Riesz frames and approximation of the frame
coefficients.

Peter G. Casazza and Ole Christensen *

September 21, 2001

Abstract

A frame is a family {f;}5°, of elements in a Hilbert space H with
the property that every element in H can be written as a (infinite)
linear combination of the frame elements. Frame theory describes how
one can choose the corresponding coefficients, which are called frame
coefficients. From the mathematical point of view this is gratifying,
but for applications it is a problem that the calculation requires in-
version of an operator on .

The projection method is introduced in order to avoid this problem.
The basic idea is to consider finite subfamilies {f;}/_; of the frame
and the orthogonal projection P, onto its span. For f € H,P\{ has
a representation as a linear combination of f;,7 = 1,2,..n, and the
corresponding coefficients can be calculated using finite dimensional
methods. We find conditions implying that those coefficients con-
verge to the correct frame coefficients as n — oo, in which case we
have avoided the inversion problem. In the same spirit we approxi-
mate the solution to a moment problem. It turns out, that the class of
“well-behaving frames” are identical for the two problems we consider.
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1 The projection method.

We begin with some definitions. Let H be a separable Hilbert space. All
index sets are assumed to be countable.

Definitions: 1) A family {f;}ic; C H is a Riesz basis for H if {f;}icr

is total and there exist numbers A, B > 0 such that
AY el < afill? < BY ol
icl il il

for all sequences {c;}icr € ¢*(I).

2) A family {f;}ier € H is a frame for H if
A, B> 0: A|f[P <D | < f. fi > P <BJ||f|]’, VfeH.
il

A, B are called frame bounds.
3) {fi}ier is a frame sequence if {f;};c; is a frame for its closed span.

For notational convenience we index our frames by the natural numbers N in
the sequel. Tt will be clear that our results and proofs are completely general
and that the case of a different index set can be handled by an adaption of
the notation.

We begin by reminding the reader that the important thing with frames
is that a frame {f;}22, gives rise to a decomposition of the underlying space
‘H: if we define the frame operator by

S:H—H, 3{:i<{,{>>{>a

y=00

then S is bounded and invertible, and
f=8STf=3 <f,S'fi>fi, VfeH.
i=1

It is shown in [C3] that the optimal frame bounds (i.e., maximal lower bound
and minimal upper bound) are ﬁ and ||S]], respectively.



{< f,S71f; >} are called the frame coefficients. From the point of view
of applications the problem with calculation of the frame coefficients is to
invert S. An idea to overcome this difficulty is to “truncate” the prob-
lem. So we look at finite subfamilies {f;}"_;,n € N and define the space
Hy = span{ f;}I_, and the corresponding frame operator

=1

One can show that the orthogonal projection of f € H onto H,, is given by
Pof =Y < [.8 fi> fi=Y <[ fi> S, fin
=1 i=1

Since P,f — f as n — oo, one can hope that the corresponding coefficients
converges to the frame coefficients for f, i.e., that

(1) < f, S fi>—=<f,S7'fi> asn — o0, Vie N, VfecH.

If (1) is satisfied we say that the projection method works. In this case
the frame coefficients can be approximated as close as we want using finite
dimensional methods, i.e.,linear algebra, since S, is an operator on the finite
dimensional space H,,. For a discussion of the projection method we refer to
[C1]; in particular it is shown there, that the projection method works if and
only if

Vie N3 S, fill < ¢ for n>j.

If the projection method works the next natural question is how fast the
convergence in (1) is. For example, one might wish that the set of coefficients
{< f,S-'f; >}"_, converges to the set of frame coefficients in the ¢?—sense,
i.e., that

S <18 fi>—<£STH> P+ Y <S> P =0, Vf e
=1 1=n-+1

We say that the strong projection method works if (2) is satisfied. Note again
that this condition depends on the indexing of the elements. The second
term >0, .1 | < f,S1fi > |? — 0 for every frame, Vf € H, so we only need
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to show that X0 | < f, S, fi>— < f,S7'fi > > = 0, Vf € H.

