
Riesz frames and approximation of the frame
oeÆ
ients.Peter G. Casazza and Ole Christensen �September 21, 2001Abstra
tA frame is a family ffig1i=1 of elements in a Hilbert spa
e H withthe property that every element in H 
an be written as a (in�nite)linear 
ombination of the frame elements. Frame theory des
ribes howone 
an 
hoose the 
orresponding 
oeÆ
ients, whi
h are 
alled frame
oeÆ
ients. From the mathemati
al point of view this is gratifying,but for appli
ations it is a problem that the 
al
ulation requires in-version of an operator on H.The proje
tion method is introdu
ed in order to avoid this problem.The basi
 idea is to 
onsider �nite subfamilies ffigni=1 of the frameand the orthogonal proje
tion Pn onto its span. For f 2 H;Pnf hasa representation as a linear 
ombination of fi; i = 1; 2; ::n; and the
orresponding 
oeÆ
ients 
an be 
al
ulated using �nite dimensionalmethods. We �nd 
onditions implying that those 
oeÆ
ients 
on-verge to the 
orre
t frame 
oeÆ
ients as n ! 1, in whi
h 
ase wehave avoided the inversion problem. In the same spirit we approxi-mate the solution to a moment problem. It turns out, that the 
lass of\well-behaving frames" are identi
al for the two problems we 
onsider.�1991 Mathemati
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1 The proje
tion method.We begin with some de�nitions. Let H be a separable Hilbert spa
e. Allindex sets are assumed to be 
ountable.De�nitions: 1) A family ffigi2I � H is a Riesz basis for H if ffigi2Iis total and there exist numbers A;B > 0 su
h thatAXi2I j
ij2 � jjXi2I 
ifijj2 � BXi2I j
ij2for all sequen
es f
igi2I 2 `2(I).2) A family ffigi2I � H is a frame for H if9A;B > 0 : Ajjf jj2 �Xi2I j < f; fi > j2 � Bjjf jj2; 8f 2 H:A; B are 
alled frame bounds.3) ffigi2I is a frame sequen
e if ffigi2I is a frame for its 
losed span.For notational 
onvenien
e we index our frames by the natural numbers N inthe sequel. It will be 
lear that our results and proofs are 
ompletely generaland that the 
ase of a di�erent index set 
an be handled by an adaption ofthe notation.We begin by reminding the reader that the important thing with framesis that a frame ffig1i=1 gives rise to a de
omposition of the underlying spa
eH: if we de�ne the frame operator byS : H ! H; Sf = 1Xi=1 < f; fi > fi;then S is bounded and invertible, andf = SS�1f = 1Xi=1 < f; S�1fi > fi; 8f 2 H:It is shown in [C3℄ that the optimal frame bounds (i.e., maximal lower boundand minimal upper bound) are 1jjS�1jj and jjSjj, respe
tively.2



f< f; S�1fi >g are 
alled the frame 
oeÆ
ients. From the point of viewof appli
ations the problem with 
al
ulation of the frame 
oeÆ
ients is toinvert S. An idea to over
ome this diÆ
ulty is to \trun
ate" the prob-lem. So we look at �nite subfamilies ffigni=1; n 2 N and de�ne the spa
eHn := spanffigni=1 and the 
orresponding frame operatorSn : Hn ! Hn; Snf = nXi=1 < f; fi > fi:One 
an show that the orthogonal proje
tion of f 2 H onto Hn is given byPnf = nXi=1 < f; S�1n fi > fi = nXi=1 < f; fi > S�1n fi:Sin
e Pnf ! f as n !1, one 
an hope that the 
orresponding 
oeÆ
ients
onverges to the frame 
oeÆ
ients for f , i.e., that(1) < f; S�1n fi >!< f; S�1fi > as n!1; 8i 2 N; 8f 2 H:If (1) is satis�ed we say that the proje
tion method works. In this 
asethe frame 
oeÆ
ients 
an be approximated as 
lose as we want using �nitedimensional methods, i.e.,linear algebra, sin
e Sn is an operator on the �nitedimensional spa
e Hn. For a dis
ussion of the proje
tion method we refer to[C1℄; in parti
ular it is shown there, that the proje
tion method works if andonly if 8j 2 N 9
j : jjS�1n fjjj � 
j for n � j:If the proje
tion method works the next natural question is how fast the
onvergen
e in (1) is. For example, one might wish that the set of 
oeÆ
ientsf< f; S�1n fi >gni=1 
onverges to the set of frame 
oeÆ
ients in the `2�sense,i.e., that(2) nXi=1 j < f; S�1n fi > � < f; S�1fi > j2+ 1Xi=n+1 j < f; S�1fi > j2 ! 0; 8f 2 H:We say that the strong proje
tion method works if (2) is satis�ed. Note againthat this 
ondition depends on the indexing of the elements. The se
ondterm P1i=n+1 j < f; S�1fi > j2 ! 0 for every frame, 8f 2 H, so we only need3



