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Abstract

We investigate the consequences of the lower frame condition and
the lower Riesz basis condition without assuming the existence of the
corresponding upper bounds. We prove that the lower frame bound is
equivalent to an expansion property on a subspace of the underlying
Hilbert space ‘H, and an example shows that the lower frame condition
alone is not enough to obtain series representations on all of H. We
prove that the lower Riesz basis condition for a complete sequence
implies the lower frame condition and w-independence; under an extra
condition the statements are equivalent.

1 Introduction

Let H be a separable Hilbert space. Recall that a sequence {f;}32, C H is a
frame if

3A, B> 0: AllfIF < Y ISP < BIAP, VFeH. (1.1)
=1

The sequence {f;}3°, is a Riesz basis if span{f;}.c; = H and there exist
A, B > 0 such that for all finite scalar sequences {¢;},

A el < 1> afillP<BY el (1.2)



A Riesz basis is a frame; and if {f;}3°, is a frame, there exists a dual
frame {g;}5°, such that

f= Z<f, 9i)fi = Z<f, fi)gi, Vf € M. (1.3)

In this note we investigate the consequences of the lower bounds in (1.1)
and (1.2) without assuming the existence of the upper bounds. Note that
the lower condition in (1.1) implies that every f € H is uniquely determined
by the inner products {(f, fi)}2,: if (f, fi) = (g, fi) Vi € N, then f = g.
That is, in principle we can recover every f € H based on knowledge of the
sequence {(f, fi)}32,. We prove that we actually obtain a representation of
the type (1.3) for certain f € H. The question whether the representation
can be extended to work for all f € H has been open for some time. We
present an example where it can not be extended.

2 Some definitions and basic results

Definition 2.1 Let {f;}2,,{g:}32; € H. We say that

(1) {fi}s2, is a Riesz-Fischer sequence if there exists a constant A > 0 such
that A ¢;|> < || >2 eifil|* for all finite scalar sequences {c;};

(i) {fi}s2, satisfies the lower frame condition if there exists a constant
A > 0 such that A|[f]|]*? <> oo, [{f, fi)]? for all f € H.

(iii) {fi}s2, is a Bessel sequence if there exists a constant B > 0 such that

Y [ Sl < BIISI? for all f € H.
(iv) {fi}32, is minimal if for all j € N, f; ¢ span{ f;}iz;.
(v) {fi}2, is w-independent if > ¢; f; = 0 implies that ¢; = 0 for all ¢ € N.
{/fi}iZ1 is complete if span{ f;}32, = H.
{fi}32, and {g;}2, are biorthogonal if (f;, g;) = 0, ; (Kronecker’s ¢).

(vi)

(vii)
For a given family {f;}52, C H, our analysis is based on the synthesis

operator

T:D(T) = {{c;}2, € ] Zcifi converges} — H, T{c;}2, = Zcifi(2.4)

i=1 i=1



and the analysis operator
U:DW)={f €M | D NI fi)l! <oo} = £, Uf:={{f, f)}Z (25)
i=1

The Lemma below is proved in [8].

Lemma 2.2 Let {f;}*, CH. Then

(1) {fi}2, has a biorthogonal sequence if and only if {fi}2, is minimal;
and if a biorthogonal sequence exists, it is unique if and only if { fi}2,
1s complete.

(ii) {fi}2, is a Riesz-Fischer sequence if and only if the associated analysis
operator 1S surjective.

We collect two other characterizations of Riesz-Fischer sequences. Ap-
parently, they have not been stated explicitely before; they can be proved
using methods developed in [§].

Proposition 2.3

(1) Let {e;}2, be an orthonormal basis for H. The Riesz-Fischer sequences
in H are precisely the families {Ve; }32,, where V' is an operator on H (having
{e;}22, in the domain), which has a bounded inverse V=1 : R(V) — H.

(i) The Riesz-Fischer sequences in H are precisely the families for which a
biorthogonal Bessel sequence exists.

Example 2.4 Let {e;}32, be an orthonormal basis and consider {g;}32, :=
{e; + €i11}52,. Then {g;}3°, is complete and minimal; it is also a Bessel
sequence, but not a frame. A straightforward calculation shows that the
biorthogonal system is given by

% %

fi= Z(—l)kek if i is even, f; = Z(—l)k+lek if 7 is odd.

k=1 k=1

{fi}32, is a Riesz-Fischer sequence by Proposition 2.3.



