
strated.

To address the third claim, note that any sequence of such form has already
been shown to attain the minimal value, while Theorem 10 yields the converse
implication. O

To provide an intuitive context for this result, recall that the frame potential
of a sequence {f,,}M_, with || f,.|| = @, corresponds to the potential energy
of a physical system. To be precise, the frame potential is the potential energy
for a system of M particles under the weighted frame force,

WEF : [0,00) x [0,00) X S xS — Hy,
WFF(w17w2a91a92) = w1w2<g1,g2)(g1 - 92)7

2

- and is located at the “projected”

where the m particle is of mass w,, = a
vector gm = fi/ |l fmll-

As stated earlier, the inner product term within the expression for the frame
force yields a force which is repulsive when the angle between two points is
acute, and attractive when the angle is obtuse. When, as in Corollary 11, we
minimize the frame potential, this intuition corresponds to the points seeking
to make all other points orthogonal to themselves.

However, when N < M, that is, when the number of points exceeds the
number of available dimensions, the points will begin to compete with each
other for the available resources. In other words, though each point wants a
single dimension for itself, the gap between supply and demand will compel
at least some of the points to share.
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Of course, the appearance of the weights in the expression of the frame force
implies that the more massive points, that is, the points that correspond to
frame elements of greater norm, are able to exert a greater push than the lesser
points. It is therefore conceivable, though by no means obvious, that a single
point much heavier than all of the other points could have enough strength so
as to force all others into orthogonality.

Amagzingly, Corollary 11 not only verifies that this phenomenon actually oc-
curs, but also provides a precise quantitative characterization of the requisite
disparity in the masses of the points. Specifically, if Ny > 1, then by definition

2 M2a2
S Zm=27m 17

and any minimizer of the frame potential will necessarily have f; orthogonal
to all other elements. As then {f,,}}_, spans an (N — 1)-dimensional space,
the inequality in (17) is naturally interpreted as saying that the point corre-
sponding to f; has a greater ratio of mass to dimension spanned than all the
remaining points combined. In effect, f; is so powerful so as to take its fill,
and let the remaining points squabble over its leftovers.

If in addition we have Ny > 2, then

a2 > >3 &gn’
N —2
and the preceeding scenario is repeated, albeit on a smaller scale. Note at this
stage fo is no longer competing with f;, as that fight has already been lost.
Instead, the salient issue is whether f, is indeed more powerful on average
than the remaining points {f,, }M_,.

And so, to determine the nature of the minimizers of the frame potential, one
first applies Proposition 9 to the sequence of masses {a? }_,, as explicitly
stated in Corollary 11. The index N, then separates the elements of the local
minimizer {f,,}}_, into two groups, namely the points which are more pow-
erful than their subordinates on average { f,, Mo~ ! and the points which are
weaker {f,}M_y . The strong points {f,}ne;" push all others out of their
dimensions, yielding an orthogonal set. The weaker points { f,, }2/_y, are then
forced to share the remaining (N — Ny + 1)-dimensional space amongst them-
selves. By nevertheless seeking to be as orthogonal to each other as possible,
the weaker points form a tight frame for their span, namely the orthogonal

complement of the stronger points.

Thus, the elements of optimal frames are very interesting political creatures, in
that their success in securing resources is determined by either attempting to
completely subdue the weaker points, or, when this is impossible, forming an
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alliance with those same points so as to overcome a more powerful adversary.
As such, these optimal frames are quite opportunistic.

As a natural consequence of these ideas, one is attracted to considering the
special case of Corollary 11 when Ny = 1, i.e. when the masses are distributed
evenly enough so that no point is more powerful than the rest on average. In
this case, every minimizer of the frame potential is a tight frame, and as such
there is an entire realm of tight frames whose existence is now guaranteed. We
now discuss this case in detail.

5.8 A balance of power

Up to this point, our work concerning a physical theory for frames has been
focused upon understanding the physical behavior of a system of points under
the influence of the frame force.

Though this is all well and good, we must acknowledge that the theory up to
this point is somewhat unsatisfying. Indeed, we introduced the frame force as
a tool to help us understand tight frames. However, up to this point we have
been placing more emphasis upon the tool than upon the theory that the tool
is supposed to be clarifying.