to show that Pni=1 j < f; S�1n fi > � < f; S�1fi > j2 ! 0; 8f 2 H:Our results 
on
ern some spe
ial frames, whi
h we introdu
e now. A familyffig1i=1 is 
alled a Riesz frame if every subfamily ffig1i=1; I � N; is a framesequen
e, with bounds A;B whi
h are 
ommon for all those frames. Clearlyone only has to 
he
k the existen
e of a 
ommon lower bound, and it is easyto 
he
k that ffig1i=1 is a Riesz frame if this 
ondition is satis�ed for all �niteindex sets I � N .ffig1i=1 is a 
onditional Riesz frame if there are 
ommon bounds for all theframe sequen
es ffigni=1; n 2 N . In terms of the operators Sn this is equiva-lent to the 
ondition supnjjS�1n jjHn < 1: Observe that this notion dependson the indexing of the frame elements. For example, if feig1i=1 is an orthonor-mal basis, then fei; 1i eig1i=1 is a 
onditional Riesz frame,but f1i ei; eig1i=1 is not.It is 
lear how to extend the de�nitions and methods to the 
ase of a frameindexed by an arbitrarily 
ountable index set I: take a family fIng1n=1 of�nite subsets of I su
h thatI1 � I2 � ::: � In % Iand repla
e ffigni=1 by ffigi2In. All the following results are true for generalindex sets with this modi�
ation.Our results are most 
onveniently formulated in operator terminology. LetT; fTng1n=1 be operators from H into the Hilbert spa
e (K; < �; � >K) . Wesay that Tn ! T in the strong operator topology if Tnf ! Tf; 8f 2 H , andthat Tn ! T in the weak operator topology if < g; Tnf >K!< g; Tf >K; 8f 2H; 8g 2 K: For basi
 properties of these topologies we refer to Conway [C℄.Theorem 1: Let ffig1i=1 be a frame. Then the following are equivalent:(a) The strong proje
tion method works.(b) ffig1i=1 is a 
onditional Riesz frame.(
) S�1n Pn ! S�1 in the strong operator topology .(d) S�1n Pn ! S�1 in the weak operator topology.4