Our results concern some special frames, which we introduce now. A family
{fi}22, is called a Riesz frame if every subfamily {f;}3°,, T C N, is a frame
sequence, with bounds A, B which are common for all those frames. Clearly
one only has to check the existence of a common lower bound, and it is easy
to check that {f;}22, is a Riesz frame if this condition is satisfied for all finite
index sets I C N.

{fi}2, is a conditional Riesz frame if there are common bounds for all the
frame sequences {f;}?_,,n € N. In terms of the operators S, this is equiva-
lent to the condition sup,||S, ||, < co. Observe that this notion depends
on the indexing of the frame elements. For example, if {e;}52, is an orthonor-
mal basis, then {e;, Te;}22, is a conditional Riesz frame,but {1e;, e;}22, is not.

It is clear how to extend the definitions and methods to the case of a frame
indexed by an arbitrarily countable index set I: take a family {I,}5°, of
finite subsets of I such that

LCLC.CI, M

and replace {f;}"; by {fi}icr,. All the following results are true for general
index sets with this modification.

Our results are most conveniently formulated in operator terminology. Let
T,{T,}>>, be operators from H into the Hilbert space (K, < -,- >x) . We
say that T,, — T in the strong operator topology if T,,f — T f,Vf € H , and
that T,, — T in the weak operator topologyif < g, T, f >x—< g,Tf >i,Vf €
H,V} € K. For basic properties of these topologies we refer to Conway [C].
Theorem 1: Let {f;}32, be a frame. Then the following are equivalent:

(a) The strong projection method works.

(b) {fi}2, is a conditional Riesz frame.

(c) S7'P, — S=' in the strong operator topology .

(d) S, 'P, — S~ in the weak operator topology.
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() limy oo o2 piq | < S PPf, fi > 2 =0, VfeH.

Proof: We begin with some general observations. We consider S;' P, as an
operator on H, and at several places we use that |[S ||, = ||S; ' P.||, Vn.
For every f € H we have

<SPS [ >=< S Y < LS > fu =00 < LS >
i=1 i=1

Also, since S;'P, is a positive operator there are positive (and hence self
adjoint) operators T, : H — H such that S;'P, = T2.

Let A, B be frame bounds for {f;}22,. Then {S™!f;}2, is a frame with
bounds 1/A4,1/B.

(a) = (b) : We prove the contrapositive, so assume sup,||S. |||, = oo
Since [|S; P, || < ||T,|)?, it follows that sup,||T,|| = co. By the principle of
uniform boundedness, there is an f € H with ||f|| = 1 and sup,||T, f|| = oo,
implying that

sup, < Sn_lpnfa f >= sup, < Tr?fa f >= sup, < Tnfa Tnf >= Supn||Tnf||2 = Q.

Now, for this f,

n

S < £,SHi> =< £,8,0 i > )Y >

=1

S g-1 ; 2N1/2 - ’5—1 : 2\1/2 S-1p, ¥, _L,
(;|<f,nf>|) <;|<f fi> )2 > /< S; £,

which does not go to 0 as n — oco. Hence, the strong projection method does
not work.

(b) = (c): If {fi}2, is a conditional Riesz frame and f € #H, then

1S, Puf = STH N = 118, Paf — PuS™'f + PuS™Hf = S71]|

<|ISy ' Paf = Sy PaSuPaST Il + 1PaSTHf = ST
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< ST Pall - |If = SuPuST Il + [|PaS™' f = STV ]| = 0 for n — oo,

since {||S; ' P,||}5, is bounded and S,P, — S, P, — I, both in the strong
operator topology.

(e) = (¢) = (a) is proven in [C3, Theorem 4.5].
(¢) = (d) : obvious.
(d) = (b) : Let f € H. Then
T f|I? =< Tnf, Tnf >=< S, 'P.f, f >—=< S 'f, f > forn — oo.

Therefore the family {7},}%°, is pointwise bounded on H, and so by the prin-
ciple of uniform boundedness, the operators are uniformly bounded. Hence,

suanS;lHan < SUPnHTnH2 < 00.