We therefore present our final result with satisfaction, as the statement may
be understood by anyone with even a passing knowledge of frames, and su-
perficially appears to have no relation to the physical theory. However, the
justification of the statement, both formal and heuristic, depends upon a keen
understanding of the frame force.

Corollary 12 Given an N-dimensional Hilbert space Hy and a sequence of
positive scalars {a,, }M_,, there exists a tight frame { f,, }M_, for Hy of lengths
| fonll = am for allm =1,.... M if and only if,

N Z &zm (18)

or equivalently, if and only if VN ||am||se < ||am2-

PROOF. Though the critical details of the following argument may also be
found in the proof of Theorem 10 in the appendix, we reiterate the main
ideas for the sake of clarity. To begin, recall that the argument detailing the
necessity of the fundamental inequality (18) is found in Corollary 2.

To demonstrate its sufficiency, take any sequence {a,, }*_, that satisfies (18).
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Without loss of generality, we may assume that {a,,}*_, is arranged in de-
creasing order. As the frame potential FP : S(aq,...,ay) — R is a continuous
function over a compact set, it possesses a global, and hence local, minimizer
{fmtM_, € S(ay,...,an). By Theorem 10, we therefore have that

{fm m= 1_{fm NO 1u{fm m=Np’

where {f,}2°5" is an orthogonal set for whose orthogonal complement
{fin}2_n, is a tight frame, and where Ny is the minimum index n such that

M
(N —n)ay < Z

Since we are assuming,
M
2 )2
Naj = N(maxa,,)” < Za

we have,

M
N —1)ai < Zafn.

Thus Ny = 1, and so {f,,}}_, is a tight frame for the orthogonal complement
of the empty set, namely a t1ght frame for Hy. 0O

This result justifies our labeling of (18) as the fundamental inequality on the
lengths of a tight frame’s elements, or simply as the fundamental inequality
when the context is understood. Having this definition, we take a moment to
restate the particular form of Corollary 11 when Ny = 1.

Corollary 13 Consider the frame potential restricted to spheres whose radii
satisfy the fundamental inequality. Then,

(1) the minimal value is (XM_, a2,)?/N,

(2) any local minimizer is a global minimizer,

(3) the minimizers are precisely the tight frames for Hy of those lengths.

We also note that for any N < M, the fundamental inequality will always
hold for constant sequences. In particular, for the unit-norm case a,, = 1 for
all m, our results then reduce to the main results of Benedetto and Fickus [3].

To conclude, we present several ways in which the fundamental inequality may
be understood and interpreted. As usual, a simple low-dimensional example
may be used to understand frame phenomena in general.

In particular, to understand the qualitative change between sequences satisfy-
ing the fundamental inequality and those that do not, we consider a perturbed
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Fig. 4. As the one element grows in power, others are forced into orthogonality. In
the last image, the fundamental inequality is violated, and the resulting sequence
is no longer a tight frame.

s

version of the so-called Mercedes-Benz UNTF of three elements for R2. That
is, we begin with three equally spaced points on the unit circle, and study how
the tight frame evolves as the length of a single point is increased, while the
other lengths are held constant. Or, in the context of the parallel intuition of
the weighted frame force, we consider how the equilibrium of a set of three
points of equal mass evolves as the mass of a single point is increased.

That is, we consider the parametrized family of tight frames

0 sin 0 —sinf
v —2 cos 20 7 cos 6 7 cos 6

as 0 decreases from 27/3 to m/2. The first three images of Figure 4 show the
resulting arrangements for 6 = 27 /3, 7n/12, and 7/2 respectively. In effect,
as the first element grows in strength, the other two elements are increasingly
pulled into orthogonality, so as to preserve equilibirum.

However, § = 7/2 is the critical parameter, as this is the last value for which
the arrangement forms a tight frame. Indeed, our very definition becomes
invalid for § < 7/2. At this point, our elements are of lengths {v/2, 1, 1},
which is precisely the point at which the Fundamental Inequality becomes
equality.

Beyond this point, we continue to increase the length of the first element, and
track the evolution of the equilibrium. However, as soon as the length of the
first element exceeds v/2, the second and third elements cease to move, as it
is not possible to become “more orthogonal” than already being orthogonal.