(e) limn!1P1i=n+1 j < S�1n Pnf; fi > j2 = 0; 8f 2 H:Proof: We begin with some general observations. We 
onsider S�1n Pn as anoperator on H, and at several pla
es we use that jjS�1n jjHn = jjS�1n Pnjj; 8n:For every f 2 H we have< S�1n Pnf; f >=< S�1n nXi=1 < f; S�1n fi > fi; f >= nXi=1 j < f; S�1n fi > j2:Also, sin
e S�1n Pn is a positive operator there are positive (and hen
e selfadjoint) operators Tn : H ! H su
h that S�1n Pn = T 2n :Let A;B be frame bounds for ffig1i=1. Then fS�1fig1i=1 is a frame withbounds 1=A; 1=B:(a) ) (b) : We prove the 
ontrapositive, so assume supnkS�1n kjHn = 1:Sin
e kS�1n Pnk � kTnk2, it follows that supnkTnk = 1. By the prin
iple ofuniform boundedness, there is an f 2 H with kfk = 1 and supnjjTnf jj =1,implying thatsupn < S�1n Pnf; f >= supn < T 2nf; f >= supn < Tnf; Tnf >= supnkTnfk2 =1:Now, for this f, ( nXi=1 j < f; S�1fi > � < f; S�1n fi > j2)1=2 �( nXi=1 j < f; S�1n fi > j2)1=2�( nXi=1 j < f; S�1fi > j2)1=2 � q< S�1n Pnf; f >� 1pA;whi
h does not go to 0 as n!1. Hen
e, the strong proje
tion method doesnot work.(b)) (
): If ffig1i=1 is a 
onditional Riesz frame and f 2 H, thenjjS�1n Pnf � S�1f jj = jjS�1n Pnf � PnS�1f + PnS�1f � S�1f jj� jjS�1n Pnf � S�1n PnSnPnS�1f jj+ jjPnS�1f � S�1f jj5



� jjS�1n Pnjj � jjf � SnPnS�1f jj+ jjPnS�1f � S�1f jj ! 0 for n!1;sin
e fjjS�1n Pnjjg1n=1 is bounded and SnPn ! S; Pn ! I, both in the strongoperator topology.(e)) (
)) (a) is proven in [C3, Theorem 4.5℄.(
)) (d) : obvious.(d)) (b) : Let f 2 H. ThenjjTnf jj2 =< Tnf; Tnf >=< S�1n Pnf; f >!< S�1f; f > for n!1:Therefore the family fTng1i=1 is pointwise bounded on H, and so by the prin-
iple of uniform boundedness, the operators are uniformly bounded. Hen
e,supnkS�1n kHn � supnkTnk2 <1:(
)) (e) : Suppose (
) is satis�ed. Then, for any f 2 H,( 1Xi=n+1 j < S�1n Pnf; fi > j2)1=2 �( 1Xi=n+1 j < (S�1 � S�1n Pn)f; fi > j2)1=2 + ( 1Xi=n+1 j < S�1f; fi > j2)1=2 �pBk(S�1 � S�1n Pn)fk+ ( 1Xi=n+1 j < S�1f; fi > j2)1=2 ! 0 for n!1:Q.E.D.Note in parti
ular the equivalen
e between (
) and (d)! Condition (
) is alsointeresting from the point of view of appli
ations. It is well known amongframe experts that it is diÆ
ult to 
al
ulate the dual frame fS�1fig1i=1 of agiven frame, and (
) shows that we 
an �nd arbitrarily good approximationsusing �nite dimensional methods if ffig1i=1 is a 
onditional Riesz frame, sin
ethen S�1n fi ! S�1fi; 8i: Also, (d) shows that the 
ondition for the strongproje
tion method to work 
an be formulated in a very similar way as the6




ondition for the proje
tion method to work: the proje
tion method worksi� < f; S�1n fi >!< f; S�1fi >; 8i; 8f 2 Hand the strong proje
tion method works i�< f; S�1n Png >!< f; S�1g >; 8f; g 2 H:Corollary 2: If ffig1i=1 is a Riesz frame, then the strong proje
tion methodworks for every subfamily ffigi2I ; I � N , for every indexing of the frameelements.One 
ould expe
t the opposite of Corollary 2 to be true, namely that ifthe strong proje
tion method works for every subset of a frame and for everyindexing of the elements, then the frame should be a Riesz frame. However,this is not true, as the following example shows:Example 1: Let feig1i=1 be an orthonormal basis for H and de�neffig1i=1 := fei; ei + 12i e1g1i=2:Clearly ffig1i=1 is a frame, but not a Riesz frame. Let fhig1i=1 be a permuta-tion of any subfamily of ffig1i=1. We want to prove that the strong proje
tionmethod works for fhig1i=1, and by Theorem 1 this amounts to showing thatfhig1i=1 is a 
onditional Riesz frame. Given n 2 N , writefhigni=1 = fejgj2�1 [ fej + 12j e1gj2�2:Let H1 = spanfejgj2�1;H2 = spanfej + 12j e1gj2�2 and denote the frameoperator for fhigni=1 by Sn. First, assume that �1 \ �2 = �: It is easy to
he
k that fej+ 12j e1gj2�2 is a Riesz basis forH2 with lower bound 1=2. Sin
efejgj2�1 is an orthonormal basis for H1 and H1 ? H2, the family fhigni=1 is aRiesz basis for its span with lower bound 1=2, and so kS�1n k � 2. Now assumethat �1\�2 6= �, and letm be the smallest number in the interse
tion. Then,spanfhigni=1 = spanffe1g; feigi2�1[�2g. Let f = a1e1+Pi2�1[�2 aiei satisfykfk2 = ja1j2 + Xi2�1[�2 jaij2 = 1:7