3 The lower frame condition

Lemma 3.1 For an arbitrary sequence { f;}5°, C H, the associated synthesis
operator U is closed. Furthermore, { f;}5°, satisfies the lower frame condition
if and only if U has closed range and is injective.

Proof: That U is closed follows by a standard argument. To prove that
{fi}32, satisfies the lower frame condition if and only if U has closed range
and is injective, note that the existence of a lower frame bound implies in-
jectivity of U. Since U is closed, U~! is closed. Thus, by the closed graph
theorem, U has closed range if and only if U~! is continuous on R(U), which
is obviously equivalent to the existence of a lower frame bound. [

Recall that a frame is a Riesz basis if and only if it is w-independent. The
Theorem below generalizes this result to the case where { f;}:2, only satisfies
the lower frame condition. It connects the concepts listed in Definition 2.1:

Theorem 3.2 Let {f;}2, C H with associated synthesis operator T'. Con-
sider the following statements:

(1) {fi}2, is a complete Riesz-Fischer sequence.
(11) {f:}52, is minimal and satisfies the lower frame condition.
(111) {fi}32, is w-independent and satisfies the lower frame condition.

Then the implications (i) = (1) = (iii) hold. In general (iii) does not
imply any of the other statements, but if T is closed and surjective, then all
statements are equivalent.

Proof: (i) = (ii). By Lemma 2.2 (ii), the analysis operator U is sur-
jective, and since {f;}5°, is complete, it is also injective. From Lemma 3.1
it follows that {f;}°, satisfies the lower frame condition. That {f;}°, is
minimal follows easily from the definition of Riesz-Fischer sequences.

(ii) = (iil): Suppose > .o, ¢;f; = 0 with not all ¢; zero. Then there is some
j such that ¢; # 0 and hence f; = =3, ; j—;fi, implying f; € span{f;}izj,
contradicting minimality of {f;}72;.

That (iii) does not imply (ii) follows by a later example. In fact, in Example
4.1 we will construct an w-independent sequence {f;}5°, which satisfies the
lower frame condition and for which there is f € H such that there exists



no sequence of scalars {q;}, for which f = >~ a;f;. Then {f;}2, U {f}
satisfies the lower frame condition and is w-linearly independent, but is not
minimal, since {f;}?°, is already complete. Clearly, this argument also shows
that (i) can not be satisfied. On the other hand, if 7" is closed and surjec-
tive, it is proved in [1] that there exists a Bessel sequence {g;}32; such that
F=>7{f.g:)fi for all f € H. Assuming (iii), it follows that <fz,g]) =0 j,
ie., {g;i}2, is a biorthogonal Bessel sequence; thus, via Proposition 2.3,
{fi}2, is a Riesz-Fischer sequence, and completeness of it follows from the
lower frame bound. [J

Riesz-Fischer sequences can also be characterized by the following prop-
erty, involving lower frame bounds for the subspaces spanned by finite sub-
sets.

Proposition 3.3 Let {f;}2, CH and let {1}, be a family of finite sub-
sets of I such that
LCLC--- TN

Denote by AOpt the optimal lower frame bound for {f;}icr, in spand{f;}icr, -
Then { f;}2, is a Riesz-Fischer sequence if and only if it is (finitely) linearly
independent and inf,cy Aoft > 0.

The proof for this follows the same lines as [3, Proposition 1.1], where this
was proved under the additional condition that {f;}32, was a frame for H.
Under this extra condition, the characterization was ﬁrst proved by Kim and
Lim [5] as a consequence of a series of Theorems.

The Proposition below characterizes sequences satisfying the lower frame
condition in terms of an expansion property.

Proposition 3.4 Let {f;}°, C H. Then {fi}2, satisfies the lower frame
condition if and only if there exists a Bessel sequence {g;}5°, C H such that

f=Y (. fygi, Vf € D(U). (3.6)
=1

Proof: Assume that {f;}3°, satisfies the lower frame condition. Then U~ " :
R(U) — H is bounded. Define a linear operator V : *(N) - Hby V=U" 1
on R(U), by V =0 on R(U)* and extending it linearly. Then V is bounded.