The last image of Figure 4 demonstrates the equilibrium state of the vectors of
lengths {2, 1, 1}. We note that the fundamental inequality is violated, namely
that the application of Proposition 9 to {4, 1, 1} with N = 2 yields Ny = 2.
And, in accordance with Corollary 11 with Ny = 2, the resulting arrangement
is not a tight frame, but rather a single vector along with the remaining two
forming a tight frame for the remaining one-dimensional orthogonal comple-
ment. Though this final sequence is still a minimizer of the frame potential and
consequently as “orthogonal as possible,” the sequence is not a tight frame
due to the inequity in the lengths.
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In fact, perhaps the moral of this entire story is that tight frames, at their
very core, are creatures of balance. This perspective is reaffirmed by our earlier
results about effective frame forces given in Proposition 3. Namely that, while
each point generates a force field whose strength grows according to its weight,
the total collection of weights must be distributed evenly enough so that the
net effect of all points combined is zero.

Thus, in order for a tight frame to exist, even the largest component of the
force field, namely that created by the most massive point, must be able to
be cancelled out by the other points, working together if necessary. When
the fundamental inequality is violated, the weights are unbalanced and this
cancellation is impossible, regardless of the way in which the remaining points
are arranged.

At an even more basic level, an intuitive justification for the existence of some-
thing like the fundamental inequality can be made from the very definition of
a tight frame. That is, letting Proj;, f denote the orthogonal projection of f
onto an axis spanned by f,,,, we have that {f,,}}/_, is a tight frame for Hy if
and only if

M M
S a2 Proj. f = (f fu)fm=Af
m=1 m=1

for all f € Hy. However, when one element becomes disproportionately large
compared to the rest, the corresponding mass term skewers the entire sum.
Geometrically, the action of the frame operator then stretches that axis in a
way that cannot be compensated by the remaining points. The frame operator
behaves more like a projection onto an axis as opposed to a scaled version of
the identity.

5.4 The fundamental inequality in wireless systems

As we mentioned in the introduction, Viswanath and Anantharam encoun-
tered our “fundamental inequality” while investigating the capacity region in
synchronous Code-Division Multiple Access (CDMA) systemms.

In a CDMA system, there are M users® who share the available spectrum. The
sharing is achieved by “scrambling” M-dimensional user vectors into smaller,
N-dimensional vectors. In terms of frame theory, this scrambling corresponds
to the application of a synthesis operator S corresponding to M distinct N-
dimensional signature vectors of length v/N. Noise-corrupted versions of these
synthesized vectors arrive at a receiver, where the signature vectors are used
to help extract the original user vectors.

9 We are transcribing the notation from [35] to match our own.
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Viswanath and Anantharam showed that the design of the optimal signature
matrix S depends upon the powers {p,, }}_, of the individual users. In par-
ticular, they divided the users into two classes: those that are oversized and
those that are not, by applying the idea of Proposition 9 to {p,, }*_,. While
the oversized users are assigned orthogonal channels for their personal use, the
remaining users have their signature vectors designed so as to be Welch Bound
Equality (WBE) sequences. As the Welch Bound inequality corresponds to the
bounding of the frame potential from below, the WBE sequences correspond
to tight frames.

When no user is oversized, that is, when the fundamental inequality is satisfied,
Viswanath and Anantharam show the optimal signature sequences S must
satisfy SDS* = pioil, where D is a diagonal matrix whose entries are the

powers {p, }M_,, and where pi; = E%:l Drm.-

By letting F' = D'/28%/ VN, this problem reduces to finding an M x N matrix
F whose mth row is of norm /pr,, and such that [*F' = (py/N)I. That is,
their problem reduces to finding a tight frame for Hy of lengths {\/pn M
While Viswanath and Anantharam gave one solution to this problem, using
an explicit construction ' | we have characterized all solutions to this problem
using a physical interpretation of frame theory.

The fact that the same results were independently obtained in this radically
different setting is immensely gratifying for us, reaffirming our belief that our
physical interpretation may be used to motivate, prove and explain new results
in frame theory, and elsewhere.