Now, if ja1j2 � 122 , thennXi=1 j < f; hi > j2 � j < f; em > j2 + j < f; em + 12m e1 > j2= jamj2 + jam � �a12m j2 � ja1j222m+2 � 122m+4 :(The next to last inequality follows from the observation that for any two
omplex numbers a; b we have, jaj2 + ja� bj2 � (maxfjaj; ja� bjg)2 � j b2 j2)Otherwise, if ja1j2 � 122 , thennXi=1 j < f; hi > j2 = Xi2�1 jaij2 + Xi2�2 jai + 12ia1j2 �Xi2�1 jaij2 + (sXi2�2 jaij2 �sXi2�2 ja12i j2)2 =Xi2�1[�2 jaij2 + Xi2�2 ja12i j2 � 2sXi2�2 jaij2sXi2�2 ja12i j2 �34 � 2ja1jvuut 1Xi=1 122i � 34 � 1p3 :Putting all together, we have that kS�1n k � 22m+4 for all n, so fhig1i=1 is a
onditional Riesz frame.We 
onsider it as important to understand the di�eren
e between Rieszframes and 
onditional Riesz frames. It is shown in [C3℄ that every Rieszframe 
ontains a Riesz basis (see [CC℄ for an extension). We now present anexample of a 
onditional Riesz frame not 
ontaining a Riesz basis:Example 2: Let feig1i=1 be an orthonormal basis for H and 
onsider theframeffig1i=1 := fe1; e1 + e2; 1p2e2; 1p2e2; e2 + e3; 1p3e3; 1p3e3; 1p3e3; e3 + e4; � � �gConsider the �rst n elements of the frame and let8



Hn = ffigni=1 = spanfe1; e1+e2; 1p2e2; 1p2e2; e2+e3; 1p3e3; 1p3e3; 1p3e3; e3+e4;� � � ; em�1 + em; 1pmem; 1pmem; � � � ; 1pmemg = spanfeigmi=1where we have � m terms of the form 1pmem. Now 
onsider an elementf 2 Hn. Write f = Pmi=1 aiei and suppose that kfk = 1. If jamj � q23 thennXi=1 j < f; fi > j2 � j < f; em�1 + em > j2 � (s23 �s13)2and if jamj � q23 we havenXi=1 j < f; fi > j2 � m�1Xj=1 jXi=1 j < f; 1pj ej > j2 = m�1Xi=1 jaij2 � 13 :So the frame is a 
onditional Riesz frame. But the frame does not 
ontain aRiesz basis: a Riesz basis is norm-bounded below, so in order to span H anysubsequen
e of this frame whi
h is going to form a Riesz basis must 
ontain,for some k, the set fei + ei+1g1i=k: But this set is not part of any Riesz basis.Example 2 also provides an example of a 
onditional Riesz frame, wherenot every subfamily is a frame sequen
e.Our next example shows how bad things 
an go for non-Riesz frames:Example 3: Let f0 = P1n=1 1nen. Then ffig1i=0 := ff0g [ feig1i=1 has thefollowing properties:1) Every subfamily is a frame sequen
e, but ffig1i=0 is not a 
onditionalRiesz frame.2) ffig1i=0 has a subset whi
h is an orthonormal basis, but ffig1i=0 has nopermutation for whi
h the proje
tion method works.9



