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ABSTRACT. We give simple necessary and sufficient conditions on Bessel
sequences {f;} and {g;} and operators L1, Ls on a Hilbert space H so that
{L1f; + Lag;} is a frame for H. This allows us to construct a large number
of new Hilbert space frames from existing frames.

1. INTRODUCTION

Frames for Hilbert spaces were introduced by Duffin and Schaeffer [8] as a
part of their research in non-harmonic Fourier series. Their work on frames
was somewhat forgotten until 1986 when Daubechies, Grossmann and Meyer
[13] brought it all back to life during their fundamental work on wavelets.
Today, frame theory plays an important role not just in signal processing, but
also in dozens of applied areas (See [1, 2]).

Holub [12] showed that if {z,} is any normalized basis for a Hilbert space
H and {f,} is the associated dual basis of coefficient functionals, then the
sequence {x, + f,} is again a basis for H.

In this paper we study cases in which new frames can be obtained from old
ones. Throughout H denotes a separable Hilbert space and Hy is the Nth
dimensional Hilbert space. A frame for H is a family of vectors f; € H, for
1 € I for which there exist constants A, B > 0 satisfying:

(1.1) AIFIP < DU P < BIIP
iel

for all f € H. A and B are called the lower and upper frame bounds
respectively. If A = B, this is called an A-tight frame. And if A = B =1,
it is a Parseval frame. If we have just the upper inequality, we call {f;} a
B-Bessel sequence.

If {f:}ier is a B-Bessel sequence, we define its analysis operator as T :
H — ¢5(1) by:

T(f) = ([ fi) bier-

Evidently {f;}; € I is a frame if and only if 7" is invertible on H .
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The adjoint of the analysis operator is the synthesis operator given by:
T*({aitier) = Zaifz'-
iel
If the analysis operator is bounded, we define the frame operator S = T*T
and note that S is a positive, self-adjoint operator which is invertible on H if

and only if {f;} is a frame for H. If {f;} is a frame, then every f € H has a
representation of the form

(12) =D (LS fi=D (LS =Y (872 f) S P
el el el

For an introduction to frame theory we recommend [3, 6]. For an introduc-
tion to Gabor frames we recommend Gréchenig [9].

2. BEGINNINGS

We want to observe that if we have any frame { f;};c; for a Hilbert space
H with frame bounds A, B and frame operator S, then for all real numbers a,
{fi +S%fi}icr is also a frame for H with frame operator (I +5%)%2S and frame
bounds

|1+ S*2A, ||[I+ S**B.

In particular, {f; + Sfi}, {fi + S7'f;} (i.e. The frame added to its cononical
dual frame) and {f; +S~'/2f;} (i.e. The frame added to its canonical Parseval
frame) are all frames for H. We start with a well known result.

Proposition 2.1. Let {f;}icr be a frame for H with frame operator S, frame
bounds A < B and let L : H — H be a bounded operator. Then {Lf;}icr is a
frame for H if and only if L is invertible on H. Moreover, in this case the frame
operator for {Lf;} is LSL* and the new frame bounds are ||[L7||*A, ||L|]*B.

Proof. If L is invertible on H then for each f € H,
SOUA LRI = SOUL f O = AL FI = LA )
i€l i€l

and

STULLEP =D KL f )2 < BILFI? < ILIPBII I

el i€l

Thus, {Lf;}ics is a frame for H with frame bounds ||L7!||?A and ||L||*B
Conversely, if {Lf;}ies is a frame for H then its frame operator is invertible
on H. But the frame operator of {Lf;};c; is

S LfYLfi=L (Z(L* £ 1) fi) — LSL*f.
which implies that L is invertible on H. O
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If K is an invertible operator on H then the ranges of the analysis operators
for the given frame { f;}ic; and the frame {K f;};c; coincide.

Trying to add a frame {f;} to {Lf;} can be problematic in general since
we could have Lf; = —f;. However, the following corollary of Proposition 2.1
shows that this is all that can really go wrong.