6 Conclusion

Benedetto and Fickus showed that both orthonormal bases and unit-norm
tight frames arise as minimizers of the same quantity: the frame potential. In so
doing, they opened a door unto a new, intuitive approach for the understanding
of finite frames. In this paper, we built upon their work by both extending
their notions to a more general setting, and by dealing with many subtle issues
that they overlooked by restricting themselves to the unit-norm setting.

In so doing, we further justified the perception of tight frames as maximally
orthogonal sequences. We found a “fundamental inequality” which character-
izes the lengths of a tight frame’s elements, and, when this inequality was
violated, computed those sequences which were as close to being tight as pos-
sible. In addition, we were able to interpret this inequality physically, being

10 Which should be further investigated as a technique of tight frame construction.

37



a statement of competition over limited resources. Finally, we discussed how
both our theory and interpretation were discovered independently in a very
different setting, further validating the intrinsic value of these concepts.

A  Proof of Theorem 10

Our argument roughly parallels the proof of Theorem 7.4 of [3], in which the
authors restricted themselves to sequences of normalized vectors. Indeed, a few
of their arguments may be followed verbatim even when the norms are arbi-
trary. However, most of our conclusions will require a significant modification
of their techniques.

To begin, let {f,,}¥_, be a local minimizer of,

M M
FP: S(ar,...,am) = R,FP{Fu M) = 305N (s fud |2

m=1n=1

with corresponding analysis operator F' and frame operator F*F. Since F*F'is
positive definite, we may arrange the distinct eigenvalues {\;}7_, of the frame
operator such that Ay > --- > X\; > 0. In addition, since F"F' is self-adjoint,
the corresponding eigenspaces {Ej}‘j]:1 are mutually orthogonal.

Much of the following argument will relate the elements of the minimizing
sequence { fp,}11_; to the eigenspaces {£;};_,. Towards this end, we let,

:{m:meEj}g{la'“aM}a
foreach j =1,...,J.

Having fixed our notation, we now present a brief outline of the proof. We
may decompose the entire argument into seven claims:

Each f,, is an eigenvector for F™*F.

For A\; > 0, { fin}mez, is a Aj-tight frame for Ej.
For j < J, {fm}mez, is linearly independent.
For j < J, {fm}mez, is orthogonal, and \; = a2,.
Ay = Yomez, Gp/(N — M + |Z]).

(No,...,M} CZ,.

{(No,...,M} =1,

NGt W

We take care to note that not all of these results are of equal significance. In
fact, the proof of the third claim is much more difficult than the others, being
a technical result that nevertheless requires a deep intuitive understanding.
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However, the outline does serve to delineate the radically varying techniques
used throughout the proof. And as we shall demonstrate, each claim is built
upon the previous claims, with each contributing a little more knowledge about
the minimizer. This layered approach will allow us to incrementally determine
the necessary structure.

Claim 1: Each f,, is an eigenvector for F*F'.

The argument is precisely that of Theorem 7.3 of [3], to which we refer any
interested reader. We nevertheless reiterate the basic argument, so as to pro-
vide a context for the remainder of the proof. The fundamental idea is that
any minimizer of a function of M variables is necessarily composed of M
minimizers of functions of one variable.

In particular, for any index m’ = 1,..., M, we restrict the domain of the
frame potential by fixing all but the m/th argument as the coordinates of
the minimizer { f,, }mtm/. In other words, we view the frame potential as the
function,

FP:S(am) = R, FP(f) =2 3 [(f, fu) P + a2y + FP({foubmn).

m#m/

Thus f = f, is a local minimizer of the real-valued function FP, whose
domain is defined by the condition || f||* = a2,. Consequently, for f = f, the
well-known Lagrange equations of multivariable calculus must be satisfied.
Namely, there exists some scalar ¢ such that,

VEP(f) = cV| fII*,
for f = f,. A careful simplification of this equality reveals that F*Ff,, =
(1+ %c) fur, namely that f,, is an eigenvector of F*F. Since m’ is arbitrary,

we have our first claim.

Note that we may now partition our minimizer {f,,}*_, according to the
mutually orthogonal eigenspaces of F*F', namely,

J
{fm %:1 - U{fm}mEIf
j=1

Claim 2: For \; > 0, { fi }mez, is a Aj-tight frame for E;.