First we prove that every subfamily is a frame sequen
e. Let � be a propersubset of the natural numbers. If 0 =2 �, then ffigi2� is orthonormal, soassume 0 2 �. ThenH� := spanffigi2� = spanffeigi2��f0g;Xi=2� 1i eig:Let f 2 H�; f = Pi2��f0g aiei + aPi=2� 1i ei and suppose thatkfk2 = Xi2��f0g jaij2 + (jaj � kXi=2� 1i eik)2 = 1:Now,Xi2� j < f; fi > j2 = Xi2��f0g jaij2 + j < Xi2��f0g aiei; f0 > +a � kXi=2� 1i eik2j2:We may assume that Pi2��f0g jaij2 � 1=2. If now( Xi2��f0g jaij2)1=2 � jaj � kPi=2� 1i eik22kf0k = jaj � kPi=2� 1i eik � kPi=2� 1i eik2kf0kthen1 = Xi2��f0g jaij2+(jaj � kXi=2� 1i eik)2 � Xi2��f0g jaij2+ 4kf0k2kPi=2� 1i eik2 Xi2��f0g jaij2:So Xi2��f0g jaij2 � 11 + 4kf0k2kPi=2� 1i eik2 :Otherwise,Xi2� j < f; fi > j2 � j < Xi2��f0g aiei; f0 > +a � kXi=2� 1i eik2j2� (jaj � kXi=2� 1i eik2 � ( Xi2��f0g jaij2)1=2 � kf0k)2 � ( jaj � kPi=2� 1i eik22 )2 =10



14 jaj2 � kXi=2� 1i eik4 = 14(1� Xi2��f0g jaij2)kXi=2� 1i eik2 � 18kXi=2� 1i eik2:So ffigi2� is a frame sequen
e with lower boundminf12 ; 11+ 4kf0k2kPi=2� 1i eik2 ; 18kPi=2� 1i eik2g.Part 2) 
ombined with Theorem 1 implies that ffig1i=0 is not a 
onditionalRiesz frame, so we prove 2)2) Let ff�(k)g1k=1 be a permutation of the frame and let Sn be the frameoperator for ff�(k)gnk=1: Assume f�(m) = f0. For any n � m, lethn = P1k=n+1 1�(k)e�(k)kP1k=n+1 1�(k)e�(k)k2 :ThenSnhn = nXk=1 < hn; f�(k) > f�(k) =< hn; f�(m) > f�(m) =< hn; f0 > f0 = f0:Hen
e, S�1n f0 = hn. But, limn!1khnk =1, so the proje
tion method doesnot work for ff�(k)g1k=1 .The operator approa
h in Theorem 1 makes it easy to prove that the strongproje
tion method still works if we apply a bounded invertible operator to a
onditional Riesz frame:Proposition 3: Let U : H ! K be an isomorphism. If the strong pro-je
tion method works for the frame ffig1i=1, then it also works for the framefUfig1i=1.Proof: It is well known that fUfig1i=1 is a frame, and dire
t 
al
ulationshows that the frame operator isR : K ! K; R = USU�:Let Tn denote the restri
tion of U to Hn. The frame operator for fUfigni=1 isRn : spanfUfigni=1 ! spanfUfigni=1; Rn = TnSnT �n :11