Corollary 2.2. If {f;}icr is a frame for H and L : H — H is a bounded
operator, then {f; + Lf;} is a frame for H if and only if I + L is invertible on
H. In this case, the frame operator for the new frame is (I + L)S(I + L*) and
the frame bounds are

|1+ L| %A, ||I+L|*B.

In particular, if L is a positive operator (or just L > —1) then {f; + Lf;} is a
frame with frame operator S + LS + SL* + LSL*.

The above corollary shows that all of our earlier sums give new frames for
H.

Corollary 2.3. If {f;}icr is a frame for H and P is an orthogonal projection
on H, then for all a # —1 we have that {f; + aP f;}icr is a frame for H.

Proof. Apply Corollary 2.2 for L = aP. O

The reason we want to add frames together is to produce frames with better
properties for particular applications. Let us look at a simple example. Recall
that a frame is e-nearly Parseval, where 0 < ¢ < 1, if its frame bounds A, B
satisfy: 1 —e < A< B<1+e.

Example 2.4. Let {f,}M_, be an e-nearly Parseval frame for Hy frame op-
erator S. Let

1
gm = §(fm+s_1fm>7 fOT’ all m = 1727"'7M'

Then {gm}2_, is a frame with frame bounds 1,1+ < which is "close” to { fin}.

Proof. The frame operator for the frame {g,,} is

1 . 1 S+sT!

Let {e,}_, be an eigenbasis for S with respective eigenvalues {\,}._,. Then
{e,}_, is an eigenbasis for Sy with respective eigenvalues

1 1
—+ -\ A > 1.
2+4( +A,) >
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Finally, we check how ”close” the new frame is to the old frame.

M M 1
Z”fm_gﬂ%HQ = Z’lé(fm_s_lfm)"Q
m=1 m=1

Mo
= ) |I§(f—6"1)fm|\2

o 1 1
= ZZ|§(1—/\—)|2|(fm,€n>|2
m=1 n=1 n
= Z|§(1_>\_)|QZ|<fmen>|2
n=1 n m=1
2
- %1ie <1+6)2

- (' (12)

The reason the above frame is interesting is that it is much closer to {f;}
than the nearest Parseval frame which is {S™'/2f;} [4] and its frame bounds
are much better than the original.

3. SUMS OF BESSEL SEQUENCES

Now we want to show that a frame can be added to any of its alternate
dual frames to yield a new frame. Recall, if {f;};c; is a frame, the canonical
dual frame is {S7'f;} and satisfies the property that for all f € H, f =
il f, fi)S7 fio A frame {g;} is called an alternate dual frame if for all

feH,
iel

We start by extending our earlier ideas.
Proposition 3.1. Let {f;}icr and {gi}icr be Bessel sequences in H with anal-
ysis operators 11, Ty and frame operators Sy, Se respectively. Also let Ly, Ly :
H — H. The following are equivalent:

(1) {L1f; + L2g;}icr is a frame for H.

(2) T\ L 4+ T> L3 is an invertible operator on H.

(3) We have

Moreover, in this case, S is the frame operator for {Lif; + Lag;}icr-
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Proof. (1) < (2): {L1f;+ Lagi }icr is a frame if and only if its analysis operator
T is invertible on H where
Tf = {{f,Lifi + L2gi)}
= NLif+TL5f.
(2) < (3): The frame operator for our family is
S = (VL] + L) (ThL] + TLL3)
- LlleT + LQSQL; + LlTl*TQL; + LQTZ*TlL’{
Our family of vectors is a frame if and only if S > 0. U

The following theorem enables one to get a frame from a combination of a
known frame and a Bessel sequence.

Theorem 3.2. Let {f;}icr be a frame for a Hilbert space H with frame operator
Sy and let {g;}icr be a Bessel sequence in H with frame operator Sy. Let T, Ty
be the analysis operators for {fi}ier,{gi}icr respectively so that rangels C
rangeTy. If the operator R = T} Ty is a positive operator, then {f; + gi}tier 18
a frame for H with frame operator S;1 + R+ R* + Ss.