Take any j with A\; > 0, and let F; be the analysis operator corresponding
to the sequence { f,}mez;, regarded as a subset of E;. Given any f € Ej, we
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have,
M
AN =FFf=3Af fm)fm
m=1

However, for m ¢ Z;, f,, belongs to an eigenspace of F*F distinct from Ej,
and consequently (f, f,,) = 0. Therefore,

M
m=1

mEI]-

As f € Ej is arbitrary, the frame operator F;°F} : E; — Ej satisfies F;F; =
AjI, and the second claim is proven.

Our minimizer {f,,}»_, is now partitioned as a collection of mutually orthog-
onal tight frames, bearing in mind the possible exception that occurs when
Ay =0.

Claim 3: For j < J, { fm}mez, is linearly independent.

We prove by contradiction, i.e. we assume that for some j < J, the collec-
tion {fm}mez, is linearly dependent, and show that {f,})_, is not a local
minimizer of the frame potential.

Specifically, given 0 < € < 1 we construct {g,(e)}M_; € S(an, ...,an) satis-
fying both,

lii%{gm(g)}n]\le = {fm}rj\r/{zh

in the standard topology of S(am,,...,ay), and,

FP({gm(e)}m=1) < FP({ fm}iy),

for sufficiently small e. That is, we provide sequences {g,,(¢)}*_, arbitrarily
close to {f,}M_, that possess a strictly lesser potential value. The conclusion
that {f,, }21_, is not a local minimizer of the frame potential is then immediate.

To begin, let h be any unit eigenvector in the “lowest” eigenspace, i.e. let

h € E; with ||h|| = 1. Next, we note that since { fi, }mez, is linearly dependent,
there exists complex scalars {zp, }mez, not all 0 such that,

mGIj

By rescaling if necessary, we may assume without loss of generality that |z,,| <
1/2 for all m € .
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M
m=1>

For any 0 < ¢ < 1, we define {g,,(¢)

(1 — 2|2 |H)Y2 fo + €amzmh, for m € T,

gm(€) =
frmo for m ¢ ;.
We first note that since €2|2,,|? < 1, then {g,,(¢)}*_, is well-defined. It is also
clear that lim{g,,(e)}M_, = {fm}M

Furthermore, since any f,, € Ej; is necessarily orthogonal to h € E;, then,

lgm(@)I* = 11 = €l20l*)"/2 fin + e2mam|?
= (1= &lzm[ ) fumll* + €% zm[*am|P*]| = a,

for any m € Z;. On the other hand, if m ¢ Z;, then we still have that || g,,,(¢)|| =
| £l = @m. Consequently, we indeed have that {g,.(e)}¥_, € S(am, ..., an).

Therefore, all that is required to complete the proof of the third claim is the
somewhat tedious demonstration that FP({g,.(e)}¥_,) < FP({fn}}_)) for
all sufficiently small . To aid with the notation, we usually abbreviate g,,(¢)

by g, from this point onward.

As {gn}M_, was constructed by perturbing only a portion of {f,, }M_, while
leaving the rest unchanged, we accordingly arrange the terms of FP({g,,}*_,)
into three groups,

m¢I; m¢T;
+2 3 > {gms )l (A.2)
meZ; n¢T;
+ >0 > [gms 9| (A.3)
mEIj nEIj

For the first group of terms (A.1), there is no difference between f and g,

Yo Hgmgn)l? = D20 X (i fl?

m¢ZT; m¢ZL; m¢T; m¢T;

For the second group of terms (A.2), one term in each inner product has been
perturbed while the other remains the same. Since f,, € Z; is orthogonal to
fn € Z;, then (A.2) becomes

2 Z Z |<(1 _52|Zm|2)1/2fm+5amzmha fn>|2a
mEI]- TLQI
=25 ST 2@ (b F) P =267 S @ lzml? S |y )2

mGI] TLQI mGIj TLGIj
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To simplify this expression, we note that h € E; is orthogonal to f, with
n € 7;, and thus,

)\J = <)\Jh7 h) = <F*Fh7 h> = Z ‘<h7 fn>’2,

= [(h )P4 D0 [h fadlP = D by fu)]?