Let {e;}32, be the canonical basis for £2(N) and let g; := Ve;. Then {g;}3%,
is a Bessel sequence and by construction, for all f € D(U) we have

F=VUF=Y {f.f)g
=1

On the other hand, if {g;}5°, is a Bessel sequence with bound B and (3.6) is
satisfied, then for all f € D(U),

AP =113 fyaill? < BY I )P
=1 =1

meaning that the lower frame condition is satisfied. [J

Note that when {f;}°, satisfies the lower frame condition, the Bessel se-
quence {g;}°, Constructed in the proof of Proposition 3.4 belongs to D(U).
Observe, that the equality (3.6) might hold for all f € H without D(U) being
equal to H. For instance, if {e;}°, is an orthonormal basis and we define
fi :=1e;, 1 € N, then

U)={f= Zciei | Z|ici|2 < oo}
i=1 i=1

which is only a subspace of ‘H. Nevertheless,
f= foz ei, Vf€H.
=1

Note that {ie;}3°, is a Riesz-Fischer sequence, but not a Riesz basis.
For several families of elements having a special structure, the Riesz-Fischer
property implies the upper Riesz basis condition; let us just mention families
of complex exponentials in L*(—m,7), cf. [8], [6]. As far as we know, no
example of a norm-bounded family in a general Hilbert space satisfying the
Riesz-Fischer property but not the upper Riesz basis condition is known. We
give such an example in the next section.

We end this section by the theoretical observation that if every subfamily
of {fi}ies satisfies the lower frame condition with a common bound A, then
there exists a subfamily of {f;}ic; which satisfies the lower Riesz basis con-
dition. The proof is similar to the proof of Theorem 3.2 in [2].



Proposition 3.5 Suppose that { f;}icr satisfies (1.1) and that every subfam-
ily { fities, J C I satisfies
AllfIPP < Z [(f, f)?, Vf € span{fi}ics. (3.7)
icJ

Then { fi}ier contains a complete subfamily {f;}ics for which

AY leP < 13 ekl (3.8)

e ieJ

for all finite sequences {c;}icy.

In Proposition 3.5 the conclusion AY",_; |¢;[* < || Y, cifil|? actually holds
for all sequences {c;} € ¢? for which > ¢; f; is convergent.

4 An example

It turns out to be non-trivial to decide whether a representation of the type
(3.6) can always be extended to H in our setting. Our purpose is now to
present an example where the extension is impossible. The same example
was used in the proof of Theorem 3.2 to show that in general (iii) does not

imply (i).

Example 4.1 In every separable, infinite dimensional Hilbert space H there
exists a norm-bounded Riesz-Fischer sequence { f;} for which

(1) {f:} has lower frame bound 1 and no finite upper frame bound.

(2) D(U) is dense in H, and {f;} € D(U) .

(3) {fi} is w-independent.

(4) No permutation of {f;} is a (Schauder) basis for H.

(5) There is an f € H so that there is no sequence of scalars {a;} for

which
f= Z ai fi-
(6) There is no family of functions {g;} so that for every f € H we have

Moreover, (5) and (6) hold for all permutations of {f;}.



The idea in the construction is to consider a Hilbert space H which is a
direct sum of subspaces of increasing order. Before we go into details with
the construction, we need some preliminary results. Given n = 2,3,---, let
H,, be a Hilbert space of dimension n and let {e;}?_, be an orthonormal basis
of H,. Let P, be the orthogonal projection onto the unit vector \/LE Yo €

ie.,
n n n
n

=1 =1

Let HL = (I — P,)H,. Forall 1 <j <n—1let
Ji=ej—en.

Note that {f} ;‘:_11 is a linearly independent family which spans H}. Our

first lemma will identify the frame bounds and the dual frame for subfamilies
of {f7Yi=t.

Lemma 4.2 Given anyn = 2,3,... and any I C {1,2,---,n—1}, the family
{f7 }ier is a linearly independent frame for its span with lower frame bound

. , 1]+3
1 (which is optimal for |I| > 1) and upper frame bound at least =5=. The
dual frame for { f7 ;‘;11 s given by

n—1 1 .
gj: n ej—EZei,jzl,Z..,n—l.
i#j

Proof: Given f € span {f] }jes, there are scalars {a;} so that
D VES SRR Do I
jel jel icl