(¢) = (e) : Suppose (c) is satisfied. Then, for any f € H,

(Y | <SPt fi > )2 <

i=n+1

(S <5 =S Py fi> )24+ (S | <8 fi> PV <

i=n—+1 i=n-+1
VB|(ST' =S PO+ (S | < ST fi > A2 = 0 for n — oo,
i—=n+1
Q.E.D.

Note in particular the equivalence between (c) and (d)! Condition (c) is also
interesting from the point of view of applications. It is well known among
frame experts that it is difficult to calculate the dual frame {S~'f;}%°, of a
given frame, and (c) shows that we can find arbitrarily good approximations
using finite dimensional methods if { f;}$°, is a conditional Riesz frame, since
then S 1f; — S71f;, Vi. Also, (d) shows that the condition for the strong
projection method to work can be formulated in a very similar way as the



condition for the projection method to work: the projection method works
iff
< f7 S;If’t >—=< f7 Silf’i >, VZJ vf €EH

and the strong projection method works iff
< f£,S 'Pg>—<f S tg> Vf,geH.

Corollary 2: If {f;}5°, is a Riesz frame, then the strong projection method
works for every subfamily {f;}icr, I C N, for every indexing of the frame
elements.

One could expect the opposite of Corollary 2 to be true, namely that if
the strong projection method works for every subset of a frame and for every
indexing of the elements, then the frame should be a Riesz frame. However,
this is not true, as the following example shows:

Example 1: Let {e;}°, be an orthonormal basis for # and define

1
{fi}i2, == {ei,ei + 561}522-

Clearly {f;}22, is a frame, but not a Riesz frame. Let {h;}3°, be a permuta-
tion of any subfamily of {f;}22,. We want to prove that the strong projection
method works for {h;}2,, and by Theorem 1 this amounts to showing that
{h;}$2, is a conditional Riesz frame. Given n € N, write

1
{hiticy = {ejtjen, U e + gel}jeAz-

Let Hi = span{e;}jen,, Ho = span{e; + %el}jeAQ and denote the frame
operator for {h;}? ; by S,. First, assume that A; N Ay = ¢. It is easy to
check that {e;+ %61}]'6A2 is a Riesz basis for H, with lower bound 1/2. Since
{e;}jea, is an orthonormal basis for H; and #; L #, the family {h;}?_, is a
Riesz basis for its span with lower bound 1/2, and so ||S, || < 2. Now assume
that A;NA, # ¢, and let m be the smallest number in the intersection. Then,

span{h;}i_, = span{{ei}, {€i}tica,ua, }- Let [ = aie; + Xica,un, ai€; satisfy

AP =laa* + >0 o =1

IEA1UAS
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Now, if |a;|? > % then

n

1
Z|<f,hi>|22|<f,em>|2+|<f,em+2—mel>|2
i=1

— Qa1 9 |a1|2 1
om | — 22m+2 — 22m+4'

= |am|* + |am —

(The next to last inequality follows from the observation that for any two
complex numbers a, b We have, |a|? + |a — b|* > (maz{|a|, |a — b[})* > |2]?)

Otherwise, if |a;|* < 22, then

n
DI<fhi> =3 el + Y fai+ all2
=1

ISAN 1€A2

> lail” + (

1EA] 1€EA 1€EA
Yoo el Y] | P2 /> il
IEATUAS 1€EAS 1€EAS ZEAZ
3
- -9 — -
4 |a1| 1:21 222 — 4 \/g

Putting all together, we have that ||S; || < 22 for all n, so {h;}22, is a
conditional Riesz frame.

We consider it as important to understand the difference between Riesz
frames and conditional Riesz frames. It is shown in [C3] that every Riesz
frame contains a Riesz basis (see [CC] for an extension). We now present an
example of a conditional Riesz frame not containing a Riesz basis:

Example 2: Let {e;}22, be an orthonormal basis for % and consider the
frame

1 1 1
{fi}i2i = {er,e1 +ea, —=ea, —=e3, €2 + €3, —=e3, —=¢3,
f f V3 TV3 VB

Consider the first n elements of the frame and let

—e3,6e3+ €4, -}



Ho, ={fi}l, = span{ey, e1+es, — ! €y, — ! ey, e9+e€3, —=e3, —=€3,
V2 T V2 f f f
1 1 1
ﬁem, ﬁem, e ﬁem} = span{e; } ",
where we have < m terms of the form ﬁem. Now consider an element
f € H,. Write f =3, a;e; and suppose that || f|| = 1. If |a,,| > \/g then