Proof. Let Ty, Ty be the analysis operators for { f;}, {g:} respectively. Letting
Ly = I = Ly in Proposition 3.1 we see that the frame operator for {f; + g; }ier
is
So=51+ S+ L+T,7y =5 + S+ R+ R".
O

As an application of the theorem we have

Corollary 3.3. If{f;} is a frame for H with frame operator S and {g;} is an
alternate dual frame then {S®f; + S°q;} is a frame for H for all real numbers
a,b.
Proof. We let
L(f) = S (f, SPi) S fi = S“H(f).
il
That is, L > 0. So {S%f; + S°g;}ics is a frame by Theorem 3.2. O
We do not necessarily need {g;} to be an alternate dual frame above.
Theorem 3.4. Let {fi;}ier be a frame for H such that
(3:3) mf || fif] >0
and let S be the frame operator. If {g;i}ier € H such that f = >, ,(f,g:)fi

unconditionally for all f € H then {S*(f;) + S®g; }icr is a frame for H for all
real numbers a,b.
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Proof. Since { fi}ier is bounded, assuming

Z<f7 9:) fi,

iel
converges unconditionally implies
Z |(f, 9| < oo, for all f € H.
iel
By the Uniform Boundedness Principle, we have that {g;}:c; is a Bessel se-

quence. Since the assumption is that R = I > 0, we can apply Theorem 3.2
to conclude that {f; + g;}ier is a frame for H. Also,

L(f) = STUF, S"g)S° fi = S (f).
iel
That is, L > 0. So {S®f; + S%g;}ics is a frame by Theorem 3.2. O
The assumption that the frame {f;};c; satisfies 3.3 in Theorem 3.4 is nec-
essary. For example, if {e;};e; is an orthonormal basis for H let

1 .
foit1 =€, foi = F6ir 92 = 1€, Gaig1 = 0.
Then for all f € H,

S (fogti=f.

but {f; + g;}ier is not a frame since it is not a Bessel system.

Also, the assumption that the convergence is unconditional in Theorem 3.4
is necessary. For example, let {h;, h}}ie; be a Schauder basis for H which is
a Bessel system but not a frame. Let {e;};c;, be an orthonormal basis for H.
Let

{fit ={eitier U{hitier,, {9} ={0}ier U{hi}ien-
Then for all f € H,
i€l ich
But {f; + ¢;} is not a frame since it is not a Bessel system.

We can more carefully do ”local addition” for our frames.

Proposition 3.5. Let {f;}ic; be a frame for H with frame operator S and
frame bounds A and B. Let {I, s} be a partition of I and let S; be the frame
operator for the Bessel sequences { fi}icr;, j = 1,2. Then

{fi + St fitien U{fi + S3fi}iens,

1s a frame for H for all real numbers a,b.
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Proof. Let a,b € R. Note that, for each f € H

1

(Z|<f,fi+5ffi>|2> < (Zr<f,fi>|2) +(Z|<f7+5ffi>!2)

i€l i€l i€l

[SIE

A

< VB|fl+VBISifll < VB + ISt/

Similarly, we have

1
(Z (f, i+ S;’fm?) < VB +[IS3I)IIfI-
i€l
Thus,
{fi + 5y fiYien, U{fs + S5 fi}ien,
is a Bessel sequence.
On the other hand, the frame operator for {f; + S{ f;}ier, is

(I+89)S,(I+85%)=28,+25[1* 81T > g,

Similarly for {f; + S°fi}icr,- Hence, the frame operator Sy for our family
satisfies:
50251+52:S>0.

Therefore, {f; + S§fitier, U{fi + S5 fibier, is a frame for H. O

4. SuMs OF GABOR FRAMES
For z,y € R define the operators E, and T}, on L*(R) by:

B, f(t) = ™, T, f(t) = f(t —y).
Let g € L*(R) and 0 < ab < 1. Then (g, a, b) denotes the family: {E,,T009 }mnez-
If this family forms a frame for L?(R) we call it a Gabor frame with window
function g.