Sin
e jjT�1n jj � jjU�1jj, we havejjR�1n jj = jj(T �n)�1S�1n T�1n jj � jjU�1jj2 � jjS�1n jj:So if ffig1i=1 is a 
onditional Riesz frame, then so is fUfig1i=1. Now use The-orem 1. Q.E.D.In parti
ular, the strong proje
tion method works for a frame ffig1i=1 if andonly if it works for the dual frame fS�1fig1i=1:2 A moment problem.The prin
iple of approximation using �nite subsets of a frame 
an be used inmany other 
ontexts, of whi
h we present one more here. Let again ffig1i=1be a frame forH and let faig1i=1 � `2(N). We ask whether there exists f 2 Hsu
h that < f; fi >= ai; 8i 2 N:A problem of this type is 
alled a moment problem. For the general theorywe refer to [Y℄. It is easy to 
onstru
t examples where there is no solution f ,but as shown in [C2℄ there always exists a unique element in H minimizingP1i=1 jai� < f; fi > j2; this element is f = P1i=1 aiS�1fi:We 
allP1i=1 aiS�1fithe b.a.s. (best approximation solution) to the moment problem.Corresponding to a subset faigni=1 the unique element in Hn minimizingPni=1 jai� < f; fi > j2 is Pni=1 aiS�1n fi: We say that Pni=1 aiS�1n fi is the b.a.s.to the trun
ated moment problem. In analogy with above we would like to�nd 
onditions implying that(3) nXi=1 aiS�1n fi ! 1Xi=1 aiS�1fi for n!1; 8faig1i=1 2 l2(N):Zwaan [Z℄ has shown that (3) is satis�ed if ffig1i=1 is a Riesz basis. Also,the problem is 
learly related to the proje
tion method: if (3) is satis�ed(or just for all sequen
es with 1 in one entry, otherwise 0), then S�1n fi !S�1fi for n!1; 8i, so the proje
tion method works. A
tually we 
an provethat (3) is satis�ed if and only if ffig1i=1 is a 
onditional Riesz frame, i.e.,if and only if the strong proje
tion method works. We need the operator12



(sometimes 
alled the pre-frame operator)T : `2(N)! H; T f
ig1i=1 = 1Xi=1 
ifi:We denote the kernel of T by NT . T is bounded and the adjoint operatorT � : H ! `2(N ) is given by T �f = f< f; fi >g1i=1.Theorem 4: Let ffig1i=1 be a frame. Then the following are equivalent:(a) Pni=1 aiS�1n fi ! P1i=1 aiS�1fi for n!1; 8faig1i=1 2 `2(N):(b) S�1n Pni=1 bifi ! 0 for n!1for all fbig1i=1 2 l2(N) su
h that P1i=1 bifi = 0:(
) ffig1i=1 is a 
onditional Riesz frame.Proof:(a), (b) : Sin
e `2 is the orthogonal sum of the range of T � and the kernelof T , we 
an write any sequen
e faig1i=1 2 `2 asfaig1i=1 = f< g; fi >g1i=1 + fbig1i=1for some g 2 H; fbig1i=1 2 NT : Now, the b.a.s. to the trun
ated momentproblem isnXi=1 aiS�1n fi = nXi=1 < g; fi > S�1n fi + nXi=1 biS�1n fi = Png + S�1n nXi=1 bifi:The b.a.s. to the moment problem is1Xi=1 aiS�1fi = 1Xi=1 < g; fi > S�1fi + S�1 1Xi=1 bifi = g;from whi
h the result follows.(a)) (
) : De�ne Q : `2 !H by,Qfaig1i=1 = 1Xi=1 aiS�1fi;13



and de�ne Qn : `2 !H by,Qnfaig1i=1 = nXi=1 aiS�1n fi:(a) states that Qn ! Q in the strong operator topology. Hen
e supnjjQnjj <1: But, Q�nf = f< f; S�1n fi >gni=1, and Pnf = Pni=1 < f; S�1n fi > fi, impliesS�1n Pnf = nXi=1 < f; S�1n fi > S�1n fi = QnQ�nf:Hen
e,supnjjS�1n jjHn = supnkS�1n Pnk = supnkQnQ�nk � supnkQnk2 <1:(
)) (b) : Follows fromjjS�1n nXi=1 bifijj � jjS�1n jjHnjj nXi=1 bifijj:Q.E.D.The problems 
onsidered here are very important for frames arising in ap-pli
ations, namely, wavelet frames and Weyl-Heisenberg frames. It seems tobe diÆ
ult to de
ide when su
h frames are 
onditional Riesz frames. Thisquestion is under 
urrent investigation.Referen
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