ner; n¢Z; neZ;
To summarize, we have that the terms of (A.2) reduce to,

2620 Y ad|aml

mEI]-

For the third group of terms (A.3), the story becomes quite complicated, as
both arguments of the inner product are perturbed simultaneously. We begin
with a direct expansion of |(g, gn)|* for m,n € Z;, taking advantage of the
fact that (f,,, h) =0 = (f,, h) since f,, f, € E; , while h € Ey,

[(Gm> 9n) | = [(/1 = €| 2m| frn + €@mzmh, \/1 — 2|22 fr + €020 D) |,
= V@ = l2a) (1 = 2a2) s fu) + Ptz Zal?,
= (1= &*zu*) (1 = 2|z *) [ fins f) |,
+ 2R /(1 = 222 2) (1 = 22|202) (fons ) 2 AmnZmzns
—|—aman|zm| |Z2|€
= {1 = (lzml* + |2 + lzml? |20} (fin, F) P,
+ 26214 /(1= 22 2) (1 — 2|20]2) — DY R(amZm fins @nZn fo)

+ CLmCLn|Zm| |Z2|€

To continue, we arrange the terms in the expansion,

[(Gms 912 = [y Fud|? = €2 (zm > + 120 (Fns f) P
+ 28> R{ W Zm frns AnZn fn) (A.
+ &' zml?zn [ fons Fu) 12, (A.
+ 262 /(1 — 2|2 [2) (1 — 2|2 2) — UR(amZm fons @nZifu)s (A
(A.

+e'a? a? |z |? |22

SN NS SN

=

ul

As we only need to understand the value of [{g,(€), g.(€))|* for small values
of €, it suffices to rougly estimate the higher order terms. In particular, the
coefficients of e* in (A.5) and (A.7) are bounded, and consequently both of

these terms may be absorbed into an ubiquitous O(g*) term.

Furthermore, as |z,,| < 1/2 for all m = 1,..., M, a Taylor’s Theorem expan-

42



sion reveals the existence of a uniform constant C' such that,

VI =z ?)(1 — €2]2,]2) — 1 < C€2,

for all sufficiently small . The presence of an additional £ in (A.6) then gives
the entire terms may also be absorbed into an O(g?) term. Indeed, the entire
purpose of adding and subtracting 1 to the square root in the expansion of
(G, gn)|* Was to draw off the dominant term (A.4).

Consequently, we may compute (A.3) as

S S g 9P = D0 D ({fons fa)? + O(Y),

meZl; nel; meZl; nel;
=& 30 Dzl + 12 foms £, (A.8)
mEI]- nGIj
+ 221 Z Z (amZm finy @nZn fr)- (A.9)
mEIj TLGIj

To simplify (A.8), we note by symmetry that,

> 2 Uzl + zal ) foms S P =2 D2 Lzml® D 1{fims

mte nGIj mEI]- nGIj

Now, the second claim guarantees that {f,}nez; is a A;-tight frame for Ej.
And, for m € Z;, f,, € E; and so,

Y s Fa) P = Nl P = Ny,

nEIj

Thus, (A.8) reduces to,

= =222\ ) a |zl

mGIj

To simply (A.9), we observe that

R Z Z <am%fmaan%fn> = §R< Z am%fmy Z anzfr»

mte nGIj mte nGIj

We now recall that the scalars {2, }mez, we originally chosen to satisfy

Z amZm fm =0,

mGIj

and consequently (A.9) is 0. In fact, our desire to eliminate this term from
the expansion of the frame potential is the sole reason {g,, }}_, was defined in
this manner in the first place. It is by no means an overstatement to say that
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the entire proof of this theorem, as well as the major results of this paper,
depend critically upon this subtle fact.

Returning again to (A.3), we have,

D 2 Hgmgn)P =20 D [fum Sl = 26%X; 3 aplzml® + O(Y),

mEIj nEIj mEIj TLEIj mGIj

which yields,

FP({gm(e) = > 2 W S +26%0 Y aplzal’,

m¢ZL; m¢Z; meZ;
+ 2 2 [ Sl = 267N D aplaml® + O(Y),
mEIj nEIj mEIj

when combined with our previous work on (A.1) and (A.2).