Note that [|f|[* = > o/ la;|* + | X ie; ail® and (f, f7) = a; + 37, ai. Thus

STHEMP =D laj+ > ail

Jjel J€eI el
= E a; + E a; Q; + E ai]
Jjel el i€l




+ (DY ail®

il

=> la;?+2> Re ajlz—al-

Jjel Jj€l el

Here we observe that

> Re ajﬂ :ReZaj[Z:—ai:Re (Z%>H = 1> al’

J€el el jel el Jel el el
Thus
SO IR =S 10+ (11 + 1Y 0l = [P + (11 + DD aif
jel jerl el el

It follows easily from here that we get the stated lower frame bound and that
the lower bound is optimal for |/| > 1. Fix ¢ € I and compute

I1+3
S lei—en P =a+ 11 -1=1+3=T e
jel
It follows that the optimal upper bound is at least |1\+3

Since our family { I ! is linearly independent, the dual frame {g] nol

is the family of dual functlonals for the (Schauder) basis {f/'}"={. We Wlll
now compute this family explicitly. Because of symmetry, it sufﬁces to find
g7, which we now do. Write

n

n o __
g1 = E a;€;

i=1
and observe that g} is uniquely determined by the following 3 conditions:
(i) 1 = (g}, e1 —en) = a1 — ay,.
(i) Forall2<i<n-—1, 0= (¢}, ") =a; — a,.
(iii) Since g7 is in the orthogonal complement of the vector " | e;, the
coefficients satisfy
Z a; = 0.
i=1

Now, by (i) and (ii) we have

g7 = (1 +an)e; + ay Zei.

=2
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By (i),
1+a,+ (n—1)a, =0.
Hence, 1 = —nay,, and so a,, = —1/n. Finally,
—1
a=1+a, = n . O
n

To make the calculations in the next lemma easier, we will work with

1
H2n+1'

Lemma 4.3 Letn = 2,3,---. For any permutation o of the numbers 1,2, ..., 2n,
there is a sequence of scalars {a;}?", so that

|| Zag(l 2n+1||2 —n4+1

while
| Zaa( =2

Proof: Because of the symmetric form of the vectors f', it is clearly enough
to prove the lemma for the natural order of the vectors. We let

1 , 1 .
a,=——= for1<i<n, a,=——+ forn+1<17<2n.

NZD NZD
Then,

H Zazfz”“\lz Z ail? + | Zaﬁ —1l4n.

Also, 327" a; = 0 implies

2n 2n

2n+1 __
E az’fi = E a;€;.

i=1 =1

Hence,

2n 2n
1> af P =Dl =2, O
=1 i=1
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We are now ready for the construction in Example 4.1.
Using the notation above we construct the example in the Hilbert space

H = <g @Hﬁ)

We refer to [7] for details about such constructions. Let the sequence {f;}
be any enumeration of { ff}?:_llnozz Since {f7'}7Z{ spans H;, and is linearly
independent in H!, for each n =2,3,---, (1) and (3) of our example follow.
(2) is clear while (4) follows by Lemma 4.3.

We now prove (5). By lemma 4.3, it follows that {f;} is not a basis for
H. But it also clearly follows from (3) that whenever f € H, if there is a
sequence of scalars {a;} so that f =3 a;f;, then {a;} is unique; since { f;}
is not a Schauder basis, this gives (5).

For the proof of (6), we observe that corresponding to { f;’“}?;lljno:%, the

lo

dual functionals {9?}?:_11}10:02 are by Lemma 4.2 given by

-1 1
g?:n ej—ﬁZei, for 1<7<n—-1,n=2,3,...

n Y
i#]

This family is the only candidate to satisfy (6). In fact, suppose that a
sequence {h?}?:_ll;nozol satisfies f = >, (f, fi)h} for all f € H. Now, for all
n#mand all 1 <i <n — 1 we have that

Also,
(g7 fi") =0, forall 1 <i #j <m—1, while (", ") = 1.

)

Putting this altogether:

n—1
g =Y g fRE = g fOhy = by
n =1

That is, h;.” = g;, forall 2 < m € Nand all 1 < 57 < m —1. Now
we observe that this family does not work for reconstruction. For n € N,

197 ?;11 are the dual functionals to { 7 ;‘;11 Since { ff};‘;llnozol is not a basis,
we conclude that {g]”}?:_llnfl is not a basis. Since {g]”}yz_llnfl is clearly an

w-independent family, this means that there exists f € H which can not be

written f =3, cjg? for any choice of coefficients {c}}. This proves (6). U
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