Z|<fafi>|22|<f,em_1+em>|22(£_\/;)2
=1

and if |a,,| < \/g we have

—=€3, 63_|_647

5 Em—1 + €m,

COII—‘

NETIENED ) oIEYS SIELES S
=1

7=1 =1

So the frame is a conditional Riesz frame. But the frame does not contain a
Riesz basis: a Riesz basis is norm-bounded below, so in order to span H any
subsequence of this frame which is going to form a Riesz basis must contain,
for some k, the set {e; + e;11}32,. But this set is not part of any Riesz basis.

Example 2 also provides an example of a conditional Riesz frame, where
not every subfamily is a frame sequence.

Our next example shows how bad things can go for non-Riesz frames:

Example 3: Let fo = 302, +e,. Then {f;}22) := {fo} U {&;}32, has the
following properties:

1) Every subfamily is a frame sequence, but {f;}°, is not a conditional
Riesz frame.

2) {fi}32, has a subset which is an orthonormal basis, but {f;}3°, has no
permutation for which the projection method works.



First we prove that every subfamily is a frame sequence. Let A be a proper
subset of the natural numbers. If 0 ¢ A, then {f;}ica is orthonormal, so
assume 0 € A. Then

1
Ha = span{ fitiea = span{{ei}ica (o}, Z ;ei}.
igA

Let f € Ha, [ = Xica—{o) @i€i +aXiga %ei and suppose that

1
AP =32 el + (lal - 120 Zeill)” = 1.

ieA—{0} igA

Now,

1
Z|<fafi>|2: Z |a;” + | < Z ai6i,fo>+a‘||Z;@i||2|2-

ieA icA—{0} icA—{0} igA

We may assume that Y;ca_foy |ai|” < 1/2. If now

jal - | Eiga geill® _ lal- [ Ziga zeill - 1| Ziga jeil

(> Jaf)?>

iceA_{0} 2|| foll N 2|/ foll
then
1 4| fol?
1= Y jala(a IS el s X jare ol s o
icA—{0} iga v icA—{0} | Xiga seill” iea—(oy
So .
Z |ai|22 4 2
[.foll
iEA_{O} ]' + ” Zlgz%ezHQ
Otherwise,

1
YI<fHfi>P=1< > aiei,fo>+a'||256i||2|2

ieA ieA—{0} igA

jal - | Ziga zeill?

> (Jaf ) bl = (X a2 ol > (A Ze 0Ty

i¢A ieA—{0}
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1 1 1 1 1 1
Pl -1 el =700 > JaP)I X seal” > Sl 3 el
i¢A 7 7 7

ieA—{0} igA igA
: : el 1 1 1
So { fi}ica is a frame sequence with lower bound min{3, AT | Siga teill?}.
1Y iga teal”

Part 2) combined with Theorem 1 implies that {f;}°, is not a conditional
Riesz frame, so we prove 2)

2) Let {fsx)}3z; be a permutation of the frame and let S, be the frame
operator for { fyu }r—,. Assume fyum) = fo. For any n > m, let

S Rnt1 2l Colh)

n PR
I

e
I 28 st 5y otk

Then

Snhn =" <y, fotr) > foth) =< Py fom) > Fotm) =< hn, fo > fo = fo.
k=1

Hence, S, ' fo = hy. But, lim,_,||ha|| = o0, so the projection method does
not work for { fyu)}i2; -

The operator approach in Theorem 1 makes it easy to prove that the strong
projection method still works if we apply a bounded invertible operator to a
conditional Riesz frame:

Proposition 3: Let U : H — K be an isomorphism. If the strong pro-

jection method works for the frame {f;}5°,, then it also works for the frame

{Ufi ?21-

Proof: It is well known that {Uf;}2, is a frame, and direct calculation
shows that the frame operator is

R:K—-K, R=USU".
Let T,, denote the restriction of U to #H,,. The frame operator for {U f;}_, is

Ry, : span{U f;}? — span{U i}, R, = T,S,T,.
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Since ||T,'|| < ||[UY||, we have
17 = ) ST < U= - (1S

So if {f;}22, is a conditional Riesz frame, then so is {U f;}32,. Now use The-
orem 1. Q.E.D.