To simplify even further, we note that (f,,, f,) = 0form € Z; and n ¢ T
and therefore,

FP({ fon}m=1)

SN s fad

m=1n=1
= > > )P+ X0 2 o S
m¢ZT; m¢ZL; meT; nel;

Combining the remaining common terms yields our final, Taylor-like expansion
of the frame potential of our perturbed points,

FP({gm(e)tm=1) = FP({fin}mer) +26*(As = Aj) D ap|zul” + O().

mGIj

Now, by assumption A\; < A;, and so (A;—A;) < 0. Furthermore, as the linear
dependence constants {zny }mez, are not all 0, we have that the coeffcient of
g2 is strictly negative. As the € term dominates the O(g*) term as € — 0, we
indeed have that,

FP({gm(e)}m=1) < FP{fn}m=1).

for all sufficiently small e, a contradiction of the fact that {f,,}m=1M is a
local minimizer of the frame potential. Our initial assumption, namely that
{fm}mez, is linearly dependent, must be incorrect, and so the third claim is
proven.

Claim 4: For j < J, { fy}mez, is orthogonal, and \; = a2,.

Since j < J, then A\; > A; > 0, and the second claim states that {f,, }mez; is
a Aj-tight frame for E;. Letting F; be the corresponding analysis operator, we
have that F}"F; = \;1.

44



However, the third claim states that {f, }mez, is linearly independent. As
tight frames must also be spanning sets, { fy }mez, is a basis for E;. But, the
basis elements { fy, }mez, form the columns of F;" and consequently this matrix
must be square.

And for square matrices, F;*F; = \;I automatically implies that F;F;*= A, 1.
Consequently the columns of F;*are orthogonal of uniform length |/\;. Again,

realizing that the columns of F;" are formed by { fy }mez,, the fourth claim is
demonstrated.

At this point, we may now partition the elements of the minimizer {f,,}
into two sets, namely,

m=1

J
{fm}%zl = U{fm}melj - {fm}meI§ U {fm}meIJ7
j=1

where {f.} 7o is an orthogonal collection whose orthogonal complement

contains { fin bmez, -
Claim 5: Ay = Y ez, a2, /(N — M + |Z,]).
We first prove that A; > 0 by means of contradiction.

Though the first claim guarantees that each element of {f,,}¥_, is indeed an
eigenvector of F*F', we may not immediately conclude that every eigenvalue
of F*F' corresponds to some element f,,. Indeed, for any m € Z;,

: )‘J = </\jfm7fm> = <F*Ffm7fm> = ||Fme2
M
= > s f) P = [ oy fod? = @, (AL10)
n=1

and so \; zafn > 0.

Thus, if A; = 0, then no elements of { f,,}*_, live with the lowest eigenspace
E;,i.e. Z; = (). Consequently, the fourth clalm guarantees that {f,,}*_, C Hy
is an orthogonal set. Since N < M by assumption ! | we have that { f,,}}_, is
an orthogonal basis for Hy, and consequently that N = M. Therefore F*F'is a
diagonal matrix whose diagonal entries are the scalars {a? }M_, > 0. However,
since the diagonal entries of F*F are also the eigenvalues, we consequently
cannot have an eigenvalue \; of value 0, a contradiction.

Knowing that A\; > 0, we invoke the second claim to yield that { f,}mez, is a
' One may create a slightly more general version of Theorem 10, by not assuming

that N < M. In that case, for M < N any local minimzer of the frame potential
must be an orthogonal set.
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As-tight frame for F;, yielding,

)\ . ZmGIJ agn
J=

dim E;
in accordance with Corollary 2. To conclude the proof of this claim, recall that
for j < J, {fm}mez, is a basis for E;. Consequently, for j < J, |Z;| = dim E},
and,

J J—1 J—1
M=) Tl =Tl + Y _|Tl, = |2yl + D_ dim Ej = |Z,[ + N — dim E}.
=1 j=1 j=1

Thus, dim E; = N — M + |Z,|, yielding the fifth claim.