It is exceptionally difficult to add window functions for Gabor frames to
build a new Gabor frame. Our earlier results work in part because the frame
operator S for the Gabor frame (g, a, b) commutes with the operators E,;, Tya.
So, for example, (g+S¢g, a, b) is always another Gabor frame. But even simple
cases can become quite complicated in this setting. For example, just letting

g =Xp h=xp.2,
it is easily checked that (g,1,1) and (h, 1, 1) are frames (actually orthonormal
bases) for L?(R) while (g + h,1,1) and (g + th, 1,1) are not frames [9]. Now
let

9 = X[o,1/2] +iX[1/2,1]-
Then (g,1,1) is a Gabor frame while (Re g,1,1) and Im g¢,1,1) do not form
frames. Even if g, h are real valued and form Gabor frames it is possible that
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(9 + ih,a,b) does not form a Gabor frame. For example, if g > 0 and (g, a, b)
is a Gabor frame then for z # 0 (T,g,a,b) certainly forms a Gabor frame.
However, (g + T,g,a,b) cannot yield a Gabor frame as the following result
shows.

Proposition 4.1. For any g, and |c| = 1, any x and 0 # y € R, (g +
cE,T,g,a,b) does not form a frame.

Proof. Since

{EmpTha(g + CEwTyg)} ={(I+ CTzEz+y)(Emana9)}-

So it suffices to observe that (I + ¢I,E,+,) is not an invertible operator on
L*(R). To see this let,

f= Z X[k;r (k+1)z)€ E(ery)

Then || f||* = nz, while |[[(I + aT,Eyiy) f||* = 22. O

Now we will see a case where we can produce a frame by summing Gabor
frames. To simplify the proof, we first recall a few standard calculations in
this area. The first comes from Walut’s PhD thesis (See [11]).

Proposition 4.2. If (g,a,b) is a Gabor frame then for all f € L*(R) we have:

SIS BT = 7" [ 1F0OF 2 bt = na) i+
b Z/f f(t—Fk/b) - th—na (t — na — k/b)dt

k40

The next calculation is due to Casazza and Christensen [5]. This is not
exactly what they proved in their theorem. However, their proof works line
for line in this case.

Proposition 4.3. If (g,a,b) is a Gabor frame for L*(R) and for k € Z we let

Gk (t) = Z [Tna92 (t)Tna+k/bgl (t) - Tnagl (t)Tna+k/bg2 (t)] )

nez
then

Z/f f(t —k/D)Gi(t)

k0

i< [150F 3 G

k=0

Now we are ready to prove the main result concerning summing Gabor
frames.
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Theorem 4.4. Let (gj,a,b), j = 1,2 be Gabor frames with frame bounds
A; < B, respectively and the functions g1, go are real valued. Assume

%Z | > 9a(t—na)gi(t—na—k/b)—gi(t—na)gs(t—na—k/b)| < (1-€)(A1+As),

k#0 n
for some 0 < e < 1. Then (g1 + iga,a,b) is a Gabor frame.

Proof. Applying Propositions 4.2 and 4.3 at the appropriate point we can
calculate:

Z [(f, EmpTna(g1 + ig2)|2 =0 /]R |f<t)|2 Z (g1 +iga)(t — na)|2dt+

b~ Z/f f(t —k/b) Z(gl—l—igg)(t—na)(%—l—igz)(t—na—k/b)dt:

k40

- / FOF X koo = na)Pe 07 / FOF B late — na)Pact

b Z/f FUF = B /D)gr(t — na)gy(t — na — k/b)di+

k0

b~ Z/f f(t —k/b)gs(t —na)gs(t — na — k/b)dt+

k40
vy [ T - kG

k0

Z ’<fa Emanagl>|2 + Z |<f> Emanag2>|2+

Z/f F(t — k/b)Gr(t)dt >

k0

AP+ AP =67 S [ FOfe = /G =

k0

(Ar 4+ A)[IFII? = b1 (1 — )b(Ar + A) || fII* > e(Ar + Ao) || fII>.
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