In particular, the strong projection method works for a frame {f;}°, if and
only if it works for the dual frame {S™'f;}°,

2 A moment problem.

The principle of approximation using finite subsets of a frame can be used in
many other contexts, of which we present one more here. Let again {f;}32,
be a frame for H and let {a;}32, C £*(N). We ask whether there exists f € H
such that

< f, fi >=a;, Vi € N.

A problem of this type is called a moment problem. For the general theory
we refer to [Y]. It is easy to construct examples where there is no solution f,
but as shown in [C2] there always exists a unique element in H minimizing

°,lai— < f, fi > |? this element is f = 3°, ;S f;. We call X2, ;S f;
the b.a.s. (best approximation solution) to the moment problem.
Corresponding to a subset {a;}" ; the unique element in H,, minimizing

" olai— < fofi > [Pis X, a8 fi We say that 7, ;S fi is the b.a.s.
to the truncated moment problem. In analogy with above we would like to
find conditions implying that

ZaZS fl—>2a15’ Lfi for n — oo, Y{a;}2, € I*(N).

i=1 i=1

Zwaan [Z] has shown that (3) is satisfied if {f;}?2, is a Riesz basis. Also,
the problem is clearly related to the projection method: if (3) is satisfied
(or just for all sequences with 1 in one entry, otherwise 0), then S-'f; —
S—1f; for n — o0, Vi, so the projection method works. Actually we can prove
that (3) is satisfied if and only if {f;}°, is a conditional Riesz frame, i.e.,

if and only if the strong projection method works. We need the operator
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(sometimes called the pre-frame operator)

T:2(N)—H, T{Ee=3 I

We denote the kernel of T" by Np. T is bounded and the adjoint operator
T*: H — (S(N) is given by T*f = {< f, fi >}3°,.

Theorem 4: Let {f;}3°, be a frame. Then the following are equivalent:
(a) S0 a; S fi = 32, a;S7V f; for m — oo, V{a;}2, € (*(N).

(b) ST bif; — 0 for n — oo
for all {b;}2, € I2(N) such that Y2, b;f; = 0.

(c) {fi}32, is a conditional Riesz frame.
Proof:

(a) < (b) : Since £? is the orthogonal sum of the range of T* and the kernel
of T, we can write any sequence {a;}3°, € (* as

{a:i}i2, ={< g, fi >} + {bi}i2y

for some g € H, {[,}{2,, € N7. Now, the b.a.s. to the truncated moment
problem is

iaisﬁlfi = i <g, fi> S fi+ ibiS,jlfi =P.yg+S,' ibifi-
i=1 i=1 i=1 i=1
The b.a.s. to the moment problem is
S aS T fi= S < fi> ST ik ST Y bifi= g,
i=1 i=1 i=1
from which the result follows.
(a) = (c) : Define Q : ¢ — H by,

Q{ai}2, =Y aS'fi,
i=1
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and define @, : (> — H by,
Qniai}2, = Z angle-.
i=1

(a) states that @, — @ in the strong operator topology. Hence sup,||Q,|| <
oo. But, Qi f ={< £, S, fi >}, and P, f = Y7, < f, S, fi > fi, implies

S =3 < £S5 > Sy i = QuQLt.
=1

Hence,

SuPnHS;lH’Hn = SuPn“S;an“ = suPn”QnQ:z“ < suPn||Qn||2 < 0.

(¢) = (b) : Follows from

S, S b fill < 1Sy Ml |1 bifill-
=1 =1
Q.E.D.

The problems considered here are very important for frames arising in ap-
plications, namely, wavelet frames and Weyl-Heisenberg frames. It seems to
be difficult to decide when such frames are conditional Riesz frames. This
question is under current investigation.
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