We now have the minimizer {f,,,}}/_, partitioned into two sets, namely

J
{fm %:1 = U{fm}mte - {fm]’mGI? U {fm}meIﬁ
j=1

where { fm}m61§ is an orthogonal collection for whose orthogonal complement,
namely E;, the collection {f,, }mez, forms a tight frame. What remains to be
shown is the precise manner in which the indices are partitioned. In particular,
the frame elements of sufficient length should correspond to indices in Z¢,
while the smaller frame elements should correspond to Z;.

Claim 6: {No,...,M} C I,.

We show the equivalent inclusion Z§¢ C {1,..., Ny — 1}. Given any n € Z9,
let j be the index of the corresponding eigenvalue, i.e. f, € Ej;. Recall from
the forth and fifth claims that,

ZmeIJGQ 2
_Emely Om )\ <\ = .
N-M+|Z,] ST

This, coupled with the fact that {a2 }*_, is decreasing yields,

M n M
|Z; N {1,...,n}a® + Z a2, < Z a2 + Z a2,
m=n+1 m=1, m=n+1

M
= > a+ Y a<(N-M+|Z;)a+1Z§n{n+1,...,M}|a>.
meLy m=n+1,
mGIgj

To simplify, we first note that,

Ty = 2,0 {1, . ...0}| + 1Ty 0 {n+1,..., M}
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Adding |Z9 N {n +1,..., M}| to this equation yields,

T+ 1ZS N {41, MY =10 {1, .0} + [{n+1,..., M),
— 1Z,0 {1, .., 0} + (M —n).

Returning to our inequality, we then have

1Z;N{1,...,n}a2 + Z az, < (N—M+|Z;n{1,...,n}+ (M —n))a’

n’
m=n+1

which reduces to,
M
> al, < (N—-n)a;
m=n+1
Since Ny is by definition the minimal value n for which

M
N-mii< Y o

we must have n < Ny, i.e. n € {1,..., Ny — 1}. Since n € Z§ was arbitrary,
7§ C{1,...,Ny — 1}, and the sixth claim is demonstrated. We consequently
have that all of the “smaller” frame elements { f,, }o_y, exist within the “low-
est” eigenspace F/;. What remains to be shown is that none of the larger frame
elements live there there as well.

Claim 7. {Ny,...,. M} =1I,.

Having the sixth claim, we need only to show that {1,...,No — 1} NZ; = 0.
By means of contradiction, assume {1,...,Ng — 1} NZ; # (), with minimal
index ng and maximal index n;.

Taking (A.10) along with the fifth claim we have,

2
EmEIJ ap,

2 <\, = —=mel Om
¢ TSN M+ (T

Multiplying by N — M + |Z,|, and subtracting a2 yields,

(N =M +|T;)) = Yan, < > ap,

meZy, m>ng

In other words, we have that the first element of {a?, },,cz, is less than the re-
maining elements on “average.” Thus, when applied to the sequence {aZ },.c7,
of |Z;| elements, Proposition 9 guarantees a similar inequality for all subse-
quent points in the sequence. In particular, for the index n;, we have,

(N —=M+|L,)) — {1,...,m}NZ)al, < >oooal

m:
me”Ly, m>ny
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To simplify this expression, we note that the sixth claim along with the fact
that n; is the maximal element of {1,..., Ny — 1} NZ; imply,

{n1+1,...,M}mIJ:{No,...,M}.

Thus, we have that both,

N
2 _
Z Uy = Z Qs
meZym>ny m=Np

and furthermore that,
Z;—{1,...,n}NZ;| = {n1+1,...,M}NZ;| = {No,...,M}| = M —Ny+1.
It follows that,

(N =M+ |Z;]) = {1,...,mi} NZ;| = N — (Ny — 1).

Since n; < Ny — 1, then an,—1 < a,,, and so,

N —(Ny—1)ak,_, <N —(Ng— 1)a2, <

A
(]
S|

3

i.e., n = Ny is an index which satisfies

N
2 2
a, < E a,,.
m=n+1

But this is a contradiction, since by definition Ny is the minimal such index.
Thus {1,...,Ng— 1} NZ; =0, and so the seventh claim is demonstrated.

Consequently,
{fmbm=1 = {fm}meze U{fmtmez, = {fm} s U {fmtm=nos

where {f, Mo~ 1is an orthogonal set, for whose orthogonal complement the

remaining vectors { f,, } oy, forms a tight frame, giving the result. O
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